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Modular Forms

Jingming Cui

1 The Classical Modular Forms

1.1 Periodic functions

Take X = R and Γ = Z, so R/Z is the circle. A function f : R → C is periodic of period 1 if

f(x+ n) = f(x) for all n ∈ Z.

Recall that f(x) has the Fourier series representation

f(x) =
∑
n∈Z

ane(nx),

where

e(x) = e2πix = cos 2πx+ i sin 2πx

and coefficients are given by

an =

∫ 1

0

f(x)e(−nx)dx.

Example 1.1. Consider {x} := x− [x], we have

{x} =
1

2
−

∞∑
n=1

sin 2πnx

πn

which is boundedly convergent (the partial sums are uniformly bounded), but not absolutely.

Say precisely, the Fourier series converges to {x} for x /∈ Z and 1/2 for x ∈ Z. Clearly the

Fourier partial sums are uniformly bounded (there exists a constant M such that |SN (x)| ≤ M

for all N and x). Hence the convergence is boundedly convergent. However, the series is not

absolutely convergent. If we take x = 1/4, then sin(2πn/4) = sin(πn/2) equals to 0 for even n

and ±1 for odd n. The series becomes
∞∑
n=1

∣∣∣∣ sin(2πnx)πn

∣∣∣∣ = 1

π

∞∑
k=0

1

2k + 1
,

which diverges.
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Let f : R → C be any function of rapid decay at ±∞ so that the series

g(x) =
∑
n∈Z

f(x+ n)

converges absolutely. Clearly the function g is periodic of period 1. Then g(x) admits Fourier

expansion

g(x) =
∑
n∈Z

ag(n)e(nx),

then

ag(n) =

∫ 1

0

g(x)e(−nx)dx

=

∫ 1

0

∑
m∈Z

f(x+m)e(−nx)dx

=

∫ 1

0

∑
m∈Z

f(x+m)e(−n(x+m))d(x+m)

=

∫
R
f(x)e(−nx)dx

= f̂(n).

If we set x = 0, we obtain the Poisson summation formula∑
n∈Z

f(n) =
∑
n∈Z

f̂(n).

The left-hand side sums the values of the function f at all integer points (the lattice Z), so is

called a geometric sum (or lattice sum). The right-hand side sums the values of the Fourier

transform f̂ at all integer frequencies, so is called a spectral sum.

The space X = Rk is acted on by Γ = Zk as integral vector translations. The Poisson

summation formula asserts that ∑
n∈Zk

f(n) =
∑
n∈Zk

f̂(n)

where

f̂(y) =

∫
Rk

f(x)e(−xy)dx

and xy = x1y1 + · · ·+ xkyk is the scalar product.

1.2 Modular functions

Now consider

X = H = {z = x+ iy | x ∈ R, y ∈ R+}
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and

Γ = SL2(Z) =


a b

c d

 | a, b, c, d ∈ Z, ad− bc = 1

 .

Γ acts on H through the linear fractional transformations

γz =
az + b

cz + d
if γ =

a b

c d

 .

If we write

z =
z1
z2

=

z1
z2

 ,

then γz can be regarded as matrix multiplicationa b

c d

z1
z2

 =

az1 + bz2

cz1 + dz2

 ,

which is precisely linear. This explains “linear fractional transformations".

For

g =

a b

c d

 ∈ SL2(R),

we have
dgz

dz
=

1

(cz + d)2
.

This implies that dz is a section of line bundle—specifically, the cotangent bundle. Now take

a holomorphic 1-form f(z)dz. We want it to be Γ-invariant. f(γz)d(γz) = f(z)dz implies

that f(γz) = (cz + d)2f(z). This is the transformation law for a modular form of weight

2. For even integer k, f(z)(dz)k/2 is Γ-invariant implies that f(γz) = (cz + d)kf(z), which

is the transformation law for a modular form of weight k. On the other hand, if k is odd,

f(z) = f((−I)z) = (−1)kf(z) implies that f ≡ 0.

Definition 1.1. Let f : H → C be meromorphic. We say f is a modular function of weight

k ∈ 2Z if

f(γz) = (cz + d)kf(z), ∀γ =

a b

c d

 ∈ Γ = SL2(Z), ∀z ∈ H.

Definition 1.2. Let f be a modular function of weight k. Then f is called modular form if f

is holomorphic in H ∪ {∞}.

Remark 1.1. f is holomorphic at ∞ iff g(q) is holomorphic at 0. One may see the following

picture. Note that f is periodic of period 1, it only suffices to consider 0 ≤ x ≤ 1.
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x

y

0 1

∞

z-plane

z 7→ e2πiz

f(z) 7→ g(q)

Re q

Im q

q = 0

q-plane

Definition 1.3. Let k ≥ 4 even. We define the Eisenstein series:

Gk(z) =
∑

m,n∈Z
(m,n)̸=(0,0)

1

(mz + n)k
, z ∈ H

Proposition 1.1. When k > 2, the series converges absolutely. When k ≥ 4 even, Gk is a

modular form of weight k.

Proof. We claim that for σ > 2,

f(σ) =
∑

m,n∈Z
(m,n)̸=(0,0)

1

|mz + n|σ

converges absolutely.

Note that

f(σ) =
∑
m=0

n∈Z\{0}

1

|n|σ
+
∑
m̸=0
n∈Z

1

|mz + n|σ

≪ 1 + 2
∑
m≥1

∑
n∈Z

1

mσ
∣∣z + n

m

∣∣σ
= 1 + 2

∑
m≥1

1

mσ

∑
n∈Z

1∣∣z + n
m

∣∣2·σ/2 .
For z = x+ iy where y > 0, ∣∣∣x+

n

m
+ iy

∣∣∣2 =
(
x+

n

m

)2
+ y2.

Fix m ≥ 1, x + n/m becomes an arithmetic series with step 1/m, and every internal [ℓ, ℓ + 1)

contains exactly m terms (possibly one less at boundaries, but at most m). For every n with
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x+ n/m ∈ [ℓ, ℓ+ 1), we have∣∣∣x+
n

m
+ iy

∣∣∣2 ≥ min
{
ℓ2 + y2, (ℓ+ 1)2 + y2

}
.

Hence ∑
n∈Z

1∣∣z + n
m

∣∣2·σ/2 ≤
∑
ℓ∈Z

1

(min {ℓ2 + y2, (ℓ+ 1)2 + y2})σ/2
m.

Since the series ∑
ℓ∈Z

1

(min {ℓ2 + y2, (ℓ+ 1)2 + y2})σ/2

converges, there exists a constant C = C(y, σ) with∑
n∈Z

1∣∣z + n
m

∣∣2·σ/2 ≤ Cm,

and it follows that

1 +
∑
m≥1

1

mσ

∑
n∈Z

1∣∣z + n
m

∣∣2·σ/2 ≤ C

∞∑
m≥1

m

mσ
= C

∞∑
m=1

1

mσ−1

converges.

Now let

γ =

a b

c d

 ∈ SL2(Z),

then for k ≥ 4,

Gk(γz) =
∑

m,n∈Z
(m,n)̸=(0,0)

1(
maz+b
cz+d + n

)k
= (cz + d)k

∑
m,n∈Z

(m,n)̸=(0,0)

1

(maz +mb+ ncz + nd)k

Now the map (m,n) 7→ (ma + nc,mb + nd) is a linear transformation on Z2 with determinant

ad − bc = 1, hence it is a bijection from Z2 \ {(0, 0)} onto itself. Since the series converges

absolutely for k > 2, we can reorder the terms arbitrarily without changing the sum. Thus

Gk(γz) = (cz + d)kGk(z).

One can use Fourier expansion to show that Gk(z) is holomorphic in H ∪ {∞}. A direct

observation is that as z → ∞, Gk(z) looks like 2ζ(k).

For

γ =

a b

c d

 ∈ SL2(Z),
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we define j(γ, z) = cz + d. Let

Γ∞ =

±

1 n

0 1

 | n ∈ Z

 .

The left action of Γ∞ on Γ is given by1 n

0 1

a b

c d

 =

a+ cn b+ dn

c d

 ,

it follows that

Γ∞\Γ =


a b

c d

 | a, b, c, d ∈ Z, gcd(c, d) = 1

 ⊂ SL2(Z).

Definition 1.4. We define the normalized Eisenstein series

Ek(z) =
∑

γ∈Γ∞\Γ

1

j(γ, z)k
=

1

2

∑
c,d∈Z

gcd(c,d)=1

1

(cz + d)k
, k ≥ 4 even.

Clearly we have

Gk(z) =
∑

m,n∈Z
(m,n)̸=(0,0)

1

(mz + n)k

=

∞∑
ℓ=1

∑
m,n∈Z

gcd(m,n)=ℓ

1

(mz + n)k

=

∞∑
ℓ=1

∑
c,d∈Z

gcd(c,d)=1

1

(ℓcz + ℓd)k

=

∞∑
ℓ=1

1

ℓk

∑
c,d∈Z

gcd(c,d)=1

1

(cz + d)k

= 2ζ(k)Ek(z).

If f, g are modular functions of weight k, then clearly the product fg and g2 are both modular

functions of weight 2k. This reflects the graded algebra structure.

Example 1.2. The j-invariant is defined by

j(z) =
1728E3

4

E3
4 − E2

6

,

which is a meromorphic modular function of weight 0.
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1.3 The Fourier expansion of Eisenstein series

We have the well-known product representation for the sine function

sinπz = πz
∏
n>0

(
1− z

n

)(
1 +

z

n

)
.

Take the logarithmic derivative

π
cosπz

sinπz
=

1

z
+

∞∑
n=1

(
1

z − n
+

1

z + n

)
.

Then this is equal to

π
eiπz+e−iπz

2
eiπz−e−iπz

2i

= πi
e(z) + 1

e(z)− 1
= −πi(e(z) + 1)

∑
ℓ≥0

e(ℓz) = −πi−
∑
ℓ≥1

2πie(ℓz).

We differentiate these expansions k − 1 times, getting

∞∑
n=−∞

(z − n)−k =
(−2πi)k

(k − 1)!

∞∑
d=1

dk−1e(dz) =
(2πi)k

(k − 1)!

∞∑
d=1

dk−1e(dz)

for any k > 2 even. Hence we derive the Fourier expansion of Gk(z) as follows

Gk(z) =
∑

(m,n)̸=(0,0)

1

(mz + n)k

=
∑
n̸=0

1

nk
+ 2

∑
m≥1

∑
n∈Z

1

(mz + n)k

= 2ζ(k) + 2
(2πi)k

(k − 1)!

∞∑
m=1

∞∑
d=1

dk−1e(dmz),

and by collecting terms with dm = n we arrive at

Gk(z) = 2ζ(k) + 2
(2πi)k

Γ(k)

∞∑
n=1

∑
d|n

dk−1

 e(nz)

= 2ζ(k) + 2
(2πi)k

Γ(k)

∞∑
n=1

σk−1(n)e(nz).

Here σs(n) is the arithmetic function given by

σs(n) =
∑
d|n

ds.

Since Gk(z) = 2ζ(k)Ek(z), it follows that

Ek(z) = 1 +
(2πi)k

Γ(k)ζ(k)

∞∑
n=1

σk−1(n)e(nz).
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Modular forms can be regarded as higher-order generalizations of the Riemann Zeta Function.

Indeed, the L-function of the normalized Eisenstein series Ek is

L(s, Ek) =
∑
n≥1

σk−1(n)

ns
=
∑
n≥1

∑
ℓ|n

ℓk−1

ns
=
∑
ℓ≥1

∑
m≥1

ℓk−1

msℓs
= ζ(s)ζ(s− k + 1).

The normalized Eisenstein series E4(z) and E6(z) have the following Fourier expansions:

E4(z) = 1 + 240e(z) + 2160e(2z) + · · ·

E6(z) = 1− 504e(z)− 16632e(2z) + · · ·

Calculating E3
4 and E2

6 , the constant terms are both 13 = 1 and 12 = 1. When we subtract

them, the constant term vanishes, which creates a cusp form:

E3
4(z)− E2

6(z) = (1 + 720e(z) + . . . )− (1− 1008e(z) + · · · )

= 1728e(z) + · · ·

Then we can define a cusp form of weight 12,

∆(z) =
1

1728
(E3

4 − E2
6) =

3375

64π12
G3

4 −
33075

256π12
G2

6 =
∑
n≥1

τ(n)e(nz),

where τ(1) = 1. The arithmetic function τ is called the Ramanujan function.

1.4 The modular group

Theorem 1.1. The modular group is generated by two matrices

S =

0 −1

1 0

 , T =

1 1

0 1

 .

Proof. Given arbitrary

γ =

a b

c d

 ∈ SL2(Z),

we have

Tnγ =

1 n

0 1

a b

c d

 =

a+ nc b+ nd

c d

 ,

Sγ =

0 −1

1 0

a b

c d

 =

−c −d

a b

 .
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Moreover S2 = −I.

If c = 0, (a, d) = (1, 1) or (−1,−1), it follows that

γ =

1 b

0 1

 = T b

or

γ =

−1 b

0 −1

 = −I

1 −b

0 1

 = S2T−b.

Now assume that c ̸= 0. by replacing γ by

Sϵ1γ =

a1 b1

c1 d1


with ϵ1 = ±1, we obtain |a1| > |c1|. Since ad−bc = 1, gcd(a, c) = 1. By the Euclidean algorithm,

we can choose an integer n1 such that left-multiplying by Tn1 yields

Tn1

a1 b1

c1 d1

 =

a1 + c1n1 b1 + n1d1

c1 d1

 ,

where |a1 + c1n1| < |c1|. By repeating this process,

TnℓSϵℓ · · ·Tn1Sϵ1γ =

∗ ∗

0 ∗

 ,

which is generated by S and T from above discussion. Indeed, At each step, c decreases strictly;

since |c| ≥ 0, after a finitely many steps we reach c = 0.

Recall that we have defined j(γ, z) = (cz + d). If we have

f(γ1z) = j(γ1, z)
kf(z),

f(γ2z) = j(γ2, z)
kf(z),

then

f(γ1γ2z) = j(γ1γ2, z)
kf(z).
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Indeed,

f(γ1γ2z) = j(γ1, γ2z)
kf(γ2z)

= j(γ1, γ2z)
kj(γ2, z)

kf(z)

= ((c1(γ2z) + d1) (c2z + d2))
k
f(z)

=

((
c1
a2z + b2
c2z + d2

+ d1

)
(c2z + d2)

)k
f(z)

= (c1(a2z + b2) + d1(c2z + d2))
k
f(z)

= ((c1a2 + d1c2)z + (c1b2 + d1d2))
k
f(z)

= j(γ1γ2, z)
kf(z).

That is, to verify that f is modular, it suffices to check the transformation property for the

generators S and T .

Theorem 1.2. The set

D =

{
z = x+ iy : |x| < 1

2
, |z| > 1

}
is a fundamental domain for the modular group Γ = SL2(Z), i.e., it has the following properties:

1. D is a domain in H,

2. every orbit of Γ has a point in D or on the boundary ∂D,

3. distinct points in D are not in the same orbit of Γ.

Proof. Clearly

Im(γz) =
Im(z)

|cz + d|2
, ∀γ =

a b

c d

 ∈ SL2(Z).

Fix z ∈ H, for arbitrary N ∈ Z>0, there exists finitely many c, d ∈ Z such that |cz + d|2 < N .

Then there exists c, d ∈ Z with |cz + d| minimal, i.e., Im(γz) maximal. That is, each orbit Γz

has a point with largest height (the imaginary part). Such a point, say z, has the property that

|cz + d| ≥ 1 for all γ =

∗ ∗

c d

 ∈ Γ.

This maximal property is preserved by translations (which are represented by matrices with

c = 0), so we can choose a maximal point of the orbit in the strip |x| ≤ 1
2 . We shall show that

the domain

D′ =

{
z ∈ H : |x| < 1

2
, |cz + d| > 1 for all c, d with c ̸= 0 and gcd(c, d) = 1

}
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coincides with D. Indeed, D′ ⊂ D by choosing c = 1, d = 0. Conversely, if z ∈ D and c ̸= 0 then

|cz + d|2 = c2|z|2 + 2cdx+ d2 > c2 − |cd|+ d2 ≥ 1,

so D ⊂ D′.

By applying T , every orbit can have a representative in D ∪ ∂D. Distinct points in D are

not in the same orbit of Γ. Indeed, if z, γz ∈ D = D′, we have |cz + d| > 1, so Im(γz) <

Im(z). Applying the same method to γ−1 yields Im(z) < Im(γz) since γ−1(γz) = z, which is a

contradiction. Thus D = D′ is a fundamental domain.

Observe that D has a parabolic vertex at ∞, an elliptic vertex at i of order m(i) = 2, and

two equivalent elliptic vertices at ρ = −1+i
√
3

2 and ρ′ = 1+i
√
3

2 of order m(ρ) = m(ρ′) = 3.

Theorem 1.3 (Valence Formula). Let f ̸= 0 be a modular form of weight k ≥ 0. Denote by

mf (w) the order of f at w. If w is an elliptic fixed point (of the modular group) denote its order

by m(w), and put m(w) = 1 otherwise. We have∑
w (mod Γ)

mf (w)

m(w)
=

k

12
.

Proof. Cut off the upper part of the standard fundamental polygon D along a horizontal segment

of very large height. Make very small circular cuts at the elliptic vertices and at any singular

point of f which lies on the boundary ∂D in such a way that the equivalent points have congruent

cuts. Let P denote the resulting cut polygon.

Integrate f ′/f along the boundary ∂P of the cut polygon, getting by Cauchy’s theorem

1

2πi

∫
∂P

f ′

f
(z)dz =

∑
w∈P

mf (w).

Note that m(w) = 1 for any w ∈ P . On the horizontal segment (we can assume that it does not

contain singular points) we see from the Fourier expansions

f(z) =

∞∑
n=m

ane(nz),

f ′(z) =

∞∑
n=m

2πinane(nz)

where am ̸= 0 for m = mf (∞) that

f ′

f
(z) =

∞∑
ℓ=0

bℓe(ℓz)

11



with b0 = 2πimf (∞). Integral over the horizontal segment, i.e., from 1/2 to −1/2,∫ − 1
2

1
2

f ′

f
(z)dz =

∫ − 1
2

1
2

∞∑
ℓ=0

bℓe(ℓz)dz

=

∞∑
ℓ=0

∫ − 1
2

1
2

bℓe(ℓz)dz

= −2πimf (∞) +

∞∑
ℓ=1

bℓ
2πiℓ

e2πiℓz
∣∣∣∣− 1

2

1
2

= −2πimf (∞).

The two integrals along equivalent vertical segments with congruent cuts at singular points cancel

out by periodicity. At every elliptic vertex w = ρ, i, ρ′ we have

f ′

f
(z) =

mf (w)

z − w
+ h(z)

where h(z) is holomorphic in a small disc centered at w. Integral along the small arc,

lim
ϵ→0

1

2πi

∫
γϵ

f ′

f
(z)dz =

θw
2π
mf (w).

For w = i, the right-hand side is 1
2mf (i); For w = ρ, ρ′, the right-hand side is 1

6mf (ρ).

It remains to evaluate the integral along the arc of the circle |z| = 1 at the bottom of P with

the elliptic points ρ, i, ρ′ and other singular points being removed. The middle point i splits the

arc into two equivalent arcs, say A and A′ = SA. We have

f(Sz) = zkf(z)

f ′(Sz)z−2 = kzk−1f(z) + zkf ′(z)

f ′

f
(Sz)z−2 =

k

z
+
f ′

f
(z).

Hence

1

2πi

∫
A′

f ′

f
(z)dz = − 1

2πi

∫
A

f ′

f
(Sz)d(Sz) = − 1

2πi

∫
A

(
k

z
+
f ′

f
(z)

)
dz,

and
1

2πi

∫
A∪A′

f ′

f
(z)dz = − 1

2πi

∫
A

k

z
dz =

k

12

because the arc A has one-twelfth the length of the whole circle |z| = 1. Gathering together the

above evaluations, one obtains∑
w∈P

mf (w) =
k

12
− 1

2
mf (i)−

1

3
mf (ρ)−mf (∞),

which is precisely the Valence Formula.
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1.5 The linear space of modular forms

In this section, k must be even.

Let Mk denote the linear space of modular forms of weight k > 0. Clearly modular forms of

different weights are linearly independent over C, so the space of all modular forms is the direct

sum of the Mk,

M =
⊕
k≥0

Mk.

The whole space M can also be considered as a graded algebra with respect to the inclusions

MkMℓ ⊂ Mk+ℓ.

First let us consider each space Mk for a few small, even values of k. Let a be the sum of the

orders of the zeros at ∞ and all ordinary points in H, i.e., a = mf (∞)+
∑
w ̸=i,ρmf (w); b be the

order of the zero at the elliptic point i, i.e., b = mf (i); c be the order of the zero at the elliptic

point ρ, i.e., c = mf (ρ). The Valence Formula (Theorem 1.3) gives equation a+b/2+c/3 = k/12.

Case k = 0. Note that mf (w)/m(w) ≥ 0 for all w, so mf (w) = 0 for all w, and so f has

no zeros in H ∪ {∞}. We claim that M0 = C. Clearly constant functions are modular forms of

weight 0. For any f ∈ M0, we pick arbitrary x0 ∈ H∪{∞}. Then it suffices to show f(z) = f(x0)

for all z. Let g(z) = f(z) − f(x0) and assume conversely g ̸≡ 0. Recall that constant function

z 7→ f(x0) is an element of M0. Hence g ∈ M0. But note that g(z) has zero point at x0, the

Valence Formula (Theorem 1.3) implies that
∑
w (mod Γ)

mg(w)
m(w) > 0, a contradiction. Therefore

f(z) ≡ f(x0), f is constant.

M0 = C.

Case k = 2. Then mf (z) = 0 for all z, so f(z) is constant, and necessarily zero, and

M2 = 0.

Case k = 4. Clearly G4 ∈ M4. Let f ∈ M4. a + b/2 + c/3 = 1/3 implies that (a, b, c) =

(0, 0, 1). It follows that mf (ρ) = 1 and mf (z) = 0 for all z ̸≡ ρ (mod Γ). Hence f/G4 has no

zeros and no poles, and is a modular form of weight 0. It follows that f/G4 ∈ C, f ∈ G4C.

M4 = G4(z)C.

Case k = 6. Then mf (i) = 1 and mf (z) = 0 for z ̸≡ i (mod Γ). The same argument as

before shows that f(z) = cG6(z) and

M6 = G6(z)C.

13



Case k = 8. Then mf (ρ) = 2 and mf (z) = 0 for z ̸≡ ρ (mod Γ). Hence f(z) = cG4(z)
2 and

M8 = G4(z)
2C.

Case k = 10. Then mf (i) = 1, mf (ρ) = 1 and mf (z) = 0 for other inequivalent points.

Hence we argue as before to show that f(z) = cG4(z)G6(z) and

M10 = G4(z)G6(z)C.

Case k = 12. Recall that ∆(z) does not vanish in H and it has a simple zero at z = ∞.

Since G12(∞) ̸= 0 there exists a constant c such that f(z)− cG12(z) vanishes at ∞, so

f(z)− cG12(z)

∆(z)
∈ M0 = C

and f(z) = b∆(z) + cG12(z). This proves that

M12 = ∆(z)C⊕G12(z)C.

Similarly by induction we prove that

Mk = ∆(z)Mk−12 ⊕Gk(z)C, if k ⩾ 12.

From the above results we conclude

Theorem 1.4. The dimension of the space Mk is given by

dimMk =

[k/12] if k ≡ 2 (mod 12)

[k/12] + 1 if k ̸≡ 2 (mod 12).

Next we show that any f ∈ Mk is a polynomial in G4 and G6. This is already proved for

k ≤ 10. If k ≥ 12 we subtract from f a monomial in G4, G6 of special type, namely we consider

f − cGa4G
b
6, where 4a+ 6b = k,

with a suitable constant c such that the resulting function vanishes at ∞. Then divide by ∆,

getting a function in Mk−12, and the proof is completed by induction.

We shall also prove that G4, G6 are algebraically independent. Suppose to the contrary that

P (G4, G6) = 0 for some polynomial P ̸= 0. Modular forms of different weights are linearly inde-

pendent over C, so we may assume P is homogeneous, it then follows that the function G3
4/G

2
6

would verify a nontrivial algebraic equation with coefficients in C. Thus G3
4/G

2
6 would be con-

stant, which is absurd because G4 is zero at ρ but not G6, and G3
4(∞)/G2

6(∞) = 2ζ(4)3/ζ(6)2 =

49/20.
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Theorem 1.5. The Eisenstein series G4, G6 are algebraically independent and generate the

space of all modular forms, that is

M = C[G4, G6].

A modular form f ∈ Mk is called a cusp form if it vanishes at ∞, i.e., its Fourier expansion

has no constant term,

f(z) =
∑
n≥1

ane(nz).

The linear space Sk of cusp forms together with Ek(z)C gives

Mk = Ek(z)C⊕ Sk

for even k ≥ 4.

2 Automorphic Forms in General

2.1 The hyperbolic plane

We denote by GL+
2 (R) the group of 2× 2 real matrices of positive determinant. Observe that a

linear fractional transformation g determines the matrixa b

c d

 ∈ GL+
2 (R)

up to a scalar because the matrices diag{α, α} with α ̸= 0 give the identity transformation.

Dividing by a scalar, we can represent g by a matrix of determinant 1. Note that the action ofa b

c d


coincide with the action of −a −b

−c −d

 .

The projective special linear group

PSL2(Z) = SL2(Z)/{I,−I},

where

I =

1 0

0 1

 , −I =

−1 0

0 −1


15



is identified with the linear fractional transformations.

Let H be the upper half-plane, and G = SL2(R) acts on H by

G×H → H, (g, z) 7→ gz =
az + b

cz + d
, ∀g =

a b

c d

 ∈ SL2(R), z ∈ H.

Note that

Im(gz) =
y

|cz + d|2
> 0,

so the action is well-defined. In Euclidean geometry, translations and rotations do not change the

distance between two points; we now aim to define a Riemannian metric on the upper half-plane

H, which is SL2(R)-invariant, that is, ρ(gz, gw) = ρ(z, w).

Since
dgz

dz
=
a(cz + d)− (az + b)c

(cz + d)2
=

1

(cz + d)2
,

we obtain 
|dgz| = 1

|jg(z)|2
|dz|,

Im(gz) =
Im(z)

|jg(z)|2
,

it follows that
|dgz|
Im(gz)

=
|dz|
Im(z)

.

Since |dz|
Im(z) is invariant under the transformation, it serves as the natural metric for the hyperbolic

plane. If we write z = x + iy, we get |dz| =
√
dx2 + dy2 and Im(z) = y. Thus, the hyperbolic

line element is:

ds =
|dz|
Im(z)

=
1

y

√
dx2 + dy2.

This metric is distinct from the Euclidean metric, since

dsR =
√
dx2 + dy2.

With the metric derived from this differential the upper half-plane becomes a Riemannian man-

ifold. The distance function on H is given by

ρ(z, w) = min
L

∫ 1

0

(x′(t)2 + y′(t)2)
1
2 y(t)−1dt.

Given any two points z, w ∈ H, we can always find a g ∈ SL2(R) that maps both points onto

the imaginary axis, such that gz = iy1 and gw = iy2 for some y1, y2 ∈ R+. Such matrix g can be

obtained by solving a system of algebraic equations. Geometrically, the geodesics (shortest paths)
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in the hyperbolic plane H are semicircles orthogonal to the real axis, or vertical half-lines (which

can be viewed as semicircles of infinite radius centered at infinity). Since Möbius transformations

map generalized circles to generalized circles and preserve angles, the transformation g maps the

semicircular geodesic passing through z and w precisely onto the vertical geodesic (the imaginary

axis) passing through iy1 and iy2. Because the hyperbolic metric ds = y−1, dz is invariant under

g, the integral can be computed:

ρ(z, w) = min
L

∫ 1

0

(x′(t)2 + y′(t)2)
1
2 y(t)−1dt =

∣∣∣∣∫ y1

y2

dy

y

∣∣∣∣ .
More explicitly, we have the relation

cosh ρ(z, w) = 1 + 2u(z, w),

where

u(z, w) =
|z − w|2

4 Im(z) Im(w)
.

Given an area Ω ⊂ H, we have

vol(Ω) =

∫
Ω

dµz =

∫
Ω

1

y2
dxdy,

this gives hyperbolic measure.

Let F be the fundamental domain defined in Theorem 1.2,

vol(F) =

∫
F

dxdy

y2
=

∫ 1
2

− 1
2

dx

∫ ∞

√
1−x2

dy

y2
=

∫ 1
2

− 1
2

1√
1− x2

dx =
π

3
.

Indeed, if T be a hyperbolic triangle with interior angles α, β, γ, the hyperbolic area of T is given

by (Gauss defect phenomenon)

vol(T ) = π − α− β − γ.

2.2 The classification of motions

The identity motion (every z ∈ H is a fixed point) forms a class by itself. Any other motion

g =

a b

c d

 ̸= ±1

has one or two fixed points in Ĉ = C ∪ {∞}. There are three cases:

1. g has one fixed point on R̂ = R ∪ {∞},

2. g has two distinct fixed points on R̂,
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3. g has one fixed point in H and the complex conjugate fixed point in the lower half-plane.

Accordingly g is called parabolic, hyperbolic, elliptic. By conjugating we can bring g to one

of the following types:

1. z 7→ z + t (translation, fixed point ∞),

2. z 7→ pz (dilation, fixed points 0,∞),

3. z 7→ k(θ)z (rotation, fixed point i),

where t ∈ R, p ∈ R+, θ ∈ R and

k(θ) =

 cos θ sin θ

− sin θ cos θ

 .

A parabolic motion moves points along horocycles (circles in H tangent to R̂). A hyperbolic

motion moves points along hypercycles (the segments in H of circles in Ĉ through the fixed points

on R̂). The geodesic line through the fixed points of a hyperbolic motion is mapped to itself, not

identically. Of the two fixed points one is repelling, the other is attracting. An elliptic motion

moves points along circles centered at its fixed point in H.

The number of fixed points of a rigid motion is invariant under conjugation; therefore the

above classification applies naturally to the conjugacy classes. The same classification can be

also described in terms of trace (which is an algebraic invariant of conjugation), namely if

g =

a b

c d

 ̸= ±1,

then

1. g is parabolic ⇐⇒ |a+ d| = 2,

2. g is hyperbolic ⇐⇒ |a+ d| > 2,

3. g is elliptic ⇐⇒ |a+ d| < 2.

Indeed, gz = z implies that az+b = z(cz+d), so cz2+(d−a)z−b = 0. If c ̸= 0, it is well-known

that

z1,2 =
−(d− a)±

√
∆

2c
,

where ∆ = (d− a)2 − 4c(−b) = a2 + d2 − 2ad+ 4bc = (a+ d)2 − 4. The number of fixed points

is exactly the number of roots of the quadratic equation. Furthermore, the absolute value of the

trace is an invariant under conjugation, that is, Tr(hgh−1) = Tr(g).
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2.3 Discrete groups — Fuchsian groups

We provide some basic definitions and properties without proof.

The group M2(R) of 2× 2 real matrices is a vector space with a norm given by

||g|| =
√
a2 + b2 + c2 + d2 if g =

a b

c d

 .

Notice that since || − g|| = ||g||, this norm is well-defined on the projective quotient group

PSL2(R) = SL2(R)/{−I, I}.

Definition 2.1. A subgroup Γ of PSL2(R) is discrete if for arbitrary B > 0,

# {γ ∈ Γ : ||γ|| < B} <∞.

Definition 2.2. A subgroup Γ of PSL2(R) is said to act discontinuously on the hyperbolic

plane H if every orbit Γz has no limit point on H.

Theorem 2.1 (Poincaré). A subgroup Γ ⊂ PSL2(R) is discrete iff it acts discontinuously on H.

Example 2.1. SL2(Z) is discrete.

Definition 2.3. A subgroup Γ ⊂ PSL2(R) acting discontinuously on H is called a Fuchsian

group.

Definition 2.4. A Fuchsian group Γ is said to be of the first kind if every point on the

boundary ∂H = R̂ is a limit (in the Ĉ-topology) of some orbit Γz.

In the Ĉ-topology, a subset U ⊂ Ĉ is open if either ∞ /∈ U and U is open in C, or ∞ ∈ U

and its complement Ĉ \ U is a compact subset of C.

Proposition 2.1. Every Fuchsian group of the first kind has a finite number of generators.

Definition 2.5. Let Γ be a Fuchsian group of the first kind. A set F ⊂ H is called a fundamental

domain for Γ if

1. F is a domain in H,

2. distinct points in F are not equivalent,

3. any orbit of Γ contains a point in the closure F with respect to the Ĉ-topology.

Theorem 2.2. Let Γ be a Fuchsian group of the first kind, then vol(F) <∞.
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Proposition 2.2. Suppose Γ is a Fuchsian group of the first kind and w ∈ H is not fixed by

any γ ∈ Γ other than the identity motion. Then the set

D = {z ∈ H : ρ(z, w) < ρ(z, γw) for all γ ∈ Γ, γ ̸= 1}

is a fundamental domain for Γ.

Proof. To begin with we prove D is connected open set. For any γ ∈ Γ, γ ̸= 1, define

Hγ = {z ∈ H : ρ(z, w) < ρ(z, γw)}.

Then D =
⋂
γ ̸=1Hγ . Note that the function z 7→ ρ(z, γw) − ρ(z, w) is continuous, Hγ is the

complete preimage of (0,+∞), so is open.

Since Γ acts on H discontinuously, Γw admits no limit point in H. Then for arbitrary compact

K ⊂ H, #{γ ∈ Γ : γw ∈ K} < ∞. Set z0 ∈ D and r0 = ρ(z0, w). Consider the hyperbolic

disk B(z0, r0 + 1), there exists finite subset F ⊂ Γ \ {1} with γw ∈ B(z0, 2r0 + 2), γ ∈ F since

B(z0, 2r0 + 2) is compact. We claim that for any γ /∈ F , ρ(z, w) < ρ(z, γw) holds in some

neighborhood of z0. Indeed, if γ /∈ F , we have ρ(z0, γw) > 2r0 + 2. Then for z ∈ B(z0, 1),

ρ(z, γw) ≥ ρ(z0, γw)− ρ(z, z0) > 2r0 + 2− 1 = 2r0 + 1,

ρ(z, w) ≤ ρ(z0, w) + ρ(z, z0) < r0 + 1.

It follows that ρ(z, w) < r0 + 1 < 2r0 + 1 < ρ(z, γw), the above claim holds. Therefore,

D ∩B(z0, 1) =

⋂
γ∈F

Hγ

 ∩B(z0, 1)

is intersection of finitely many open sets, hence open. Since z0 ∈ D arbitrary, D is open.

D is nonempty. Indeed, for arbitrary γ ̸= 1, ρ(w,w) = 0 < ρ(w, γw) since γw ̸= w by

assumption.

Since {z : ρ(z, w) = ρ(z, γw} is a geodesic, Hγ is convex for all γ, D =
⋂
γ ̸=1Hγ , as an

intersection of convex subsets, is also convex. It follows that D is connected.

Distinct points in D are not equivalent. Assume conversely, there exists z1, z2 ∈ D and

1 ̸= γ ∈ Γ with z2 = γz1. Since z1 ∈ D, for γ−1 ̸= 1, we have

ρ(z1, w) < ρ(z1, γ
−1w).

On the other hand, since z2 = γz1,

ρ(z1, γ
−1w) = ρ(γz1, w) < ρ(γz1, γw) = ρ(z1, w),
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a contradiction. Thus γ = 1.

Any orbit of Γ admits a representative in D. it suffices to show for arbitrary z ∈ H, there

exists γ0 ∈ Γ such that γ0z ∈ D. Define f : Γ → R≥0 by γ 7→ ρ(γz, w), we claim that there exists

γ0 ∈ Γ with f minimal. Note that f(γ) = ρ(γz, w) = ρ(z, γ−1w). Set r = f(1) = ρ(z, w) and

consider B(z, r), the set

S =
{
γ ∈ Γ : γ−1w ∈ B(z, r)

}
= {γ ∈ Γ : f(γ) ≤ r}

is finite thanks to the discreteness of Γw. Furthermore for arbitrary γ /∈ S, f(γ) > r ≥ f(γ0).

Therefore, there exists γ0 ∈ S such that f(γ0) minimal. For 1 ̸= η ∈ Γ, we have f(γ0) ≤ f(η−1γ0),

i.e., ρ(γ0z, w) ≤ ρ(η−1γ0z, w). Then ρ(η−1γ0z, w) = ρ(γ0z, ηw), and so ρ(γ0z, w) ≤ ρ(γ0z, ηw),

which is precisely γ0z ∈ D.

Let Γ be a Fuchsian group of the first kind, and let F be a fundamental domain for Γ. Suppose

that the closed polygon F is not compact. Then F must have a vertex on R̂ = R ∪ {∞}, say a.

Such a is called a cusp. Equivalently, a is fixed point of some parabolic element of Γ. A point

a ∈ R̂ is a cusp for Γ iff its stabilizer Γa = {γ ∈ Γ : γa = a} is an infinite cyclic group consisting

entirely of parabolic transformations (apart from the identity). Such a subgroup is generated by

a single primitive parabolic element.

The stability group Γa is cyclic infinite, say generated by γa. There exists σa ∈ SL2(R) such

that (change γa to −γa if necessary)

σa∞ = a, σ−1
a γaσa =

1 1

1

 .

We shall call σa a scaling matrix of the cusp a.

We will make some explanations on the existence of σa. To begin with, we claim SL2(R) acts

transitively on R̂. It only suffices to show for arbitrary x ∈ R̂, there exists g ∈ SL2(R) such that

g∞ = x. If x = ∞, we may take identity. Now assume x ∈ R, let

g =

x −1

1 0

 ,

then

g∞ = lim
z∈∞

xz − 1

z + 0
= x.

Now from the above claim, there exists τ ∈ SL2(R) with τ∞ = a. Define γ′ = τ−1γaτ , we

obtain

γ′∞ = τ−1γaτ∞ = τ−1γaa = τ−1a = ∞.
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This implies that

γ′ =

a b

0 d

 ∈ SL2(R).

(This is because a matrix in SL2(R) that fixes ∞ must be upper triangular.) Moreover, Tr(γ′) =

Tr(γa) = ±2 since γa is a parabolic element. Combine ad−0b = ad = 1, we obtain (a, d) = (1, 1)

or (−1,−1). Change γa to γ−1
a if necessary, we have

γ′ =

1 b

0 1


with b > 0. If we set

δ =

√
b 0

0 1/
√
b

 ∈ SL2(R),

then

δ−1γ′δ =

1/
√
b 0

0
√
b

1 b

0 1

√
b 0

0 1/
√
b

 =

1 1

0 1

 .

Therefore, let σa = τδ, one may easily verify it is precisely what we want.

2.4 Congruence groups

Let q be a positive integer. Then

Γ(q) =

γ ∈ SL2(Z) : γ ≡

1 0

0 1

 (mod q)


is called the principal congruence group of level q.

Theorem 2.3. It is a normal subgroup of the modular group Γ(1) = SL2(Z) of index

[Γ(1) : Γ(q)] = q3
∏
p|q

(
1− 1

p2

)
.

Proof. Consider the exact sequence

1 Γ(q) SL2(Z) SL2(Z/qZ) 1 .

Note that Γ(q) ↪→ SL2(Z) is inclusion, and the projection SL2(Z) → SL2(Z/qZ) is defined by

M 7→ M mod q. Then Ker(SL2(Z) → SL2(Z/qZ)) = {M ∈ SL2(Z) : M ≡ I (mod q)}, which is

precisely Γ(q).
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The only question is the surjectivity of the residue class map SL2(Z) → SL2(Z/qZ). Note

that an element in SL2(Z/qZ) does not necessarily have a preimage in SL2(Z) under the natural

lifting. For example, consider the matrix3 −2

2 3

 ∈ SL2(Z/6Z)

which satisfies 9 + 4 = 13 ≡ 1 (mod 6), but3 −2

2 3

 /∈ SL2(Z).

We claim that

SL2(Z/qZ) = ⟨T, T ′⟩ ,

where

T =

1 1

0 1

 and T ′ =

1 0

1 1

 .

For arbitrary

γ =

a b

c d

 ∈ SL2(Z/qZ),

we have ad − bc ≡ 1 (mod q), so gcd(gcd(a, c), q) = 1. From the Fundamental Theorem of

Arithmetic, we may write q =
∏
p|q p

rp . For every p | q, there exists xp with gcd(axp + c, p) = 1.

Indeed, we can choose

xp =

1 if p | c,

0 if p ∤ c.

Using the Chinese Remainder Theorem, we can find n with

n ≡ xp (mod prp), ∀p | q.

It follows that c1 = an+ c satisfies gcd(c1, q) = 1. Thus there exists n with

T ′nγ =

1 0

n 1

a b

c d

 =

 a b

c1 d1

 ,

where gcd(c1, q) = 1. Hence c1 is invertible in Z/qZ, there exists k with a+ kc1 ≡ 0 (mod q), it

follows that

T kT ′nγ =

1 k

0 1

 a b

c1 d1

 ≡

 0 b2

c1 d1

 (mod q),
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where −b2c1 ≡ 1 (mod q). By applying T ′,

T ′d1c1T kT ′nγ =

 1 0

d1c1 1

 0 b2

c1 d1

 ≡

 0 b2

c1 0

 (mod q).

However, note that  0 −c−1
1

c1 0

 =

 1 0

c1 1

1 −c−1
1

0 1

 1 0

c1 1

 ,

we have T ′d1c1T kT ′nγ ∈ ⟨T, T ′⟩, so γ ∈ ⟨T, T ′⟩. Thus SL2(Z/qZ) = ⟨T, T ′⟩. Since T, T ′ ∈ SL2(Z),

the natural projection is surjective.

By the short exact sequence we have

[Γ(1) : Γ(q)] = |SL2(Z/qZ)| .

Now we compute |SL2(Z/qZ)|. For every

γ =

a b

c d

 ∈ SL2(Z/qZ),

we have ad−bc ≡ 1 (mod q), which implies that gcd(gcd(c, d), q) = 1. First we count the number

of c, d with gcd(gcd(c, d), q) = 1, and then count a, b. From gcd(gcd(c, d), q) = 1, there exists

x, y ∈ Z with gcd(c, d)x+ qy = 1, and so there exists x1, y1 with (x1c+ y1d)x = 1− qy. Then

q∑
c=1

q∑
d=1

δgcd(gcd(c,d),q)=1 =

q∑
c=1

q∑
d=1

∑
r|gcd(gcd(c,d),q)

µ(r) (since µ ∗ u = I)

=
∑
r|q

µ(r)

q∑
c=1
r|c

q∑
d=1
r|d

1

=
∑
r|q

µ(r)
(q
r

)2
(since #{c ∈ {1, · · · , q} : r | c} =

q

r
)

= q2
∑
r|q

µ(r)

r2
.

Now we compute #(a, b) with ad− bc ≡ 1 (mod q). Note that cx1x+dy1x+ qy = 1 implies that

a0d− b0c ≡ 1 (mod q), where a0 = xy1 and b0 = −x1x. That is, (a0, b0) is a particular solution.

Let (a, b) be arbitrary solution. Set α = a− a0 and β = b− b0, then αd− βc ≡ 0 (mod q). Let

t0 ≡ a0β − b0α (mod q). Then we obtain

ct = a0cβ − b0cα = a0cβ − (a0d− 1)α = α− a0(cβ − dα) = α− a0(αd− βc) ≡ α (mod q)
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and

dt = a0dβ − b0dα = (1 + b0c)β − b0dα = β + b0(cβ − dα) = β − b0(αd− βc) ≡ β (mod q).

Therefore, the general solution has the form

a = a0 + ct, b = b0 + dt, t ∈ Z/qZ.

These solutions are different each other. Indeed, if ct1 ≡ ct2, dt1 ≡ dt2 (mod q), then

t1 − t2 ≡ (a0d− b0c)(t1 − t2) = a0 · d(t1 − t2)− b0 · c(t1 − t2) ≡ 0 (mod q).

It the follows that #(a, b) = q. Thus

|SL2(Z/qZ)| = q · q2
∑
r|q

µ(r)

r2
= q3

∏
p|q

(
1 +

µ(p)

p2

)
= q3

∏
p|q

(
1− 1

p2

)
since µ(n) is multiplicative.

Theorem 2.4. The number of inequivalent cusps of Γ(q) is

hq =


3 if q = 2,

1

2
q2
∏
p|q

(
1− 1

p2

)
if q ≥ 3.

Proof. We claim the set of cusps is precisely the Γ(q)-equivalence classes of the projective line

P1(Q) := Q ∪ {∞}.

Take a parabolic element of Γ(q):

γ =

a b

c d

 ∈ SL2(Z), a ≡ d ≡ 1 (mod q), b ≡ c ≡ 0 (mod q), |a+ d| = 2.

Let a be fixed point of γ. If c = 0, a = ∞ ∈ Q ∪ {∞}. If c ̸= 0, γa = a implies that

a = −(d− a)/2c ∈ Q. Thus a ∈ Q ∪ {∞}. On the other hand, given arbitrary b ∈ Q ∪ {∞}, we

construct an parabolic element in SL2(Z) fixing b. If b = ∞, clearly it is fixed point of

γ∞ =

1 q

0 1

 .

Now let b = u/v ∈ Q with u, v ∈ Z coprime, then

γb =

1− quv qu2

−qv2 1 + quv


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is a parabolic element of Γ(q) which fixes b. Therefore the set of cusps coincide with Q ∪ {∞}.

Let γ ∈ SL2(Z), a = u1/v1 and b = u2/v2. If γa = b, there exists λ ∈ Q with

γ

u1
v1

 = λ

u2
v2

 .

Write λ = r/s with r, s ∈ Z coprime. Let d = gcd(γu1, γv1). Since gcd(u1, v1) = 1, there exists

x, y ∈ Z with u1y − v1x = 1, then

det

γu1 x

γv1 y

 = det(γ) det

u1 x

v1 y

 = 1 · 1 = 1.

It follows that d2 | 1, so d = 1. Since s | γu1, γv1, we obtain s = 1, so λ = r ∈ Z. However,

gcd(λu2, λv2) = |λ| = 1 = gcd(γu1, γv1), we have λ = ±1.

Let a = u1/v1 and b = u2/v2, then a and b are equivalent (i.e., there exists γ ∈ Γ(q) such

that γa = b) implies that

γ

u1
v1

 = ±

u2
v2

 .

We claim further that a and b are equivalent iffu1
v1

 ≡ ±

u2
v2

 (mod q).

If a and b are equivalent, then

γ

u1
v1

 = ±

u2
v2

 ,

take both sides modulo q we obtainu1
v1

 ≡ ±

u2
v2

 (mod q).

For the converse, assume that u1
v1

 ≡ ϵ

u2
v2

 (mod q)

holds for some ϵ, and let w1

w2

 = ϵ

u2
v2

 .
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Since gcd(u1, v1) = 1, there exists integers x, y with u1y − v1x = 1, and set

σ =

u1 x

v1 y

 ,

then det(σ) = 1. Now assume

τ =

w1 x+ qt1

w2 y + qt2


for some t1, t2 ∈ Z satisfying τ ≡ σ (mod q), we show that such t1, t2 exists. Note that

det(τ) = w1(y + qt2)− w2(x+ qt1) = (w1y − w2x) + q(w1t2 − w2t1).

From our assumption,

w1y − w2x = u1y − v1x+ q(· · · ) = 1 + qk k ∈ Z.

We need det(τ) = 1 + qk + q(w1t2 − w2t1) = 1, so it suffices to show there exists t1, t2 ∈ Z such

that w1t2 − w2t1 = −k. Clearly the assertion holds since gcd(w1, w2) = 1. Therefore

τσ−1

u1
v1

 = ϵ

u2
v2

 ,

a and b are equivalent.

Thus the number of inequivalent cusps of Γ(q) is precisely the number of orbits

S = {(u, v) ∈ (Z/qZ)2 : gcd(gcd(u, v), q) = 1}

under ±1. When q = 2, there exists 3 cusps1

0

 ,

0

1

 ,

1

1

 .

When q ≥ 3, from the proof of Theorem 2.3, we have hq = 1
2q

2
∏
p|q

(
1− 1

p2

)
.

Any subgroup of the modular group which contains Γ(q) is called a congruence subgroup

of level q. Here are two examples;

Γ0(q) =

γ ∈ SL2(Z) : γ ≡

∗ ∗

0 ∗

 (mod q)

 ,

Γ1(q) =

γ ∈ SL2(Z) : γ ≡

1 ∗

0 1

 (mod q)

 .

The first one is called the Hecke congruence group. It is not a normal subgroup of SL2(Z).
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Theorem 2.5. A set of representatives for Γ0(q)\Γ0(1) is given by∗ ∗

u v

 ∈ Γ0(1) with v | q and u (mod q/v).

Hence the index is

νq = [Γ0(1) : Γ0(q)] = q
∏
p|q

(
1 +

1

p

)
.

Proof. First we show, for arbitrary

g =

a b

c d

 ∈ Γ0(1),

in its coset Γ0(q)g there exists a unique representative∗ ∗

u v

 ∈ Γ0(1)

such that v | q and u is uniquely determined modulo q/v.

Let

h =

α β

γ δ

 ∈ Γ0(q),

note that α β

γ δ

a b

c d

 =

 ∗ ∗

γa+ δc γb+ δd

 .

Since h ∈ Γ0(q), γ ≡ 0 (mod q). Meanwhile, h ∈ SL2(Z) implies that αδ−βγ = 1, so αδ ≡ 1

(mod q), and so gcd(δ, q) = 1. Consequently, gcd(γb + δd, q) = gcd(δd, q) = gcd(d, q). (d, q) is

invariant under left multiplication by Γ0(q). Set v0 = gcd(d, q).

Now we want to find γ, δ with γb+ δd = v0, q | γ and (γ, δ) = 1. Let γ = qγ1, the equation

γb + δd = v0 becomes qbγ1 + dδ = v0. By dividing v0, (qb/v0)γ1 + (d/v0)δ = 1. However,

g ∈ Γ0(1) implies that gcd(b, d) = 1, so gcd(qb, d) = gcd(q, d) = v0, so gcd(qb/v0, d/v0) = 1.

Bézout’s theorem yields one solution (γ
(0)
1 , δ(0)) ∈ Z2. Hence all solutions are given by (γ1, δ) =

(γ
(0)
1 + (d/v0)t, δ

(0) − (q/v0)bt), t ∈ Z. We now choose t so that gcd(δ, q) = 1. First, for every

prime ℓ | (q/v0), reducing (q/v0)bγ1 + (d/v0)δ = 1 modulo ℓ gives (d/v0)δ ≡ 1 (mod ℓ), hence

ℓ ∤ δ. Therefore gcd(δ, q/v0) = 1 for every solution. Next let ℓ | v0 with ℓ ∤ (q/v0). Since ℓ | v0 | d

and gcd(b, d) = 1, we have ℓ ∤ b, and thus ℓ ∤ (q/v0)b. Hence modulo ℓ, there is exactly one residue

class of t for which δ = δ(0)−(q/v0)bt ≡ 0 (mod ℓ), namely t ≡ δ(0)((q/v0)b)
−1 (mod ℓ). Choose

t avoiding this residue class for every prime ℓ | v0 with ℓ ∤ (q/v0). By the Chinese Remainder
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Theorem, such a choice of t exists. For this choice we have gcd(δ, v0) = 1. Combining the two

parts, we obtain gcd(δ, q) = 1. Now set γ = qγ1. Then q | γ, and any common divisor of γ and δ

must divide both q and δ, so gcd(γ, δ) = 1. Therefore there exist α, β ∈ Z such that αδ−βγ = 1,

and hence

h =

α β

γ δ

 ∈ Γ0(q).

Moreover, γb+ δd = qγ1b+ δd = v0.

u is uniquely determined modulo q/v. Fix v = gcd(d, q) and consider another pair (γ′, δ′).

We have v = γb + δd = γ′b + δ′d and ad − bc = 1 implies that gcd(b, d) = 1, we have (γ′, δ′) =

(γ + dt, δ − bt) for integer t. For the new matrix to still lie in Γ0(q), γ′ ≡ 0 (mod q), so dt ≡ 0

(mod q). This implies that (d/v)t ≡ 0 (mod q/v). But note that gcd(d/v, q/v) = 1, t ≡ 0

(mod q/v). Therefore u′ = γ′a+ δ′c = (γ + dt)a+ (δ − bt)c = u+ t is unique modulo q/v.

Given (u, v) with v | q and gcd(u, v) = 1, there exists x, y ∈ Z such that xv − yu = 1.

Therefore x y

u v

 ∈ SL2(Z).

We have established a one-to-one correspondence between a set of representatives for Γ0(q)\Γ0(1)

and ∗ ∗

u v

 ∈ Γ0(1) with v | q and u (mod q/v).

Consequently,

νq = [Γ0(1) : Γ0(q)] =
∑
v|q

∑
u (mod q/v)
gcd(u,v)=1

1.

We claim that νq is multiplicative. That is, (q1, q2) = 1 implies that νq1q2 = νq1νq2 . From the

proof of Theorem 2.3, natural homomorphism SL2(Z) → SL2(Z/qZ) is surjective. Let

B(q) =


a b

0 d

 ∈ SL2(Z/qZ)

 .

Then Γ0(q) is the complete preimage of B(q) under the natural homomorphism. So νq =

[Γ0(1) : Γ0(q)] = [SL2(Z/qZ) : B(q)]. Thanks to the Chinese Remainder Theorem, we have

SL2(Z/q1q2Z) ∼= SL2(Z/q1Z)× SL2(Z/q2Z). Under this isomorphism, B(q1q2) ∼= B(q1)×B(q2).
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So

νq1q2 = [SL2(Z/q1q2Z) : B(q1q2)]

= [SL2(Z/q1Z)× SL2(Z/q2Z) : B(q1)×B(q2)]

= [SL2(Z/q1Z) : B(q1)] · [SL2(Z/q2Z) : B(q2)]

= νq1νq2 .

So let q = pα and we compute νq. If v = 1, pα/1 = pα and gcd(u, 1) = 1 holds for all u, the

number is pα; if v = pk where 1 ≤ k ≤ α− 1, pα/pk = pα−k and gcd(u, pk) = 1 iff (u, p) = 1, the

number is precisely φ(pα−k) = pα−k − pα−k−1; if v = pα, clearly the number is 1. Now sum over

all k = 0, 1, · · · , α,

νpα = pα + (pα−1 − pα−2) + · · ·+ (p1 − p0) + 1 = pα
(
1 +

1

p

)
.

It follows that for q general,

νq =
∏
pα||q

pα
(
1 +

1

p

)
= q

∏
p|q

(
1 +

1

p

)
.

Decompose Γ0(q) into a disjoint union of cosets,

Γ0(q)\Γ =

{
δ : Γ =

⊔
i

Γ0(q)δi

}
,

then

vol(Γ0(q)\H) = [Γ0(1) : Γ0(q)] vol(Γ\H) =
π

3
q
∏
p|q

(
1 +

1

p

)
.

Theorem 2.6. The cusps u1/v1, u2/v2 ∈ Q ∪ {∞}, given in lowest terms, are equivalent

under Γ0(q) iff there exists v | q such that gcd(q, v1) = gcd(q, v2) = v and u1v1 ≡ u2v2

(mod gcd(q, v2)). Hence the number of inequivalent cusps is

h =
∑
vw=q

φ(gcd(v, w)).

Proof. Fixing arbitrary elementsu1 v1

v1 u1

 ,

u2 v2

v2 u2

 ∈ SL2(Z)
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(the existence of u1, v1 (resp. u2, v2) is from gcd(u1, v1) = gcd(u2, v2) = 1). We need to examine

the statement

∃γ ∈ Γ0(q) :

u1 v1

v1 u1

∞ = γ

u2 v2

v2 u2

∞.

This is clearly

⇐⇒ ∃γ ∈ Γ0(q) : ∃n ∈ Z :

1 n

0 1

 =

u1 v1

v1 u1

−1

γ

u2 v2

v2 u2


⇐⇒ ∃n ∈ Z :

u1 v1

v1 u1

1 n

0 1

u2 v2

v2 u2

−1

∈ Γ0(q)

⇐⇒ n ∈ Z :

u1 v1 + nu1

v1 u1 + nv1

 u2 −v2
−v2 u2

 ∈ Γ0(q)

⇐⇒ ∃n ∈ Z : u2v1 − u1v2 − nv1v2 ≡ 0 (mod q)

⇐⇒ ∃m,n ∈ Z : u2v1 − u1v2 = qm+ nv1v2

⇐⇒ u2v1 ≡ u1v2 (mod gcd(q, v1v2)).

Let us examine the last condition. Observe that by gcd (u1, v1) = gcd (u2, v2) = 1 the congruence

forces gcd(q, v1) | v2 and gcd(q, v2) | v1, i.e., gcd(q, v1) = gcd(q, v2). Denoting this common value

by v and writing q = vw, the congruence becomes u2v1/v ≡ u1v2/v (mod gcd(w, v1v2/v)). Note

that gcd(v1/v, q/v) = gcd(v1, q)/v = 1 and gcd(v2/v, q/v) = gcd(v2, q)/v = 1, i.e., both v1/v

and v2/v are coprime to w. In particular, v1v2/v = v(v1/v)(v2/v) shows that gcd(w, v1v2/v) =

gcd(w, v) and the congruence further simplifies to u2v1/v ≡ u1v2/v (mod gcd(w, v)). Note also

that u1u1 and u2u2 are ≡ 1 (mod v), hence the congruence is equivalent to u1v1/v ≡ u2v2/v

(mod gcd(w, v)). Multiplying this by v we obtain the congruence in the theorem.

For any decomposition q = vw and any reduced residue class u′ mod gcd(v, w) we pick some

u ∈ Z such that gcd(u, v) = 1 and u ≡ u′ (mod gcd(v, w)). This exists by the Chinese Remainder

Theorem, e.g., we can take u ∈ Z such that u ≡ 1 (mod p) for any prime p | v with p ∤ w and also

u ≡ u′ (mod gcd(v, w)). By the above discussion, the resulting rational numbers u/v represent

the Γ0(q)-orbits of Q ∪ {∞}, and their number equals
∑
q=vw φ(gcd(v, w)).

2.5 Double coset decomposition

Throughout Γ is a Fuchsian group of the first kind which contains parabolic motions. Select

a complete set of inequivalent cusps for Γ, say a, b, · · · , and the corresponding scaling matrices
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σa, σb, · · · in SL2(R). Recall that σ−1
a a = σ−1

b b = · · · = ∞ and σ−1
a Γaσa = σ−1

b Γbσb = · · · = B,

where

B =

±

1 n

1

 : n ∈ Z

 .

Theorem 2.7. For any pair of cusps a, b for Γ the set σ−1
a Γσb is partitioned into disjoint double

cosets

σ−1
a Γσb = δabB ∪

⋃
c>0

⋃
d (mod c)

B

∗ ∗

c d

B

where δabB = B if a = b or else it is the empty set, and the union is taken over c > 0 and d

(mod c) such that ∗ ∗

c d

 ∈ σ−1
a Γσb.

Proof. Define

Ω∞ = {ω ∈ σ−1
a Γσb : ω∞ = ∞}.

Assume that Ω∞ is non-empty. For arbitrary ω ∈ Ω∞, i.e., there exists γ ∈ Γ with ω = σ−1
a γσb.

Since ω∞ = ∞, we have (σ−1
a γσb)∞ = ∞, and so γ(σb∞) = σa∞. But σa∞ = a and σb∞ = b,

so γb = a. This implies that the cusps a, b are equivalent; hence a = b, so γa = a and then

γ ∈ Γa. Clearly Ω∞ = {ω ∈ σ−1
a Γaσa : ω∞ = ∞} = σ−1

a Γaσa = B if a = b. On the other hand

if a ̸= b, γb = a leads to a contradiction of our assumption a ̸∼ b, hence Ω∞ = ∅.

Now consider elements in σ−1
a Γσb \ Ω∞. Leta ∗

c d

 ∈ σ−1
a Γσb,

since ω does not fix ∞, c ̸= 0, without loss of generality we may assume c > 0. Take arbitrary1 m

0 1

 ,

1 n

0 1

 ∈ B,

the relation 1 m

0 1

a ∗

c d

1 n

0 1

 =

a+ cm ∗

c d+ cn

 .

shows that the double coset

B

∗ ∗

c d

B

determines c uniquely and d modulo integral multiples of c.
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Assume there exists another matrix

ω′ =

a′ ∗

c d′

 ∈ σ−1
a Γσb,

where d′ ≡ d (mod c), we claim that ω′ ∈ BωB. Indeed there exists n ∈ Z with d′ = d + cn,

then

ω′

1 −n

0 1

 =

∗ ∗

c d′

 ∈ Bω,

we obtain ω′ ∈ Bω ⊂ BωB.

Every ω ∈ σ−1
a Γσb either fix ∞ or do not fix ∞. If ω does not fix ∞, by multiplying if

necessary, we have c > 0. So every ω belongs to one of these cosets. Clearly two different cosets

do not meet. We finish the proof.

Put

C(a, b) =

c > 0 :

∗ ∗

c ∗

 ∈ σ−1
a Γσb

 .

Let c(a, b) denote the smallest element of C(a, b), and put c(a) = c(a, a). Define cab = max{c(a), c(b)}.

Theorem 2.8. For any X > 0 we have

∑
0<c≤X

c−1#

d (mod c) :

∗ ∗

c d

 ∈ σ−1
a Γσb

 ≤ c−1
abX.

Hence for any c ∈ C(a, b) we have

#

d (mod c) :

∗ ∗

c d

 ∈ σ−1
a Γσb

 ≤ c−1
ab c

2.

Proof. Without loss of generality we may assume c(a) ≥ c(b). In σ−1
a Γσb, choose arbitrary two

matrices with 0 < c, c′ ≤ X:

ω =

∗ ∗

c d

 , ω′ =

∗ ∗

c′ d′

 .

Moreover we may assume 0 ≤ d < c, 0 ≤ d′ < c. Let ω′′ = ω′ω−1 ∈ (σ−1
a Γσb)(σ

−1
b Γσa) =

σ−1
a Γσa. Then

ω′′ =

∗ ∗

c′ d′

 d ∗

−c ∗

 =

 ∗ ∗

c′d− cd′ ∗

 .

Set c′′ = c′d− cd′. From the definition of c(a), |c′′| ≥ c(a).
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If c′′ = 0, ω′′ ∈ B, so

ω′ω−1 = ω′′ = ±

1 m

0 1

 .

This implies that c′ = c and d′ = d+mc, thus m = 0. We obtain c = c′ and d = d′.

If c′′ ̸= 0, |c′d− cd′| ≥ c(a). It follows that∣∣∣∣d′c′ − d

c

∣∣∣∣ ≥ c(a)

cc′
≥ c(a)

cX
.

since c′ ≤ X. Let {r1, r2, . . . , rN} be the set of fractions d/c corresponding to the elements

in σ−1
a Γσb with 0 < c ≤ X, such that 0 ≤ r1 < r2 < · · · < rN < 1. The length of the

interval [0, 1) is 1. By summing the gaps between successive points (and treating rN+1 = r1+1),∑N
i=1(ri+1 − ri) = rN+1 − r1 = 1. Applying the bound from (2.37) to each gap (ri+1 − ri) ≥

c(a)/(ciX):

1 ≥
N∑
i=1

c(a)

ciX
=
c(a)

X

N∑
i=1

1

ci
,

which gives
N∑
i=1

1

ci
≤ X

c(a)
.

The sum
∑

1/ci is exactly the sum over c of c−1 times the number of d (mod c). Thus

N∑
i=1

1

ci
=

∑
0<c≤X

1

c
#

d (mod c) :

∗ ∗

c d

 ∈ σ−1
a Γσb

 .

Consequently

∑
0<c≤X

c−1#

d (mod c) :

∗ ∗

c d

 ∈ σ−1
a Γσb

 ≤ X

c(a)
= c−1

abX.

For a fixed c, taking X = c and considering only the term for that c,

1

c
#

d (mod c) :

∗ ∗

c d

 ∈ σ−1
a Γσb

 ≤
∑

0<t≤c

t−1#

d (mod t) :

∗ ∗

t d

 ∈ σ−1
a Γσb

 ≤ c−1
ab c.

Multiplying by c yields the assertion.

Theorem 2.9. Let a be a cusp for Γ, z ∈ H and Y > 0. We have

#
{
γ ∈ Γa\Γ : Im(σ−1

a γz) > Y
}
< 1 +

10

c(a)Y
.
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Proof. We only prove when Γ = SL2(Z).

Let Γ′ = σ−1
a Γσa. In this case, the cusp is a′ = ∞, the scaling matrix is σa′ = I and Γ′

a′ = B.

If we set S′ = {γ′ ∈ B\Γ′ : Im(I−1γ′z′) > y}, we show that #S′ = #S where S = {γ ∈

Γa\Γ : Im(σ−1
a γz) > Y } and c(a) = c(a′). For arbitrary γ ∈ Γ, let f(γ) = σ−1

a γσa = γ′ ∈ Γ′.

Since σa ∈ SL2(R) admits an inverse, f is a group isomorphism. Two elements γ1, γ2 ∈ Γ

belongs to one left coset iff γ1γ
−1
2 ∈ Γa. It follows that σ−1

a (γ1γ
−1
2 )σa ∈ σaΓaσa = B, so

(σ−1
a γ1σa)(σ

−1
a γ2σa)

−1 ∈ B, i.e., γ′1(γ′2)−1 ∈ B. That is, γ′1 and γ′2 belongs to the same left

coset in Γ′, we obtain a bijection between Γa\Γ and B\Γ′. On the other hand, let z′ = σ−1
a z,

γ′z′ = (σ−1
a γσa)(σ

−1
a z) = σ−1γz. Thus Im(γ′z′) = Im(σ−1

a γz), #S = #S′. Moreover, from the

definition,

c(a) =

c > 0 :

∗ ∗

c ∗

 ∈ σ−1
a Γσa

 ,

and

c(a′) =

c > 0 :

∗ ∗

c ∗

 ∈ I−1Γ′I = Γ′

 ,

we obtain c(a) = c(a′) since Γ′ = σ−1
a Γσa.

Consequently, we may assume a = ∞, σa = I and Γa = B. Then the strip P = {z ∈ H :

0 ≤ Re(z) < 1, Im(z) > 0} is a fundamental domain of Γa = B. Indeed, clearly P is a domain.

Assume there exists z1, z2 ∈ P with z2 = γnz1 for some non-trivial γn ∈ B, here

γn =

1 n

0 1

 ∈ B.

Let z1 = x1 + iy1 and z2 = x2 + iy2, then y1 = y2 and x1 + n = x2, which contradicts to

0 < x1, x2 < 1. The closure of P is P = {z ∈ H : 0 ≤ Re(z) ≤ 1, Im(z) > 0}. For arbitrary

z = x + iy ∈ H, there exists unique integer m = [x] with m ≤ x < m + 1. It follows that

γ−mz ∈ P . That is, every orbit admits a representative in P . Let D = {z ∈ H : −1/2 <

Re(z) < 1/2, |z| > 1} be the standard polygon of Γ, then D ⊂ P . For any ω ∈ Γ, we have

#{Bγ ∈ B\Γ : Im(γωz) > Y } = #{Bγ ∈ B\Γ : Im(γz) > Y } since ω is invertible. When

counting in B\Γ, replacing z with another point on the Γ-orbit does not change the total count;

therefore we may assume z ∈ D. Note that

Im(γz) =
Im(z)

|cz + d|2
, ∀z ∈ H,∀γ ∈ Γ.

From the proof of Theorem 1.2 Im(γz) ≤ Im(z), |cz + d| ≥ 1 holds for any γ ∈ Γ.
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Assume z = x + iy. Im(γz) > Y implies that Y < y/|cz + d|2 ≤ y. Since |cz + d|2 =

(cx+ d)2 + (cy)2, we obtain

(cy)2 ≤ (cx+ d)2 + (cy)2 <
y

Y
=⇒ c < (yY )−1/2

and

(cx+ d)2 ≤ (cx+ d)2 + (cy)2 <
y

Y
=⇒ |cx+ d| <

( y
Y

)1/2
.

Assume that C ≤ c < 2C, then |cx+ d| < (y/Y )1/2 implies that∣∣∣∣x+
d

c

∣∣∣∣ < 1

c

( y
Y

)1/2
≤ 1

C

( y
Y

)1/2
.

Thanks to the proof of Theorem 2.8, when the denominators less or equal to 2C the dis-

tance between any two distinct fractions d1/c1 and d2/c2 is bounded below δ = c(a)/(c1c2) >

c(a)/(2C)2 = c(a)/4C2. In an interval of length L, the number of points with distance at least

δ is at most 1 + L/δ. We estimate that

1 +
2
C (y/Y )1/2

c(a)
4C2

= 1 +
8C

c(a)

( y
Y

)1/2
.

Note that y > Y implies that (y/Y )1/2 > 1 and 2C ≥ c(a), we obtain 2C/c(a) ≥ 1. Adding

these bounds for C = 2−1(yY )−1/2 with n ≥ 1, we get

∑
n≥1

10 · 2−n(yY )−1/2

c(a)

( y
Y

)1/2
=

10

c(a)Y

∑
n≥1

2−n =
10

c(a)Y
.

When c = 0, γ ∈ B, so Bγ = B is trivial coset. Finally adding 1 to account for Γa, we finish the

proof.

2.6 Multiplier systems

For a complex number z ̸= 0 we choose its argument in (−π, π]. We denote the principal branch

of the logarithm by log z, so its real for positive z and

log z = log |z|+ i arg z if z ∈ C×.

For any transformation matrix

A =

a b

c d

 ∈ SL2(R),

we define the factor of automorphy as j(A, z) = cz + d.
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If

A =

a b

c d

 , B =

a′ b′

c′ d′

 ,

then

Bz =
a′z + b′

c′z + d′
.

Hence

j(A,Bz) = c
a′z + b′

c′z + d′
+ d =

c(a′z + b′) + d(c′z + d′)

c′z + d′
.

Multiplying by j(B, z) = c′z + d′, we get

j(A,Bz) j(B, z) = c(a′z + b′) + d(c′z + d′).

On the other hand,

AB =

aa′ + bc′ ab′ + bd′

ca′ + dc′ cb′ + dd′

 ,

so

j(AB, z) = (ca′ + dc′)z + (cb′ + dd′).

Therefore

j(AB, z) = c(a′z + b′) + d(c′z + d′) = j(A,Bz) j(B, z).

This proves the chain rule

j(AB, z) = j(A,Bz)j(B, z).

Define

2πω(A,B) = − arg j(AB, z) + arg j(A,Bz) + arg j(B, z).

The chain rule implies that

arg j(AB, z) ≡ arg j(A,Bz) + arg j(B, z) (mod 2π)

That is, ω(A,B) ∈ Z. On the other hand, for arbitrary

M =

∗ ∗

c d

 ∈ SL2(R),

we have j(M, z) = cz+d by definition. It follows that Im(j(M, z)) = cy. If c > 0, j(M, z) ∈ H for

all z ∈ H, so z 7→ arg(j(M, z)) is continuous on H; similarly for c < 0, z 7→ arg(j(M, z)) is con-

tinuous on H; if c = 0, j(M, z) = d ̸= 0 since ad = 1. Thus z 7→ − arg j(AB, z) + arg j(A,Bz) +

arg j(B, z) is continuous, which forces − arg j(AB, z) + arg j(A,Bz) + arg j(B, z) is a constant.
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This definition is note depend on the choice of z ∈ H. Moreover arg j(A,Bz), arg j(B, z), arg j(AB, z) ∈

(−π, π], we obtain 2πω(A,B) ∈ (−3π, 3π), but note that ω(A,B) ∈ Z, there must be ω(A,B) ∈

{−1, 0, 1}.

For any real number k we define the factor system of weight k by setting

w(A,B) = e (kω(A,B)) .

Note that w(A,B) depends on k (mod 1) and w(A,B) = 1 if k is an integer.

Let Γ ⊂ SL2(R) be a discrete subgroup. A multiplier system of weight k for Γ is a

function ϑ : Γ → C such that

|ϑ(γ)| = 1

ϑ(γ1γ2) = w(γ1, γ2)ϑ(γ1)ϑ(γ2).

Since w(−I,−I) = e(k), the above properties imply that if −I belongs to Γ, then ϑ(−1) =

±e(−k/2). Throughout we shall require that

ϑ(−1) = e(−k/2) if − I ∈ Γ,

which is called the consistency condition (the other choice yields the zero automorphic form

only).

2.7 Automorphic forms

Let k ∈ Z. For a function f : H → C, we define the slash operator, denoted as f|A, by:

f|A(z) = j(A, z)−kf(Az) = (cz + d)−kf

(
az + b

cz + d

)
Clearly f|AB = (f|A)|B . For

γ =

a b

c d

 ∈ Γ0(q),

we define χ(γ) := χ(d), where χ is Dirichlet character modulo q.

Definition 2.6 (automorphic form). A holomorphic function f : H → C is called a modular

form of weight k, level Γ0(q), and nebentypus (or character) χ if it is holomorphic at

the cusps (we will introduce the definition of holomorphic at the cusps later) and satisfies

f|γ(z) = χ(γ)f(z), ∀γ ∈ Γ0(q).

The space of such modular forms is denoted by Mk(Γ0(q), χ).
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Remark 2.1. In general we consider k ∈ R. The slash operator is defined by

f|A(z) = j(A, z)−kf(Az),

where

j(A, z)−k = exp (−k log(j(A, z))) .

One may verify that

w(A,B)j(AB, z)k = j(A,Bz)kj(B, z)k,

and

f|AB = w(A,B)(f|A)|B .

The general automorphic form is defined by replacing χ to general ϑ. But most of the time we

only consider case w = 1, ϑ = χ be Dirichlet character modulo q and Γ = Γ0(q).

Since −I ∈ Γ0(q), we can apply the slash operator definition

f|−I(z) = j(−I, z)−kf(z) = (−1)−kf(z) = (−1)kf(z).

On the other hand, applying the transformation law with the nebentypus gives

f|−I(z) = χ(−1)f(z).

Equating the two expressions yields

(−1)kf(z) = χ(−1)f(z).

For a non-zero modular form f , this implies that (−1)k = χ(−1). Consequently, if the weight k is

even (resp. odd), χ must be an even (resp. odd) character, i.e., χ(−1) = 1 (resp. χ(−1) = −1).

When a modular form f ∈ Mk(Γ0(q), χ) admits a non-trivial character χ, the strict period-1

translation symmetry is broken at the cusps. Let a be a cusp of the group Γ = Γ0(q) and let

σa ∈ SL2(R) be the scaling matrix that maps ∞ to a. Let

β =

1 1

0 1


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represent the translation z 7→ z + 1. Therefore

f|σa
(z + 1) = f|σa

(βz)

= j(σa, βz)
−kf(σaβz)

= j(σa, βz)
−kf(γaσaz) (since σ−1

a γaσa = β)

= j(σa, βz)
−kj(γa, σaz)

kχ(γa)f(σaz)

= χ(γa)f|σa
(z).

Let χ(γa) = e(κa), where 0 ≤ κa < 1. We define g(z) = e(−κaz)f|σa
(z). Then we can easily

verify that g(z) is strictly periodic with period 1:

g(z + 1) = e(−κa(z + 1))f|σa
(z + 1)

= e(−κaz)e(−κa)
(
e(κa)f|σa

(z)
)

= e(−κaz)f|σa
(z)

= g(z).

We say that f is holomorphic at a if g(z) is holomorphic at ∞. In this case, g(z) admits a

standard Fourier series expansion in terms of q = e(z):

g(z) =

∞∑
n=0

ane(nz)

We obtain the generalized Fourier expansion for f at the cusp a:

f|σa
(z) = e(κaz)

∞∑
n=0

ane(nz) =

∞∑
n=0

ane((n+ κa)z).

3 The Eisenstein and the Poincaré Series

3.1 Poincaré series

Set a = ∞, so σa = I and Γa = Γ∞ = B. Moreover set Γ = Γ0(q) be the Hecke congruence

group. Given p : H → C be a holomorphic function which is periodic of period 1, we can define

π : Γ×H → C by

π(γ, z) = χ(γ)jγ(z)
−kp(γz).

It is Γ∞-invariant. Indeed, let η ∈ Γ∞ and γ ∈ Γ. We have jηγ(z) = jη(γz)jγ(z). For

η = ±

1 n

0 1

 ,
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we have jη(w) = 0 ·w± 1 = ±1 for arbitrary w ∈ C, it follows that jη(γz)−k = (±1)−k = (±1)k.

By definition χ(ηγ) = χ(η)χ(γ). If

η =

1 n

0 1

 ,

we have χ(η) = χ(1) = 1; if

η =

−1 −n

0 −1

 = −I

1 n

0 1

 ,

we have χ(η) = χ(−I) = (−1)k (this is standard condition of χ). Thus χ(η) = (±1)k. Moreover,

ηw = (±w± n)/± 1 = w+ n for arbitrary w, so p(ηγz) = p(γz + n) = p(γz) since p is of period

1. Consequently we have

(ηγ, z) = χ(ηγ)jηγ(z)
−kp(ηγz)

=
(
(±1)kχ(γ)

) (
(±1)kjγ(z)

−k) p(γz)
= (±1)2kχ(γ)jγ(z)

−kp(γz)

= 1 · π(γ, z).

By averaging over Γ∞\Γ, we define

P(z) =
∑

γ∈Γ∞\Γ

π(γ, z), k > 2.

It is called the Poincaré series associated with the cusp ∞ at the generating function

p.

If p(z) is bounded, we have

|P(z)| ≪
∑

γ∈Γ∞\Γ

|jγ(z)|−k =
∑

γ∈Γ∞\Γ

Im(z)−k/2

Im(γz)−k/2
= y−k/2

∑
γ∈Γ∞\Γ

Im(γz)k/2.

Now we claim that Im(γz) admits an upper bound. Fix z = x + iy ∈ H, we have Im(γz) =

y/ |cz + d|2 for arbitrary

γ =

a b

c d

 ∈ Γ.

If γ ∈ Γ∞, γz = z + n implies that Im(γz) = y. If γ /∈ Γ∞, we have |c| ≥ c(∞) > 0 from

the definition of c(∞). Hence |cz + d|2 ≥ (Im(cz + d))2 = (cy)2, so Im(γz) = y/|cz + d|2 ≤

y/(c(∞)2y2) = 1/(c(∞)2y). Consequently,

Im(γz) ≤ max

{
y,

1

c(∞)2y

}
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holds for all γ ∈ Γ. That is, there exists a constant M(z) > 0 such that 0 < Im(γz) ≤M(z) for

all γ ∈ Γ. For every γ fixed, we have

Im(γz)k/2 =
k

2

∫ Im(γz)

0

Y k/2−1dY,

so∑
γ∈Γ∞\Γ

Im(γz)k/2 =
∑

γ∈Γ∞\Γ

k

2

∫ Im(γz)

0

Y k/2−1dY =
k

2

∫ M(z)

0

#{γ ∈ Γ∞\Γ : Im(γz) > Y }Y k/2−1dY.

Thanks to Theorem 2.9,

#{γ ∈ Γ∞\Γ : Im(γz) > Y } ≤ 1 +
10

c(∞)Y
,

then∑
γ∈Γ∞\Γ

Im(γz)k/2 ≤ k

2

∫ M(z)

0

(
1 +

10

c(∞)Y

)
Y k/2−1dY =

k

2

∫ M(z)

0

Y k/2−1dY+
5k

c(∞)

∫ M(z)

0

Y k/2−2dY.

When k > 2 the two integers converge, so∑
γ∈Γ∞\Γ

|π(γ, z)| <∞.

That is, P(z) converges absolutely.

Proposition 3.1. P(z) is an automorphic form. That is,

1. P|γ(z) = χ(γ)P(z),

2. P(z) is holomorphic at every cusp.

Proof of (1). We have

P|τ (z) = jτ (z)
−kP(τz)

= jτ (z)
−k

∑
γ∈Γ∞\Γ

χ(γ)jγτ−1(τz)−kp(γτz) (let γ 7→ γτ−1).

Note that jγτ−1(τz) = jγ(τ
−1τz)jτ−1(τz) = jγ(z)jτ−1(τz). On the other hand, I = τ−1τ

implies that 1 = jI(z) = jτ−1τ (z) = jτ−1(τz)jτ (z), so jτ−1(τz) = jτ (z)
−1. Then jγτ−1(τz) =

jγ(z)jτ (z)
−1, and hence jγτ−1(τz)−k = jγ(z)

−kjτ (z)
k. Moreover χ(τ−1) = χ(τ)−1 = χ(τ) since

|χ(τ)| = 1, we obtain

P|τ (z) = jτ (z)
−k

∑
γ∈Γ∞\Γ

χ(γ)χ(τ)jγ(z)
−kjτ (z)

kp(γz)

= χ(τ)
∑

γ∈Γ∞\Γ

χ(γ)jγ(z)
−kp(γz)

= χ(τ)P(z).
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3.2 Fourier expansion of Poincaré series

Recall we have double coset decomposition

Γ0(q) = Γ∞ ∪
⋃
c>0

c≡0 (mod q)

⋃
d (mod c)
gcd(d,c)=1

Γ∞

a b

c d

Γ∞.

It follows that

P(z) = χ(I)jI(z)
−kp(z) +

∑
I ̸=γ∈Γ∞\Γ/Γ∞

∑
τ∈Γ∞

χ(γτ)jγτ (z)
−kp(γτz)

= p(z) +
∑
c>0

c≡0 (mod q)

∑
d (mod c)
gcd(d,c)=1

∑
n∈Z

χ(d)(cz + cn+ d)−kp

(
a

c
− 1

c(cz + cn+ d)

)

= p(z) +
∑
c>0

c≡0 (mod q)

∑
d (mod c)
gcd(d,c)=1

χ(d)
∑
n∈Z

(cz + cn+ d)−kp

(
a

c
− 1

c(cz + cn+ d)

)
.

Say precisely, let

γ =

a b

c d

 (c > 0, q | c, gcd(c, d) = 1) and τ =

1 n

0 1

 ∈ Γ∞,

we have

γτz =

a an+ b

c cn+ d

 z =
a(z + n) + b

c(z + n) + d
=
a

c
− 1

c(cz + cn+ d)
.

Moreover, χ(γτ) = χ(cn+ d) = χ(d) since q | c.

Now we compute

Iγ(z) :=
∑
n∈Z

(cz + cn+ d)−kp

(
a

c
− 1

c(cz + cn+ d)

)
=
∑
n∈Z

(cz + cn+ d)−ke

(
m

(
a

c
− 1

c(cz + cn+ d)

))
(Take p(z) = e(mz))

= e
(am
c

)∑
n∈Z

(cz + cn+ d)−ke

(
− m

c2
(
z + n+ d

c

))

= e
(am
c

)∑
n∈Z

(
c

(
x+ n+

d

c

)
+ ciy

)−k

e

(
− m

c2
(
x+ n+ d

c + iy
)) .
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We can apply the Poisson summation formula to f , hence

Iγ(z) = e
(am
c

)∑
ñ∈Z

∫
R

(
c

(
x+ v +

d

c

)
+ ciy

)−k

e

(
− m

c2
(
x+ v + d

c + iy
)) e (−ñv) dv

= e
(am
c

)∑
ñ∈Z

∫
R
(c(v + iy))−ke

(
− m

c2(v + iy)
− ñ

(
v − x− d

c

))
dv

(
Let v 7→ v − x− d

c

)
= e

(am
c

)∑
ñ∈Z

e

(
ñx+

ñd

c

)∫
R
(c(v + iy))−ke

(
− m

c2(v + iy)
− ñv

)
dv

= e
(am
c

)∑
ñ∈Z

e

(
ñx+

ñd

c

)
e (ñiy)

∫
R
(c(v + iy))−ke

(
− m

c2(v + iy)
− ñ(v + iy)

)
dv

=
∑
ñ∈Z

e (ñ(x+ iy)) e

(
am+ ñd

c

)∫
R
(c(v + iy))−ke

(
− m

c2(v + iy)
− ñ(v + iy)

)
dv

=
∑
ñ∈Z

e (ñz) e

(
am+ ñd

c

)∫
R
(c(v + iy))−ke

(
− m

c2(v + iy)
− ñ(v + iy)

)
dv

=
∑
ñ∈Z

e (ñz) e

(
am+ ñd

c

)∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− ñv

)
dv.

Denote

Jc(m,n) =
∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− nv

)
dv.

Since k ∈ Z, the function

(cv)−ke
(
− m

c2v
− nv

)
is holomorphic on the upper half-plane H. Hence for any y1, y2 > 0, Cauchy’s Theorem applied

to the rectangle with vertices ±R+ iy1, ±R+ iy2 gives∫ R+iy1

−R+iy1

(cv)−ke
(
− m

c2v
− nv

)
dv−

∫ R+iy2

−R+iy2

(cv)−ke
(
− m

c2v
− nv

)
dv = −

∫
vertical sides

(cv)−ke
(
− m

c2v
− nv

)
dv.

Since ∣∣∣(cv)−ke(− m

c2v
− nv

)∣∣∣≪ |v|−k

uniformly on the vertical sides, the right-hand side tends to 0 as R→ ∞. Therefore∫ R+iy1

−R+iy1

(cv)−ke
(
− m

c2v
− nv

)
dv =

∫ R+iy2

−R+iy2

(cv)−ke
(
− m

c2v
− nv

)
dv.

That is, Jc(m,n) does not depend on the choice of y.
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We claim that if n ≤ 0, Jc(m,n) = 0. Indeed, if n = 0, we have∣∣∣∣∣
∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− nv

)
dv

∣∣∣∣∣ =
∣∣∣∣∣ limy→∞

∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− nv

)
dv

∣∣∣∣∣
=

∣∣∣∣∣ limy→∞

∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v

)
dv

∣∣∣∣∣
≤ lim
y→∞

∫ ∞

−∞
|c(x+ iy)|−k

∣∣∣∣e(− m

c2(x+ iy)

)∣∣∣∣ dx (Let v = x+ iy)

= lim
y→∞

∫ ∞

−∞

c−k

(x2 + y2)k/2
exp

(
− 2πmy

c2(x2 + y2)

)
dx

≤ lim
y→∞

∫ ∞

−∞
c−k

1

(x2 + y2)k/2
dx

= lim
y→∞

c−ky1−k
∫ ∞

−∞

1

(1 + t2)k/2
dt (Let x = yt)

= 0

since k > 2. For case n < 0, similarly∣∣∣∣∣
∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− nv

)
dv

∣∣∣∣∣ ≤ lim
y→∞

∫ ∞

−∞
|c(x+ iy)|−k

∣∣∣∣e(− m

c2(x+ iy)

)∣∣∣∣ |e(−n(x+ iy))|dx

= lim
y→∞

e2πnyc−k
∫ ∞

−∞

1

(x2 + y2)k/2
dx,

which clearly equals to 0. Hence Jc(m,n) = 0 for all n ≤ 0.

For n > 0, if m > 0, we have

Jc(m,n) =
∫ +∞+iy

−∞+iy

(cv)−ke
(
− m

c2v
− nv

)
dv

=

∫ +∞+iy

−∞+iy

(cv)−k exp
(
−2πi

m

c2v
− 2πinv

)
dv

= (−1)kc−k(2πin)k
(
− 1

2πin

)∫
Re(w)=2πny

w−k exp

(
w − 4π2mn

c2w

)
dw (Let w = −2πinv)

= (−1)kc−k(2πin)k−1

∫ 2πny+i∞

2πny−i∞
w−k exp

(
w − 4π2mn

c2w

)
dw

= (−1)kc−k(2πin)k−1

∫ 2πny+i∞

2πny−i∞
w−k exp

(
w − x2

4w

)
dw

(
Let

x2

4
=

4π2mn

c2

)
= (−1)kc−k(2πin)k−1 · 2πi

(
2

x

)k−1

Jk−1(x)

=
2π

ikc

( n
m

)(k−1)/2

Jk−1

(
4π

√
mn

c

)
,

where Jk−1(x) is the Bessel J-function. If m = 0, let x→ 0 in the above equation we obtain

Jc(0, n) =
(−2πi)k

Γ(k)ck
nk−1 (n > 0).
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Consequently,

P(z) = e(mz) +
∑
c>0

c≡0 (mod q)

∑
d (mod c)
gcd(d,c)=1

χ(d)
∑
n>0

e(nz)e

(
am+ nd

c

)
Jc(m,n)

= e(mz) +
∑
n≥1

e(nz)
∑
c>0

c≡0 (mod q)

∑
d (mod c)
gcd(d,c)=1

χ(d)e

(
md+ nd

c

)
Jc(m,n)

= e(mz) +
∑
n≥1

e(nz)
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)Jc(m,n).

Indeed, γ ∈ Γ0(q) implies that ad − bc = 1, so ad ≡ 1 (mod c), and so a ≡ d (mod c), where d

is the inverse of d modulo c. Furthermore,

P(z) = e(mz) + 2πi−k
∑
n≥1

( n
m

)(k−1)/2

 ∑
c>0

c≡0 (mod q)

Sχ(m,n; c)

c
Jk−1

(
4π

√
mn

c

) e(nz)

for m > 0. We know P(z) is holomorphic at a = ∞.

Example 3.1. Let p(z) = e(mz). If m = 0,

E(z) =
∑

γ∈Γ∞\Γ

χ(γ)jγ(z)
−k

is called the Eisenstein series of weight k. We have

E(z) = 1 +
∑
n≥1

e(nz)
∑
c>0

c≡0 (mod q)

Sχ(0, n; c)

(
2π

ic

)k
nk−1

Γ(k)

= 1 +
∑
n≥1

(
2π

i

)k
nk−1

Γ(k)

∑
c>0

c≡0 (mod q)

Sχ(0, n; c)

ck
e(nz)

= 1 +
∑
n≥1

η(n)e(nz),

here

η(n) =

(
2π

i

)k
nk−1

Γ(k)

∑
c>0

c≡0 (mod q)

Sχ(0, n; c)

ck
.

If m > 0, we have

Pm(z) =
∑

γ∈Γ∞\Γ

χ(γ)jγ(z)
−ke(mγz)

= e(mz) +
∑
n≥1

e(nz)
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)
2π

ikc

( n
m

)(k−1)/2

Jk−1

(
4π

√
mn

c

)

=
∑
n≥1

( n
m

)(k−1)/2

e(nz)

δmn + 2πi−k
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)

c
Jk−1

(
4π

√
mn

c

) .
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Note that if m ≥ 1, the Fourier expansion of Pm(z) has no constant term. Hence:

Proposition 3.2. For m ≥ 1, the Poincaré series is a cusp form.

3.3 The Hilbert space of cusp forms

Let f, g ∈ Mk(Γ0(q), χ) be automorphic forms, then

f|γ(z) = jγ(z)
−kf(γz) = χ(γ)f(z),

g|γ(z) = jγ(z)
−kg(γz) = χ(γ)g(z).

We show that Im(z)kf(z)g(z) is Γ-invariant. Indeed, given arbitrary

γ =

a b

c d

 ∈ Γ0(q),

we have

Im(γz)kf(γz)g(γz) =

(
Im(z)

|cz + d|2

)k
χ(d)(cz + d)kf(z)χ(d)(cz + d)kg(z)

=

(
Im(z)

|cz + d|2

)k
χ(d)(cz + d)kf(z)χ(d)(cz + d)kg(z)

= Im(z)k
χ(d)χ(d)(cz + d)k(cz + d)k

|cz + d|2k
f(z)g(z)

= Im(z)kf(z)g(z).

Define

⟨f, g⟩ =
∫
Γ\H

Im(z)kf(z)g(z)dµ(z), dµ(z) =
dxdy

y2
.

Since dµ(z) is Γ-invariant, the integral is well-defined. If f is a cusp form, it has exponential

decay at cusps. Moreover, after removing the neighborhoods of the cusps, the fundamental

domain reduces to a compact set K ⊂ H, and the integral is finite on K. Hence

∥f∥2 = ⟨f, f⟩ =
∫
Γ\H

Im(z)k|f(z)|2dµ(z) <∞.

Now,

⟨f, g⟩ =
∫
γ\H

Im(z)kf(z)g(z)dµ(z) =

∫
γ\H

Im(z)kg(z)f(z)dµ(z) = ⟨g, f⟩,

so ⟨ , ⟩ satisfies conjugate symmetry, and the linearity is clear. It follows that the Petersson

inner product is well-defined. Therefore, Sk(Γ0(q), χ) equipped with ⟨ , ⟩ is a finite dimension

Hilbert space since dimC Sk(Γ0(q), χ) <∞.
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Let’s consider the projection of f ∈ Mk(Γ0(q), χ) on Pm.

⟨f,Pm⟩ =
∫
Γ\H

Im(z)kf(z)
∑

γ∈Γ∞\Γ

χ(γ)jγ(z)−ke(mγz)dµ(z)

=

∫
Γ\H

∑
γ∈Γ∞\Γ

Im(z)kf(z)χ(γ)jγ(z)
−k
e(mγz)dµ(z)

=

∫
Γ\H

∑
γ∈Γ∞\Γ

Im(γz)k |jγ(z)|2k jγ(z)
−k
χ(γ)f(z)e(mγz)dµ(z)

=

∫
Γ\H

∑
γ∈Γ∞\Γ

Im(γz)kjγ(z)
kχ(γ)f(z)e(mγz)dµ(z)

=

∫
Γ\H

∑
γ∈Γ∞\Γ

Im(γz)kf(γz)e(mγz)dµ(z)

=
∑

γ∈Γ∞\Γ

∫
Γ\H

Im(γz)kf(γz)e(mγz)dµ(z)

=

∫
Γ∞\H

Im(z)kf(z)e(mz)dµ(z) (Unfold)

=

∫ ∞

0

∫ 1

0

ykf(z)e (−mz) dxdy
y2

=

∫ ∞

0

yk
∫ 1

0

∑
n≥0

f̂(n)e(nz)e (−mz) dxdy
y2

=

∫ ∞

0

∑
n≥0

f̂(n)e−2π(n+m)y

(∫ 1

0

e2πi(n−m)xdx

)
dy

y2

=

∫ ∞

0

ykf̂(m)e−4πmy dy

y2

= f̂(m)

∫ ∞

0

yk−2e−4πmydy

= f̂(m)
Γ(k − 1)

(4πm)k−1
.

(
Recall Γ(s) =

∫ ∞

0

e−yys
dy

y

)
Then we obtain

Theorem 3.1.

⟨f,Pm⟩ = Γ(k − 1)

(4πm)k−1
f̂(m).

Corollary 3.1. The space of cusp forms Sk(Γ0(q), χ) is spanned by {Pm}m≥1.

Proof. Let M = span{Pm(z)}m≥1 ⊂ Sk(Γ0(q), χ). If f ⊥M , we have ⟨f,Pm⟩ = 0, so f̂(m) = 0

for all m ≥ 1. Thus f =
∑
m≥1 f̂(m)e(mz) = 0. That is, M⊥ = {0}. Since Sk(Γ0(q), χ) =

M ⊕M⊥, we obtain M = Sk(Γ0(q), χ).
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Let F be an orthonormal basis of Sk(Γ0(q), χ). Since for m ≥ 1 we have Pm ∈ Sk(Γ0(q), χ),

we have

Pm =
∑
f∈F

⟨Pm, f⟩ f

=
∑
f∈F

Γ(k − 1)

(4πm)k−1
f̂(m)f(z)

=
∑
n≥1

∑
f∈F

Γ(k − 1)

(4πm)k−1
f̂(m)f̂(n)

 e(nz).

On the other hand, recall that

Pm(z) =
∑
n≥1

( n
m

)(k−1)/2

e(nz)

δmn + 2πi−k
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)

c
Jk−1

(
4π

√
mn

c

) .

Hence

Theorem 3.2 (Petersson Trace Formula).

( n
m

)(k−1)/2

δmn + 2πi−k
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)

c
Jk−1

(
4π

√
mn

c

) =
∑
f∈F

Γ(k − 1)

(4πm)k−1
f̂(m)f̂(n).

Example 3.2. Consider Γ = Γ0(1) = SL2(Z), and χ be trivial character. Recall that

∆(z) = (2π)12e(z)
∏
n≥1

(1− e(nz))24

= (2π)12
∑
n≥1

τ(n)e(nz),

where τ(n) is called Ramanujan τ -function. Since Pm(z) ∈ S12, so we can assume Pm(z) =

c(m)∆(z). Recall that

⟨f,Pm⟩ = Γ(k − 1)

(4πm)k−1
f̂(m),

then

c(m)∥∆∥2 = ⟨∆, c(m)∆⟩ = ⟨∆,Pm⟩ = Γ(11)

(4πm)11
(2π)12τ(m),

so

c(m) =
2πΓ(11)τ(m)

(2π)11
1

∥∆∥2
.

Then

Pm(z) = (2π)Γ(11)
τ(m)

(2m)11
∆(z)

∥∆∥2
.
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For

f(z) =
∆(z)

∥∆∥
=
∑
n≥1

(2π)12τ(n)

∥∆∥
e(nz).

Applying Petersson Trace Formula (Theorem 3.2),

Γ(11)

(4π
√
mn)11

(2π)12τ(m)

∥∆∥
(2π)12τ(n)

∥∆∥
= δmn + 2π

∑
c>0

S(m,n; c)

c
J11

(
4π

√
mn

c

)
.

Therefore

τ(m)τ(n) =
∥∆∥2

4π13Γ(11)
(mn)11/2

(
δmn + 2π

∑
c>0

S(m,n; c)

c
J11

(
4π

√
mn

c

))
.

Let

ν =
∥∆∥2

4π13Γ(11)
,

we have

τ(m)τ(n) = ν(mn)11/2

(
δmn + 2π

∑
c>0

S(m,n; c)

c
J11

(
4π

√
mn

c

))
.

In particular for n > 1 we have

τ(n) = 2πνn11/2
∑
c>0

c−1S(1, n; c)J11

(
4π

√
n

c

)
.

Theorem 3.3 (Ramanujan–Petersson bound for τ(n), proved by Deligne).

|τ(n)| ≤ n11/2d(n).

4 Kloosterman Sums

4.1 The classical Kloosterman sums

The classical Kloosterman sum is defined as

S(m,n; c) =
∑

d (mod c)
gcd(d,c)=1

e

(
md+ nd

c

)
=

∑∗

d (mod c)

e

(
md+ nd

c

)
,

where dd ≡ 1 (mod c). Note that

S(m,n; c) =
∑∗

d (mod c)

e

(
md+ nd

c

)
=

∑∗

d (mod c)

e

(
md+ nd

c

)
= S(n,m; c).
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Moreover

S(m,n; c) =
∑∗

d (mod c)

e

(
−md+ nd

c

)

=
∑∗

d (mod c)

e

(
m(−d) + n(−d)

c

)

=
∑∗

d (mod c)

e

(
m(−d) + n(−d)

c

)
(since gcd(−d, c) = 1)

=
∑∗

d (mod c)

e

(
md+ nd

c

)
(−d 7→ d)

= S(m,n; c).

That is, S(m,n; c) ∈ R. If gcd(a, c) = 1 we also have

S(m, an; c) =
∑∗

d (mod c)

e

(
md+ and

c

)

=
∑∗

d (mod c)

e

(
mad+ anad

c

)
(d 7→ ad, which is bijective since a is invertible)

=
∑∗

d (mod c)

e

(
amd+ nd

c

)
= S(am, n; c).

We have the Selberg identity

S(m,n; c) =
∑

d|gcd(c,m,n)

dS(mnd−2, 1, cd−1).

Lemma 4.1 (orthogonality of additive characters). Let q be a positive integer. For each n ∈ Z,

we have

1

q

∑
a (mod q)

e

(
na

q

)
=

1 if q | n,

0 if q ∤ n.

Proof. If q | n, i.e., n = qk, then for every a we have

e

(
na

q

)
= e(ka) = 1.

It follows that
1

q

∑
a (mod q)

e

(
na

q

)
=

1

q

∑
a (mod q)

1 =
1

q
· q = 1.
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If q ∤ n, let ζ = e(n/q). Since q ∤ n, we have ζ ̸= 1 but ζq = 1. So

1

q

∑
a (mod q)

e

(
na

q

)
=

1

q

q−1∑
a=0

ζa =
1

q
· 1− ζq

1− ζ
= 0.

Proof of the Selberg identity. From Lemma 4.1 it follows that

S(m,n; c) = S(n,m; c)

=
∑∗

x (mod c)

e

(
mx+ nx

c

)

=
∑

x,y (mod c)

e

(
xm+ ny

c

)
· 1xy≡1 (mod c)

=
∑

x,y (mod c)

e

(
xm+ ny

c

)
1

c

∑
a (mod c)

e

(
a(xy − 1)

c

)

=
1

c

∑
a (mod c)

∑∑
x,y (mod c)

e

(
x(m+ ay) + ny − a

c

)

=
1

c

∑
d|c

∑
a (mod c/d)
gcd(a,c/d)=1

∑∑
x,y (mod c)

e

(
x(m+ ady) + ny − ad

c

)
.

We evaluate the x-sum by orthogonality, getting

S(m,n; c) =
∑
d|c

∑
a (mod c/d)
gcd(a,c/d)=1

∑
y (mod c)

ady≡−m (mod c)

e

(
ny − ad

c

)
,

since ∑
x (mod c)

e

(
x(m+ ady)

c

)
=

c if m+ ady ≡ 0 (mod c),

0 else,

from above Lemma.

Since ady ≡ −m (mod c), necessarily d | m, so we can set d | gcd(m, c). Then ady ≡

−m (mod c) implies that ady ≡ −d(m/d) (mod d · (c/d)), so ay ≡ −(m/d) (mod c/d). Since

gcd(a, c/d) = 1, we have y ≡ −a(m/d) (mod c/d). All the solutions of y ≡ −a(m/d) (mod c/d)

have the form y = −a(m/d) + t(c/d) where t (mod d). Thus∑
y (mod c)

ady≡−m (mod c)

e

(
ny − ad

c

)
=

∑
t (mod d)

e

(
n (−a(m/d) + t(c/d))− da

d(c/d)

)

= e

(
−na(m/d)− da

c

) ∑
t (mod d)

e

(
nt

d

)
.
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Note that ∑
t (mod d)

e

(
nt

d

)
=

d if d | n,

0 if d ∤ n,

we can also set d | n. That is, d | gcd(m,n, c).

We thus have

S(m,n; c) =
∑

d|gcd(m,n,c)

∑
a (mod c/d)
gcd(a,c/d)=1

∑
y (mod c)

y≡−am/d (mod c/d)

e

(
ny − ad

c

)

=
∑

d|gcd(m,n,c)

d
∑

a (mod c/d)
gcd(a,c/d)=1

e

(
− (m/d)(n/d)a+ a

c/d

)

=
∑

d|gcd(m,n,c)

d
∑

a (mod c/d)
gcd(a,c/d)=1

e

(
(m/d)(n/d)a+ a

c/d

)
(a 7→ −a)

=
∑

d|gcd(m,n,c)

dS(mnd−2, 1; cd−1).

This establishes the Selberg identity for Kloosterman sums.

In particular, if gcd(c,m, n) = 1, then

S(m,n; c) = S(mn, 1, c).

If c = qr and gcd(q, r) = 1, then by the Chinese Remainder Theorem, we have twisted multi-

plicativity

S(m,n, qr) = S (qm, qn; r)S (rm, rn; q) .

Indeed, since c = qr and gcd(q, r) = 1, we have Z/(qr)Z ∼= Z/qZ× Z/rZ, and (Z/(qr)Z)× ∼=

(Z/qZ)××(Z/rZ)×. Consequently, each invertible residue class dmodulo qr uniquely corresponds

to a pair of (dq, dr), where dq ∈ (Z/qZ)×, dr ∈ (Z/rZ)×, and d ≡ dq (mod q), d ≡ dr (mod r).

Moreover d ≡ dq (mod q), d ≡ dr (mod r). Note that for arbitrary integral x, we have x ≡

x(rr) + x(qq) (mod qr) for qq ≡ 1 (mod r) and rr ≡ 1 (mod q), then x/(qr) ≡ (qx)/r + (rx)/q
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(mod 1). It follows that

S(m,n, qr) =
∑∗

d (mod qr)

e

(
md+ nd

qr

)

=
∑∗

d (mod qr)

e

(
q(md+ nd)

r

)
e

(
r(md+ nd)

q

)

=
∑∗

d (mod qr)

e

(
qmdr + qndr

r

)
e

(
rmdq + rndq

q

)

=
∑∗

dq (mod q)

∑∗

dr (mod r)

e

(
qmdr + qndr

r

)
e

(
rmdq + rndq

q

)

=

 ∑∗

dq (mod q)

e

(
rmdq + rndq

r

) ∑∗

dr (mod r)

e

(
qmdr + qndr

q

)
= S (qm, qn; r)S (rm, rn; q) .

This allows one to reduce the problem of evaluating S(m,n; c) for any c to that for prime

power moduli.

Lemma 4.2. If c = p2α with α ≥ 1 and gcd(c, 2n) = 1, then

S(n, n; c) = c1/2
(
e

(
2n

c

)
+ e

(
−2n

c

))
.

Proof. From definition

S(n, n; p2α) =
∑∗

d (mod p2α)

e

(
nd+ nd

p2α

)
.

Given a (mod p2α) and b (mod pα) and consider a(1 + bpα). Since 1 + bpα admits an inverse

modulo p2α, the equation a(1 + bpα) ≡ d (mod p2α) has a unique solution a ≡ d(1 + bpα)−1

(mod p2α) for fixed d (mod p2α) and b (mod pα). Moreover gcd(d, p2α) = gcd(d, p) = 1 implies

that gcd(a, p) = 1. Consequently, there exists pα many solutions a (mod p2α) and b (mod pα)

with d ≡ a(1 + bpα) (mod p2α) for every d (mod p2α). Hence

S(n, n; p2α) = p−α
∑

b (mod pα)

∑
a (mod p2α)

gcd(a,p)=1

e

(
na(1 + bpα) + na(1− bpα)

p2α

)

= p−α
∑∗

a (mod p2α)

e

(
n (a+ a)

p2α

) ∑
b (mod pα)

e

(
n (a− a) b

pα

)

=
∑∗

a (mod p2α)
a≡a (mod pα)

e

(
n (a+ a)

p2α

)
. (Orthogonality of additive characters)

Note that a ≡ a (mod pα) iff a2 ≡ 1 (mod pα) iff (a − 1)(a + 1) ≡ 0 (mod pα). That is,

pα | (a−1)(a+1). However p ∤ gcd(a−1, a+1), otherwise p = 2, contrary to gcd(p2α, 2n) = 1. So
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pα | a−1 or pα | a+1. If pα | a−1, then a = 1+ tpα with t (mod pα), it follows that a = 1− tpα

(mod p2α); if pα | a + 1, then a = −1 + tpα with t (mod pα), it follows that a = −1 − tpα

(mod p2α). Hence

S(n, n; p2α) =
∑

t (mod pα)

e

(
n(1 + tpα + 1− tpα)

p2α

)
+

∑
t (mod pα)

e

(
n(−1 + tpα − 1− tpα)

p2α

)

= pα
(
e

(
2n

p2α

)
+ e

(
−2n

p2α

))
=

√
c

(
e

(
2n

c

)
+ e

(
−2n

c

))
.

Lemma 4.3. If c = p2α+1 with α ≥ 1 and gcd(c, 2n) = 1, then

S(n, n; c) = 2
(n
c

)
c1/2 Re

(
εce

(
2n

c

))
,

where (n
c

)
is the Legendre–Jacobi symbol and εc = 1, i according to whether c ≡ 1 or −1 (mod 4).

Proof. From definition we have

S(n, n; c) =
∑∗

d (mod p2α+1)

e

(
nd+ nd

p2α+1

)

For arbitrary b (mod pα), 1 + bpα+1 is invertible modulo p2α+1. Thus for every d (mod p2α+1)

there exists a unique a (mod p2α+1) with d ≡ a(1+bpα+1) (mod p2α+1). Moreover gcd(a, p) = 1

since gcd(d, p2α+1) = gcd(d, p) = 1. Thus the exists pα many a (mod p2α+1) and b (mod pα)

such that d ≡ a(1 + bpα+1) (mod p2α+1) for every d. Then

S(n, n; c) = p−α
∑

b (mod pα)

∑∗

a (mod p2α+1)

e

(
na(1 + bpα+1) + na(1− bpα+1)

p2α+1

)

= p−α
∑∗

a (mod p2α+1)

e

(
n (a+ a)

p2α+1

) ∑
b (mod pα)

e

(
nb (a− a)

pα

)

=
∑∗

a (mod p2α+1)
a≡a (mod pα)

e

(
n (a+ a)

p2α+1

)
. (Orthogonality of additive characters)

Now a ≡ a (mod pα) iff pα | (a − 1)(a + 1), either pα | a − 1 or pα | a + 1. If a = 1 + tpα

(mod p2α+1), so a = 1 − tpα + t2p2α (mod p2α+1); if a = −1 + tpα (mod p2α+1), so a = −1 −
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tpα − t2p2α (mod p2α+1). Hence

S(n, n; p2α+1) =
∑

t (mod pα+1)

e

(
n(2 + t2p2α)

p2α+1

)
+

∑
t (mod pα+1)

e

(
n(−2− t2p2α)

p2α+1

)

= e

(
2n

p2α+1

) ∑
t (mod pα+1)

e

(
nt2

p

)
+ e

(
−2n

p2α+1

) ∑
t (mod pα+1)

e

(
−nt2

p

)

= pαe

(
2n

p2α+1

) ∑
t (mod p)

e

(
nt2

p

)
+ pαe

(
−2n

p2α+1

) ∑
t (mod p)

e

(
−nt2

p

)

= pα
(
n

p

)
εpp

1/2e

(
2n

p2α+1

)
+ pα

(
−n
p

)
εpp

1/2e

(
−2n

p2α+1

)
=

(
n

p

)
c1/2

(
εpe

(
2n

c

)
+

(
−1

p

)
εpe

(
−2n

c

))
=

(
n

p

)
c1/2

(
εpe

(
2n

c

)
+ εpe

(
−2n

c

))
= 2

(n
c

)
c1/2 Re

(
εpe

(
2n

c

))
.

We put the Lemma 4.2 and Lemma 4.3 in a unified form

Proposition 4.1. If c = pβ with β ≥ 2 and gcd(c, 2n) = 1, then

S(n, n; c) = 2
(n
c

)
c1/2 Re

(
εce

(
2n

c

))
.

More generally, if c = pβ with β ≥ 2 and gcd(c, 2mn) = 1, then S(m,n; c) = 0 unless m = ℓ2n

(mod c). For m = ℓ2n (mod c), we have

S(m,n; c) = S(ℓ2n, n; c) = S(ℓn, ℓn; c) = 2

(
ℓn

c

)
c1/2 Re

(
εce

(
2ℓn

c

))
by gcd(ℓ, c) = 1 and Proposition 4.1.

In any case we conclude

Corollary 4.1. If c = pβ with β ≥ 2 and gcd(c, 2mn) = 1, then

|S(m,n; c)| ≤ 2c1/2.

Proposition 4.2. Let c = 2β with β ≥ 2, and assume gcd(c,mn) = 1. If β = 2α with α ≥ 1,

then

S(m,n; 22α) = 2α
∑

s (mod 2α)
s odd

ms2≡n (mod 2α)

e

(
ms+ ns

22α

)
.
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If β = 2α+ 1 with α ≥ 1, then

S(m,n; 22α+1) = 2α+1
∑

s (mod 2α)
s odd

ms2≡n+2α (mod 2α+1)

e

(
ms+ ns

22α+1

)
.

Consequently,

|S(m,n; 2β)| ≤ 4 · 2β/2.

In 1948 A. Weil proved the Riemann hypothesis for curves over finite fields, from which he

deduced that

|S(1, n; p)| ≤ 2p1/2.

Theorem 4.1. For any c ≥ 1,m, n we have

|S(m,n; c)| ≤ gcd(m,n, c)1/2c1/2τ(c)

where τ(c) denotes the divisor function.

The estimate |S(m,n; p)| ≪ p1−δ is historically motivated by Kloosterman’s study of repre-

sentation numbers of positive definite diagonal quaternary quadratic forms; in fact, Kloosterman

introduced these sums in his 1926 work on the circle method for ax2 + by2 + cz2 + dt2.

4.2 Power-moments of Kloosterman sums

Define

Vk(p) =
∑∗

a (mod p)

Sk(a, 1; p).

Then

(p− 1)Vk(p) =
∑∗

b (mod p)

∑∗

a (mod p)

Sk(a, 1; p)

=
∑∗

b (mod p)

∑∗

a (mod p)

Sk(1, a; p)

=
∑∗

b (mod p)

∑∗

a (mod p)

Sk(1, ab; p)

=
∑∗

b (mod p)

∑∗

a (mod p)

Sk(a, b; p)

=
∑

b (mod p)

∑
a (mod p)

Sk(a, b; p)− Sk(0, 0; p)−
∑∗

a (mod p)

Sk(a, 0; p)−
∑∗

b (mod p)

Sk(a, b; p).
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Note that

S(0, 0; p) =
∑∗

a (mod p)

1 = p− 1

and

S(a, 0; p) =
∑∗

d (mod p)

e

(
ad

p

)
=

∑∗

d (mod p)

e

(
ad

p

)
=

∑
d (mod p)

e

(
ad

p

)
− 1 = 0− 1 = −1,

it follows that

(p− 1)Vk(p) =
∑

a (mod p)

∑
b (mod p)

Sk(a, b; p)− (p− 1)k − 2(−1)k(p− 1)

Since

S(a, b; p) =
∑∗

d (mod p)

e

(
ad+ bd

p

)
,

we have

Sk(a, b; p) =
∑∗

x1 (mod p)

· · ·
∑∗

xk (mod p)

e

(
a(x1 + · · ·+ xn) + b (x1 + · · ·+ xk)

p

)
.

It follows that∑
a (mod p)

∑
b (mod p)

Sk(a, b; p)

=
∑

a (mod p)

∑
b (mod p)

∑∗

x1 (mod p)

· · ·
∑∗

xk (mod p)

e

(
a(x1 + · · ·+ xn) + b (x1 + · · ·+ xk)

p

)

=
∑∗

x1 (mod p)

· · ·
∑∗

xk (mod p)

 ∑
a (mod p)

e

(
a (x1 + · · ·+ xk)

p

) ∑
b (mod p)

e

(
b(x1 + · · ·+ xk)

p

)
= p2νk(p),

where

νk(p) = #
{
x1, · · · , xk ∈ (Z/pZ)× : x1 + · · ·+ xk = 0, x1 + · · ·+ xk = 0

}
,

form the orthogonality of additive characters.

If k = 1, we have x1 ≡ 0 (mod p) and x1 ≡ 0 (mod p). Such x1 does not exist, so ν1(p) = 0.
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Thus (p− 1)V1(p) = p− 1, it follows that V1(p) = 1. Indeed, one may compute directly

V1(p) =
∑∗

a (mod p)

S(a, 1; p)

=
∑∗

a (mod p)

∑∗

d (mod p)

e

(
ad+ d

p

)

=
∑∗

d (mod p)

e

(
d

p

) ∑∗

a (mod p)

e

(
ad

p

)

= −
∑∗

d (mod p)

e

(
d

p

)
= 1.

If k = 2, we have x1+x2 ≡ 0 (mod p) and x1+x2 ≡ 0 (mod p). That is, x2 ≡ −x1 (mod p),

so ν2(p) = p− 1. Hence V2(p) = p2 − p− 1.

If k = 3, we have x1 + x2 + x3 ≡ 0 (mod p) and x1 + x2 + x3 ≡ 0 (mod p). Then from the

first equation (by multiplying x1x2x3) x3 ≡ −x1−x2 (mod p), from the second equation x1x2+

x3(x1+x2) ≡ 0 (mod p). It follows that x1x2− (x1+x2)
2 ≡ 0 (mod p), then x21+x22+x1x2 ≡ 0

(mod p). Consequently,x1 + x2 + x3 ≡ 0 (mod p)

x1 + x2 + x3 ≡ 0 (mod p)

⇐⇒

x3 ≡ −(x1 + x2) (mod p)

x21 + x22 + x1x2 ≡ 0 (mod p)

.

Note that x21 + x22 + x1x2 ≡ 0 (mod p) iff x21
(
1 + (x2x1) + (x2x1)

2
)
≡ 0 (mod p) iff (x2x1)

2 +

(x2x1) + 1 ≡ 0 (mod p). Therefore

x1 + x2 + x3 ≡ 0 (mod p)

x1 + x2 + x3 ≡ 0 (mod p)

⇐⇒


x3 ≡ −(x1 + x2) (mod p)

y ≡ x2x1 (mod p)

y2 + y + 1 ≡ 0 (mod p)

.

The number of solutions of y ∈ (Z/pZ)× satisfying y2 + y + 1 ≡ 0 (mod p) is

1 +

(
∆

p

)
,

where ∆ = −3. Hence

ν3(p) = #x1 ·#y = (p− 1)

(
1 +

(
−3

p

))
implies that

V3(p) =

(
−3

p

)
p2 + 2p+ 1.
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For k = 4, we obtainx1 + x2 + x3 + x4 ≡ 0 (mod p)

x1 + x2 + x3 + x4 ≡ 0 (mod p)

⇐⇒

x1 + x2 ≡ u (mod p)

x1 + x2 ≡ v (mod p)

,

where u ≡ −x3 − x4 (mod p) and v ≡ −x3 − x4 (mod p), with u, v ∈ Z/pZ. Let η(u, v) denote

the number of solutions (x1, x2) ∈
(
(Z/pZ)×

)2 to the system on the right-hand side, for given

u, v ∈ Z/pZ.

Note that if (x1, x2) is a solution counted by η(u, v), then (x3, x4) is a solution counted by

η(−u,−v). Conversely, if (x1, x2) is a solution for η(u, v) and (x3, x4) is a solution for η(−u,−v),

then (x1, x2, x3, x4) satisfies x1 + x2 + x3 + x4 ≡ 0 (mod p) and x1 + x2 + x3 + x4 ≡ 0 (mod p).

Hence

ν4(p) =
∑

v (mod p)

∑
u (mod p)

η(u, v) η(−u,−v)

=
∑

v (mod p)

∑
u (mod p)

η2(u, v),

since the map (x, y) 7→ (−x,−y) establishes a bijection between the solution sets of η(u, v) and

η(−u,−v).

If u = 0, x1 + x2 ≡ 0 (mod p) implies that x1 + x2 ≡ 0 (mod p), i.e., v ≡ 0 (mod p). For

the converse given arbitrary x1 ∈ Z/pZ, one may choose x2 = −x1 and then obtain a solution.

Therefore η(0, 0) = p− 1 and η(0, v) = 0 if v ̸= 0. Similarly η(u, 0) = 0 if u ̸= 0. If u, v ̸= 0, we

have x1 + x2 ≡ v (mod p), then (x1 + x2)x1x2 ≡ v (mod p). So x1x2 ≡ uv (mod p). Therefore,

η(u, v) is the number of roots of equation x2 − ux+ uv ≡ 0 (mod p), which is precisely

1 +

(
1− 4uv

p

)
, (u, v ̸= 0).

Consequently,

ν4(p) = η2(0, 0) +
∑∗

u,v (mod p)

η2(u, v)

= (p− 1)2 +
∑∗

u,v (mod p)

(
1 +

(
1− 4uv

p

))2

= (p− 1)2 + (p− 1)
∑∗

t (mod p)

(
1 +

(
1− 4t

p

))2

since for arbitrary fixed t ∈ (Z/pZ)× there exists p − 1 ordered pairs (u, v) with uv = t, u, v

(mod p). Note that t 7→ 1 − 4t admits inverse t 7→ 4(1− t), it is a bijection from (Z/pZ)× to
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(Z/pZ) \ {1}. Thus

ν4(p) = (p− 1)2 + (p− 1)
∑

t (mod p)
t̸=1

(
1 +

(
t

p

))2

= (p− 1)2 + (p− 1)

 ∑
t (mod p)

t̸=1

1 + 2
∑

t (mod p)
t̸=1

(
t

p

)
+

∑
t (mod p)

t̸=1

(
t

p

)2


= (p− 1)2 + (p− 1) ((p− 1) + (−2) + (p− 2))

= 3(p− 1)(p− 2).

Then

V4(p) = 2p3 − 3p2 − 3p− 1.

For arbitrary a ̸= 0 we have |S(a, 1; p)|4 ≤ V4(p) < 16p3, so |S(a, 1; p)| < 2p3/4. If p ∤ 2mn,

we then obtain |S(m,n; p)| = |S(mn, 1; p)| < 2p3/4.

Note that
V4(p)

V2(p)
=

2p3 − 3p2 − 3p− 1

p2 − p− 1
= 2p− 1− 2p+ 2

p2 − p− 1
> 2p− 2

holds for p ≥ 5. Assume that M = maxa̸=0 |S(a, 1; p)|2, then for every a we have |S(a, 1; p)|4 ≤

M |S(a, 1; p)|2, it follows that

V4(p) =
∑

|S(a, 1; p)|4 ≤M
∑

|S(a, 1; p)|2 =MV2(p).

Therefore, there exists a with

|S(a, 1; p)|2 ≥ V4(p)

V2(p)
> 2p− 2,

i.e., |S(a, 1; p)| > (2p−2)1/2. This shows that the constant 2 in Weil’s bound cannot be replaced

by any number <
√
2.

From Weil’s bound, ∣∣∣∣S(a, 1; p)√
p

∣∣∣∣ ≤ 2,

we then have

p−1/2S(a, 1; p) = 2 cos θp(a),

where 0 ≤ θp(a) ≤ π is called the Kloosterman sum angle. Chebyshev polynomials are defined

recursively by

U0(x) = 1, U1(x) = x, xUk(x) = Uk−1(x) + Uk+1(x).
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One can show that

Uk(x) =
∑

0≤ℓ≤k/2

(−1)ℓ(k − ℓ)!

ℓ!(k − 2ℓ)!
xk−2ℓ.

Another way of defining the polynomials Uk(x) is by

Uk(2 cos θ) =
sin(k + 1)θ

sin θ
.

The generating series of Uk(x) is

∞∑
k=0

Uk(x)y
k = (1− xy + y2)−1.

Theorem 4.2 (N. Katz). For k ≥ 1 and p > 2 we have∣∣∣∣∣∣
∑∗

a (mod p)

Uk(2 cos θp(a))

∣∣∣∣∣∣ ≤ 1

2
(k + 1)p1/2.

The key feature of the Katz estimate lies in the fact that the Tchebyshev polynomials Uk(x)

form an orthonormal basis in L2([0, π], µ) with respect to the Sato–Tate measure

µ = 2π−1(sin θ)2dθ.

Thus Theorem 4.2 implies that the Kloosterman angles θp(a) are asymptotically equidistributed

for the Sato–Tate measure as a ranges over the primitive classes (mod p) and p→ ∞. In other

words, for any continuous function f on [0, π] we have

lim
p→∞

1

p− 1

∑∗

a (mod p)

f(θp(a)) =
2

π

∫ π

0

f(θ)(sin θ)2dθ.

A much harder question is, how is the Kloosterman sum angle distributed with respect to the

modulus?

Conjecture. For a fixed a ̸= 0 the Kloosterman angles θp(a) are asymptotically equidistributed

for the Sato–Tate measure as p ranges over primes, i.e.,

lim
x→∞

1

π(x)

∑
p≤x

f(θp(a)) =
2

π

∫ π

0

f(θ)(sin θ)2dθ.

4.3 The Salié sums

Define the Salié sum by

T (m,n; c) =
∑∗

d (mod c)

(
d

c

)
e

(
md+ nd

c

)
.
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Let

g(n, c) =
∑

t (mod c)

e

(
nt2

c

)
.

Lemma 4.4. If gcd(c, 2n) = 1, then

g(n, c) =
(n
c

)
εcc

1/2,

where

εc =

1 if c ≡ 1 (mod 4),

i if c ≡ −1 (mod 4).

Proof. Write c = qr2, where q square-free, then

g(n, c) =
∑

t (mod qr2)

e

(
nt2

qr2

)

=
∑

x (mod qr)

∑
y (mod r)

e

(
n(x+ qry)2

qr2

)
(t = x+ qry where x (mod qr) and y (mod r))

=
∑

x (mod qr)

e

(
nx2

qr2

) ∑
y (mod r)

e

(
2nxy

r

)

= r
∑

x (mod qr)
r|x

e

(
nx2

qr2

)
(Orthogonality of additive characters)

= r
∑

x (mod q)

e

(
nx2

q

)
(r 7→ rx)

= rg(n, q).

It suffices to consider g(n, q) where q is square-free. In this case,

g(n, q) =
∑

x (mod q)

e

(
nx2

q

)

=
∑

y (mod q)

e

(
ny

q

)
·#{x (mod q) : x2 ≡ y (mod q)}.

Thanks to the Chinese Remainder Theorem, let q = p1 · · · ps, then

#{x (mod q) : x2 ≡ y (mod q)} =

s∏
i=1

#{x (mod pi) : x
2 ≡ y (mod pi)}

=
∏
p|q

(
1 +

(
y

p

))
.
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It follows that

g(n, q) =
∑

y (mod q)

e

(
ny

q

)∏
p|q

(
1 +

(
y

p

))

=
∑

y (mod q)

e

(
ny

q

)∑
d|q

(y
d

)
=
∑
d|q

∑
y (mod q)

e

(
ny

q

)(y
d

)
=
∑
d|q

∑
ℓ (mod q/d)

∑
t (mod d)

e

(
ndℓ

q

)
e

(
nt

q

)(
t

d

)
(y = dℓ+ t)

=
∑
d|q

∑
t (mod d)

(
t

d

)
e

(
nt

q

) ∑
ℓ (mod q/d)

e

(
ℓn

q/d

)

=
∑
d|q

(q/d)|n

∑
t (mod d)

(
t

d

)
e

(
nt

q

)
(Orthogonality of additive characters)

=
∑

t (mod q)

(
t

q

)
e

(
nt

q

)
. (gcd(q, 2n) = 1 implies gcd(q, n) = 1, so q = d)

Recall that we have ∑
a (mod q)

χ(a)e

(
na

q

)
= χ(n)

∑
a (mod q)

χ(a)e

(
a

q

)
,

since gcd(q, n) = 1. Say precisely, the number na runs through a complete residue system modq

with a. Also, |χ(n)|2 = χ(n)χ(n) = 1, so

χ(a) = χ(n)χ(n)χ(a) = χ(n)χ(na).

Therefore∑
a (mod q)

χ(a)e

(
na

q

)
= χ(n)

∑
a (mod q)

χ(na)e

(
na

q

)
= χ(n)

∑
a (mod q)

χ(a)e

(
a

q

)
.

Note that the Legendre–Jacobi symbol is a Dirichlet character, so

g(n, q) =

(
n

q

) ∑
t (mod q)

(
t

q

)
e

(
t

q

)
=

(
n

q

)
g(1, q).
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Consequently,

g(n, c) = rg(n, q) (c = qr2)

= r

(
n

q

)
g(1, q)

=

(
n

qr2

)
rg(1, q)

=
(n
c

)
g(1, c)

=
(n
c

)√
cεc.

Suppose gcd(c, 2n) = 1. Let us consider

F (x) =
∑∗

d (mod c)

(
d

c

)
e

(
md+ ndx2

c

)
, where x (mod c).

Note that F (1) = T (m,n; c). By the Fourier inversion,

F (x) =
1

c

∑
y (mod c)

F̂ (y)e
(xy
c

)
,

where

F̂ (y) =
∑

x (mod c)

F (x)e
(
−xy
c

)
=

∑∗

d (mod c)

(
d

c

)
e

(
md

c

) ∑
x (mod c)

e

(
ndx2 − xy

c

)
.

Complete the square,

e

(
ndx2 − xy

c

)
= e

nd
(
x2 − 2 · 2ndxy +

(
2ndy

)2)
c

 e

(
−nd4

(
nd
)2
y2

c

)

= e

(
nd
(
x− 2ndy

)2
c

)
e

(
−4ndy2

c

)
.

It follows that

F̂ (y) =
∑∗

d (mod c)

(
d

c

)
e

(
md

c

)
e

(
−4ndy2

c

) ∑
x̃ (mod c)

e

(
ndx̃2

c

) (
x̃ = x− 2ndy

)
=

∑∗

d (mod c)

(
d

c

)
e

(
md

c

)
e

(
−4ndy2

c

)
g(nd, c).

Since

g(nd, c) =

(
nd

c

)
g(1, c) =

(
d

c

)(n
c

)
g(1, c) =

(
d

c

)
g(n, c),
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we have

F̂ (y) =
∑∗

d (mod c)

(
d

c

)
e

(
md

c

)
e

(
−4ndy2

c

)(
d

c

)
g(n, c)

=

 ∑∗

d (mod c)

e

(
(4nm− y2)d

c

) g(n, c).
(
4nd 7→ d

)
The Ramanujan sum can be computed as follows:∑∗

d (mod c)

e

(
nd

c

)
=

∑
d (mod c)

e

(
nd

c

) ∑
ℓ|gcd(d,c)

µ(ℓ)

=
∑
ℓ|c

µ(ℓ)
∑

d (mod c)
ℓ|d

e

(
nd

c

)

=
∑
ℓ|c

(c/ℓ)|n

µ(ℓ)
c

ℓ

=
∑

r|gcd(n,c)

rµ
( c
r

)
.

(
r =

c

ℓ

)
so

F̂ (y) = g(n, c)
∑

d|gcd(4mn−y2,c)

dµ
( c
d

)
.

Then

F (x) =
1

c

∑
y (mod c)

∑
d|gcd(4nm−y2,c)

dµ
( c
d

)
g(n, c)e

(xy
c

)
=
g(n, c)

c

∑
d|c

dµ
( c
d

) ∑
y (mod c)

d|(4nm−y2)

e
(xy
c

)
.

Let y = ℓd+ y′ with y′ (mod d) and ℓ (mod c/d), d | 4nm− y2 iff y′2 ≡ 4nm (mod d). So∑
y (mod c)

d|(4nm−y2)

e
(xy
c

)
=

∑
y′ (mod d)

y′2≡4nm (mod d)

∑
ℓ (mod c/d)

e

(
x(ℓd+ y′)

c

)

=
∑

y (mod d)

y2≡4nm (mod d)

e
(xy
c

) ∑
ℓ (mod c/d)

e

(
xℓ

c/d

)

=
c

d

∑
y (mod d)

y2≡4mn (mod d)
(c/d)|x

e
(xy
c

)
. (Orthogonality of additive characters)
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If gcd(x, c) = 1, then (c/d) | x implies that d = c, it follows that

F (x) =
g(n, c)

c
c

∑
y (mod c)

y2≡4mn (mod c)

e
(xy
c

)

=
(n
c

)
g(1, c)

∑
y (mod c)

y2≡mn (mod c)

e

(
2xy

c

)
. (y 7→ 2y)

Set x = 1, we obtain

Lemma 4.5. If gcd(c, 2n) = 1, we have

T (m,n; c) =
(n
c

)
εc
√
c

∑
y (mod c)

y2≡mn (mod c)

e

(
2y

c

)
.

Corollary 4.2. If gcd(c, 2mn) = 1 we have

|T (m,n; c)| ≤ c1/2τ(c).

Proof. Let c = pα1
1 · · · pαs

s , then

|T (m,n; c)| =
√
c

∣∣∣∣∣∣∣
∑

y (mod c)

y2≡mn (mod c)

e

(
2y

c

)∣∣∣∣∣∣∣
≤

√
c

∑
y (mod c)

y2≡mn (mod c)

1

=
√
c

s∏
i=1

#
{
y (mod pαi

i ) : y2 ≡ mn (mod pαi
i )
}

thanks to the Chinese Remainder Theorem. Since gcd(c, 2mn) = 1, pi | c implies that pi ∤ mn. In

Fp, a quadratic equation has at most two roots, so #{y (mod p) : y2 ≡ mn (mod p)} ≤ 2. If p |

y, then p | y2 implies that p | mn, a contradiction, hence p ∤ y. For the polynomial f(y) = y2−mn,

we have f ′(y) = 2y ̸≡ 0 (mod p). By Hensel’s Lemma, #
{
y (mod pαi

i ) : y2 ≡ mn (mod pαi
i )
}
=

#{y (mod p) : y2 ≡ mn (mod p)} ≤ 2. Consequently,

|T (m,n; c)| ≤
√
c

s∏
i=1

2 ≤
√
c

s∏
i=1

(αi + 1) =
√
cτ(c).

Corollary 4.3. If gcd(c, 2n) = 1 we have

T (n, n; c) =
(n
c

)
g(1, c)

∑
ab=c

gcd(a,b)=1

e

(
2n

(
a

b
− b

a

))
,

here bb ≡ 1 (mod a) and aa ≡ 1 (mod b).
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Proof. From Lemma 4.5,

T (n, n; c) =
(n
c

)
g(1, c)

∑
y (mod c)

y2≡n2 (mod c)

e

(
2y

c

)
.

Since we have ∑
y (mod c)

y2≡n2 (mod c)

e

(
2y

c

)
=

∑
y (mod c)

y2≡1 (mod c)

e

(
2ny

c

)

by y 7→ ny since gcd(c, n) = 1. Write c = pα1
1 · · · pαs

s , then by the Chinese Remainder Theorem,

solutions to y2 ≡ 1 (mod c) is precisely solutions to
y2 ≡ 1 (mod pα1

1 ),

· · ·

y2 ≡ 1 (mod pαs
s ).

The equation y2 ≡ 1 (mod pαi
i ) is equivalent to (y−1)(y+1) ≡ 0 (mod pαi

i ). From gcd(c, 2) = 1

and gcd(y−1, y+1) | 2, we obtain pi ∤ gcd(y−1, y+1), which implies that min{vpi(y−1), vpi(y+

1)} = 0, where vpi is pi-adic valuation. Moreover pαi
i | (y−1)(y+1) iff vpi(y−1)+vpi(y+1) ≥ αi.

Thus pαi
i | (y − 1) or pαi

i | (y + 1). Hence the solutions of y2 ≡ 1 (mod pαi
i ) are y = 1 mod pαi

i

or y = −1 mod pαi
i . Write b =

∏
i∈I p

αi
i where i ∈ I such that y = 1 mod pαi

i and a =
∏
j∈J p

αj

j

where j ∈ J is such that y = −1 mod p
αj

j . By the Chinese Remainder Theorem, for every

decomposition c = ab with gcd(a, b) = 1, there exists unique residue class modulo c satsifying

y ≡ −1 (mod a) and y ≡ 1 (mod b), and such y can be written as y = aa(1) + bb(−1) mod c.

Therefore, ∑
y (mod c)

y2≡1 (mod c)

e

(
2ny

c

)
=

∑
ab=c

gcd(a,b)=1

e

(
2n

ab

(
aa− bb

))
=

∑
ab=c

gcd(a,b)=1

e

(
2n

(
a

b
− b

a

))
.

5 Bounds for the Fourier Coefficients of Cusp Forms

5.1 General estimates

Let f be a cusp form for Γ with respect to ϑ. (In particular, we may consider Γ = Γ0(q) and

ϑ = χ, where χ is Dirichlet character modulo q.) Then at ∞, f admits Fourier expansion

f(z) =
∑
n≥1

a(n)e(nz) =
∑
n≥1

ã(n)n(k−1)/2e(nz).
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Claim 5.1. F (z) = (Im(z))k/2|f(z)| is bounded on H.

Proof. Indeed, F is Γ-invariant.

F (γz) = (Im(γz)k/2|f(γz)|

=

(
Im(z)

|j(γ, z)|2

)k/2
|ϑ(γ)||j(γ, z)|k|f(z)|

= (Im(z))k/2|f(z)|

= F (z).

Therefore it only suffices to show F is bounded in a fundamental domain F . Write F = K
⋃

a Ua,

where K compact and Ua is a neighborhood of cusp a. Clearly F (z) = (Im(z))k/2|f(z)| is

continuous, so it is bounded in K. Given a cusp a and let σa be the scaling matrix. Then

fa(z) = j(σa, z)
−kf(σaz) =

∑
n≥1

aa(n)e(nz)

since f is a cusp form. It follows that fa(z) = e2πizha
(
e2πiz

)
for some ha which is holomorphic

at 0. Thus |fa| =
∣∣e2πiz∣∣ ∣∣ha (e2πiz)∣∣≪ e−2πy, where z = x+ iy. Hence

F (σaz) = (Im(σaz))
k/2 |f(σaz)|

=

(
Im(z)

|j(σa, z)|2

)k/2
|j(σa, z)|k|fa(z)|

= (Im(z))k/2|fa(z)|

≪ yk/2e−2πy (z = x+ iy)

≪ 1.

Thus F is bounded at the neighborhood of cusp a. We finish the proof.

Claim 5.2. Let f be a modular form with multiplier ϑ. If F (z) is bounded, then f is a cusp

form.

Proof. Let a be arbitrary cusp, and σa be the scaling matrix. Define fa(z) = j(σa, z)
−kf(σaz).

Since

T =

1 1

0 1

 ∈ σ−1
a Γaσa,
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there exists γa ∈ Γa such that σaT = γaσa, then

fa(z + 1) = fa(Tz)

= j(σa, T z)
−kf(σaTz)

= j(σa, T z)
−kf(γaσaz)

= j(σa, T z)
−kϑ(γa)j(γa, σaz)

kf(σaz)

= (j(σa, T z)j(T, z))
−kϑ(γa)(j(σa, z)

−1j(γaσa, z))
kf(σaTz)

= j(σaT, z)
−kϑ(γa)(j(σa, z)

−1j(σaT, z))
kf(σaTz)

= ϑ(γa)j(σa, z)
−kf(σaTz)

= ϑ(γa)fa(z).

Since |ϑ(γa)| = 1, we can write ϑ(γa) = e(κa) with 0 ≤ κa < 1. It follows that e(−κaz)fa(z) has

period 1. Thus e(−κaz)fa(z) admits Fourier expansion at the cusp ∞

e(−κaz)fa(z) =
∑
n≥0

aa(n)e(nz),

then

fa(z) =
∑
n≥0

aa(n)e((n+ κa)z).

Therefore F is bounded implies that there exists C > 0 such that yk/2|fa(z)| ≤ C for all

z = x+ iy ∈ H. Then |fa(z)| ≤ Cy−k/2, so fa(z) → 0 as y → ∞. If κa ̸= 0, then

fa(z) =
∑
n≥0

aa(n)e((n+ κa)z)

has no constant term; if κa = 0,

fa =
∑
n≥0

aa(n)e(nz),

here

|aa(0)| =
∣∣∣∣∫ 1

0

fa(x+ iy)dx

∣∣∣∣
≤
∫ 1

0

|fa(x+ iy)|dx

≤
∫ 1

0

Cy−k/2dx

= Cy−k/2 → 0

as y → ∞. Thus |aa(0)| = 0. Consequently f is a cusp form.
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Now, ∫ 1

0

|f(z)|2dx =

∫ 1

0

∑
n≥1

a(n)e(nz)

∑
m≥1

a(m)e(mz)

dx

=
∑
n≥1

a(n)
∑
m≥1

a(m)

(∫ 1

0

e2πi(n−m)xdx

)
e−2πnye−2πmy

=
∑
n≥1

|a(n)|2e−4πny

=
∑
n≤N

|a(n)|2e−4πny +
∑
n>N

|a(n)|2e−4πny

≪ y−k

from Claim 5.1. Therefore∑
n≤N

|a(n)|2e−4πNy ≤
∑
n≤N

|a(n)|2e−4πny ≪ y−k, ∀N ≥ 1.

Choose y = 1/N , we obtain

Theorem 5.1. For any N ≥ 1 we have∑
n≤N

|a(n)|2 ≪ Nk.

where the implied constant depends on f .

In addition, ∑
n≤N

|ã(n)|2 ≪ N.

Indeed, from |ã(n)|2 = |a(n)|2/nk−1, we have∑
n≤N

|ã(n)|2 =
∑
n≤N

|a(n)|2

nk−1

=
1

Nk−1

∑
n≤N

|a(n)|2 + (k − 1)

∫ N

1

1

tk

∑
n≤t

|a(n)|2
 dt

≪ Nk

Nk−1
+

∫ N

1

tk

tk
dt

≪ N

by Abel summation. That is, on average ã(n) is of size 1. Later we will find that∑
n≤N

|ã(n)|2 = cfN +O
(
N3/5−δ

)
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due to Bingrong Huang. The error term was later improved further by him. See [Hua21], [Hua24].

By Cauchy–Schwarz,

∑
n≤N

|a(n)| ≤

∑
n≤N

|a(n)|2
1/2∑

n≤N

1

1/2

≪ Nk/2N1/2 ≪ N (k+1)/2.

We have the following estimate:

Corollary 5.1. For any N ≥ 1 we have∑
n≤N

|a(n)| ≪ N (k+1)/2.

Theorem 5.2. For any real α and N ≥ 1 we have∑
n≤N

a(n)e(αn) ≪ Nk/2 log 2N.

where the implied constant depends only on f (not on α).

This is equivalent to ∑
n≤N

ã(n)e(αn) ≪ N1/2 log 2N.

where the implied constant depends only on f (not on α).

Proof. Note that

f(z) =
∑
n≥1

a(n)e(nz),

where

a(n) =

∫ 1

0

f(z)e(−nz)dx.

Then ∑
n≤N

a(n)e(αn) =

∫ 1

0

f(z)
∑
n≤N

e(−nz)e(αn)dx

=

∫ 1−α

−α
f(z + α)

∑
n≤N

e(−nz)dx (x 7→ x+ α)

=

∫ 1−α

−α
f(z + α)

e(−Nz)− 1

1− e(z)
dx.

Since ∣∣∣∣e(−Nz)− 1

1− e(z)

∣∣∣∣ = ∣∣∣∣e2πNye−2πiNx − 1

1− e(z)

∣∣∣∣ ≤
∣∣e2πnye−2πiNx

∣∣+ 1

|1− e(z)|
≪ e2πNy

|1− e(z)|
,
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we have ∑
n≤N

a(n)e(αn) ≪
∫ 1−α

−α
|f(z + α)| e2πNy

|1− e(z)|
dx

≪ y−k/2e2πNy
∫ 1

0

1

|1− e(z)|
dx

since x 7→ |1− e(x+ iy)|−1 is of period 1.

Now

|1− e(x+ iy)|2 =
(
1− e−2πy cos(2πx)

)2
+
(
e−2πy sin(2πx)

)2
=
(
1− e−2πy

)2
+ 4e−2πy sin2(πx).

Note that when 0 < y ≤ 1, we have 1−e−2πy ≍ y and | sin(πx)| ≍ ∥x∥, where ∥x∥ is the distance

between x and the nearest integer. Then |1− e(x+ iy)|2 ≍ y2 + ∥x∥2. It follows that∫ 1

0

dx

|1− e(x+ iy)
≪
∫ 1

0

dx√
y2 + ∥x∥2

≤
∫ 1

0

dx

y + ∥x∥

= 2

∫ 1/2

0

dx

y + x

≪ log(2 + y−1).

Therefore we have ∑
n≤N

a(n)e(αn) ≪ y−k/2e2πNy log(2 + y−1).

If y is too small, then y−k/2 is too large; if y is too large, then e2πNy is too large. It is natural

to take Ny ≍ 1, i.e., y = 1/N , then∑
n≤N

a(n)e(αn) ≪ Nk/2 log 2N.

Now we prove the equivalence of the two assertions. First from∑
n≤N

a(n)e(αn) ≪ Nk/2 log 2N
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and ã(n) = a(n)n−(k−1)/2, we have∑
n≤N

ã(n)e(αn) =
∑
n≤N

a(n)n−(k−1)/2e(αn)

=
1

N (k−1)/2

∑
n≤N

a(n)e(αn)−
∫ N

1

∑
n≤t

a(n)e(αn)

 dt−(k−1)/2

≪ Nk/2 log 2N ·N−(k−1)/2 +

∫ N

1

tk/2 log 2t · t−(k+1)/2dt

= N1/2 log 2N +

∫ N

1

t−1/2 log 2tdt

≪ N1/2 log 2N +N1/2 log 2N

≪ N1/2 log 2N.

On the other hand, if the assertion∑
n≤N

ã(n)e(αn) ≪ N1/2 log 2N

holds, we have∑
n≤N

a(n)e(αn) =
∑
n≤N

ã(n)n(k−1)/2e(αn)

= N (k−1)/2
∑
n≤N

ã(n)e(αn)−
∫ N

1

∑
n≤t

ã(n)e(αn)

 dt(k−1)/2

≪ N1/2 log 2N ·N (k−1)/2 +

∫ N

1

tk/2−1 log 2tdt

≪ Nk/2 log 2N.

Remark 5.1. It’s not true∑
n≤N

a(n)e(αn) = O
(
Nk/2−η

)
(η > 0).

Otherwise, we will deduce that ∑
n≤N

ã(n)e(αn) = O
(
N1/2−η

)
,

which implies that

∑
n≤N

|ã(n)|2 =

∫ 1

0

∣∣∣∣∣∣
∑
n≤N

ã(n)e(αn)

∣∣∣∣∣∣
2

dα = O(N1−2η),
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contradiction to ∑
n≤N

|ã(n)|2 = cfN +O
(
x3/5−δ

)
.

Corollary 5.2. For any q ≥ 1 and a (mod q) we have∑
n≤N

n≡a (mod q)

a(n) ≪ Nk/2 log 2N

where the implied constant depends only on f .

Equivalently, ∑
n≤N

n≡a (mod q)

ã(n) ≪ N1/2 log 2N

where the implied constant depends only on f .

Proof. ∑
n≤N

a(n)δn≡a (mod q) =
∑
n≤N

a(n)
1

q

∑
b (mod q)

e

(
b(n− a)

q

)

=
1

q

∑
b (mod q)

e

(
−ab
q

) ∑
n≤N

a(n)e

(
bn

q

)
≪ 1

q

∑
b (mod q)

Nk/2 log 2N

≪ Nk/2 log 2N.

Theorem 5.3. For any complex numbers (αm), (βn), we have∑
m<n≤N

αmβna(n−m) ≪ Nk/2∥α∥∥β∥

where ∥α∥, ∥β∥ denote the ℓ2-norms of α = (αm) and β = (βn) respectively, i.e.,

∥α∥ =

√∑
i

|αi|2, ∥β∥ =

√∑
i

|βi|2

respectively.

Proof. Note that

f(z) =
∑
n≥1

a(n)e(nz),
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and

a(n−m) =

∫ 1

0

f(z)e(−(n−m)z)dx.

If n−m ≤ 0, let a(n−m) = 0, then

∑
m≤N

∑
n≤N

αmβna(n−m) =

∫ 1

0

f(z)
∑
m≤N

αme(mz)
∑
n≤N

βne(−nz)dx

≪
∫ 1

0

|f(z)|

∣∣∣∣∣∣
∑
m≤N

αme(mz)

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
n≤N

βne(−nz)

∣∣∣∣∣∣dx
≪ y−k/2

∫ 1

0

∣∣∣∣∣∣
∑
m≤N

αme(mz)

∣∣∣∣∣∣
∣∣∣∣∣∣
∑
n≤N

βne(−nz)

∣∣∣∣∣∣dx (Claim 5.1)

≪ y−k/2

∫ 1

0

∣∣∣∣∣∣
∑
m≤N

αme(mz)

∣∣∣∣∣∣
2

dx


1/2∫ 1

0

∣∣∣∣∣∣
∑
n≤N

βne(−nz)

∣∣∣∣∣∣
2

dx


1/2

(Cauchy–Schwarz)

≪ y−k/2

∑
m≤N

|αm|2e−4πmy

1/2∑
n≤N

|βn|2e4πny
1/2

≪ Nk/2

∑
m≤N

|αm|2e−4πm/N

1/2∑
n≤N

|βn|2e4πn/N
1/2 (

y =
1

N

)

≪ Nk/2

∑
m≤N

|αm|2
1/2∑

n≤N

|βn|2
1/2

.

The assertion ∑
n≤N

ã(n)e(αn) ≪ N1/2 log 2N

is called the Wilton’s bound. Note that

|ã(n)|2 ≪
∑
n≤N

|ã(n)|2 ≪ N

implies that |ã(n)| ≪ n1/2. The pointwise bound obtained by Wilton’s method is

|ã(n)| ≪ n1/3 log 2n,

which improve the trivial estimate |ã(n)| ≪ n1/2.
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5.2 Estimates by Kloosterman sums

Recall the Poincaré series is defined by

Pm(z) =
∑

γ∈Γ∞\Γ

χ(γ)jγ(z)
−ke(mγz),

it admits Fourier expansion

Pm(z) =
∑
n≥1

p(m,n)e(nz)

since the Poincaré series is a cusp form. In Corollary 3.1, we proved that Sk(Γ0(q), χ) is spanned

by {Pm}m≥1. We wish to improve |ã(n)| ≪ n1/2. From the Petersson trace formula (Theorem

3.2),

p(m,n) =
( n
m

)(k−1)/2

δmn + 2πi−k
∑
c>0

c≡0 (mod q)

Sχ(m,n; c)

c
Jk−1

(
4π

√
mn

c

) .

Meanwhile,

p(m,n) =
∑
f∈F

Γ(k − 1)

(4πm)k−1
f̂(m)f̂(n),

where F is an orthonormal basis of Sk(Γ0(q), χ). Note that

Γ(k − 1)

(4πn)k−1

∣∣∣f̂(n)∣∣∣2 ≤
∑
f∈F

Γ(k − 1)

(4πn)k−1

∣∣∣f̂(n)∣∣∣2 = p(n, n),

then ∣∣∣f̂(n)∣∣∣2 ≤ (4πn)k−1

Γ(k − 1)
p(n, n).

Now

p(n, n) = 1 + 2πi−k
∑
c>0

c≡0 (mod q)

Sχ(n, n; c)

c
Jk−1

(
4πn

c

)
.

Note that

Jk−1(x) ≪ min{xk−1, x−1/2}.

Consequently, for arbitrary 1/2 ≤ δ < 1, we have

Jk−1(x) ≪ x2δ−1 (x > 0).

Suppose ∑
c>0

c≡0 (mod q)

|Sχ(n, n; c)|
c2δ

≪ nε,
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it follows that

p(n, n) ≪ 1 +
∑
c>0

c≡0 (mod q)

|Sχ(n, n; c)|
c

Jk−1

(
4πn

c

)
≪ n2δ−1+ε.

Thus ∣∣∣f̂(n)∣∣∣2 ≪ nk−1p(n, n) ≪ nk+2δ−2+ε.

That is,

Proposition 5.1. Let k > 2, and suppose that for some 1/2 ≤ δ < 1 one has∑
c>0

c≡0 (mod q)

|Sχ(n, n; c)|
c2δ

≪ nε.

Then for every f ∈ Sk(Γ0(q), χ), ∣∣∣f̂(n)∣∣∣≪ nk/2−1+δ+ε.

Equivalently, from ã(n) = f̂(n)n−(k−1)/2,

|ã(n)| ≪ nδ−1/2+ε.

Indeed, this Proposition holds for general Γ and ϑ.

5.3 Fourier coefficients of cusp forms of half integer weight

Let f be a cusp form in Sk(Γ0(N), ϑ) with

ϑ(τ) =
(
εd

( c
d

))2k
, τ =

a b

c d

 ∈ Γ0(4), εd =

1 if d ≡ 1 (mod 4),

i if d ≡ 3 (mod 4).

Then f admits Fourier expansion

f(z) =
∑
n≥1

a(n)e(nz).

By using the Weil bound of Salié sums (Corollary 4.2),

|T (n, n; c)| ≤ c1/2τ(c).

Combining with Proposition 5.1 (take δ = 3/4 + η where η is sufficiently small), we obtain

a(n) ≪ nk/2−1/4+ε.
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Remark 5.2. If n = m2, a(n) ≪ nk/2−1/4 is best possible. For example, let χ modulo 4 be a

Dirichlet character, χ(−1) = −1. Let

θ(z, 4) =

∞∑
m=−∞

χ(m)me(m2z), z ∈ H.

θ is a cusp form for Γ0(8) of weight k = 3/2. If n is not square, a(n) = 0; if n is a square, say

n = m2, then a(n) = a(m2) = 2χ(m)m, so
∣∣a(m2)

∣∣ = m =
√
n, and so a(n) = nk/2−1/4.

Theorem 5.4. Let k ≥ 5/2, 4 | N , f ∈ Sk(Γ0(N), ϑ). Then for n square-free,

a(n) ≪ nk/2−1/4−1/222τ(n) logn.

where the implied constant depends on f .

Conjecture (Ramanujan Conjecture).

a(n) ≪ n(k−1)/2+ε.

Proof of Theorem. Let p be any prime. Note that Γ0(N) ⊃ Γ0(pN), we have Sk(Γ0(N), ϑ) ⊂

Sk(Γ0(pN), ϑ). Let ∥·∥ (resp. ∥·∥pN ) be the norm in Sk(Γ0(N), ϑ) (resp. Sk(Γ0(pN), ϑ)). Given

f(z) =
∑
n≥1

a(n)e(nz) ∈ Sk(Γ0(N), ϑ).

To normalize f to have norm 1, let fpN = f/∥f∥pN . Take an orthonormal basis F of Sk(Γ0(pN), ϑ)

containing fpN . From the Petersson Trace Formula (Theorem 3.2),

Γ(k − 1)

(4πn)k−1

∑
gpN∈F

|ĝpN (n)|2 = 1 + 2πi−k
∑
c>0

c≡0 (mod pN)

c−1S(n, n; c)Jk−1

(
4πn

c

)
.

Note that

Γ(k − 1)

(4πn)k−1

|a(n)|2

∥f∥2pN
=

Γ(k − 1)

(4πn)k−1

∣∣∣f̂pN (n)
∣∣∣2 ≤ Γ(k − 1)

(4πn)k−1

∑
gpN∈F

|ĝpN (n)|2

since the Fourier coefficient f̂pN (n) of fpN is of the form a(n)/∥f∥pN . On the other hand, thanks

to Theorem 2.5,

[Γ0(N) : Γ0(pN)] =
[Γ0(1) : Γ0(pN)]

[Γ0(1) : Γ0(N)]
=

(pN)
∏
ℓ|pN

(
1 + 1

ℓ

)
N
∏
ℓ|N
(
1 + 1

ℓ

) = p

(
1 +

1

p

)
= p+ 1.

(Later we will choose P such that N(log n)2 < P ≤ n1/6, this implies that p ∤ N , so [Γ0(N) :

Γ0(pN)] = p+ 1 holds.) Then ∥f∥2pN = [Γ0(N) : Γ0(pN)]∥f∥2 = (p+ 1)∥f∥2. Consequently,

Γ(k − 1)

(4πn)k−1

|a(n)|2

(p+ 1)∥f∥2
≤ 1 + 2πi−k

∑
c>0

c≡0 (mod pN)

c−1S(n, n; c)Jk−1

(
4πn

c

)
.
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Choose P such that N(log n)2 < P ≤ n1/6. It follows that

∑
p∼P
p∤n

(log p)
Γ(k − 1)

(4πn)k−1

|a(n)|2

(p+ 1)∥f∥2
≤
∑
p∼P
p∤n

log p+2πi−k
∑
c>0

c≡0 (mod N)

S(n, n; c)

c


∑
p∼P
p∤n
p|c

log p

 Jk−1

(
4πn

c

)
,

where
∑
p∼P denotes the sum over primes P < p < 2P . Let

ω(c) =
∑
p∼P
p∤n
p|c

log p,

and

S =
∑
c>0

c≡0 (mod N)

S(n, n; c)

c
ω(c)Jk−1

(
4πn

c

)
.

From Mertens Theorem, ∑
p≤P

log p

p
∼ logP,

we have ∑
p∼P

log p

p
≫ 1

since ∑
p∼P
p|n

log p

p
≤ logP

P
· log n
logP

=
log n

P
≪ 1

log n
,

so ∑
p∼P
p∤n

(log p)
Γ(k − 1)

(4πn)k−1

|a(n)|2

(p+ 1)∥f∥2
≫ |a(n)|2

nk−1

∑
p∼P
p∤n

log p

p+ 1
≫ |a(n)|2

nk−1
.

On the other hand, Chebyshev Theorem gives∑
p≤x

log p ≍ x,

which implies that ∑
p∼P
p∤n

log p ≤
∑
p∼P

log p≪ P.

Therefore

|a(n)| ≪ n(k−1)/2
(
P 1/2 + |S|1/2

)
.
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Now we claim: the key range in the c-sum in S is n1−δ = C < c < D = n1+δ. Write

S = S♭+S♯+S∗, where S♭ (resp. S♯, S∗) denote the sum over c ≤ C (resp. c ≥ D,C < c < D).

Recall that we have Weil bound of Kloosterman sum (Theorem 4.1)

|S(n, n; c)| ≪ gcd(n, c)1/2c1/2τ(c),

and

|Jk−1(x)| ≪ min{xk−1, x−1/2} ≪ min{x3/2, x−1/2}

where k ≥ 5/2. Moreover, if we write c = pα1
1 · · · pαs

s , then

ω(c) ≤
∑
p|c

log p =

s∑
i=1

log pi ≤ log c.

Thus,

S♭ ≪
∑
c≤C

gcd(n, c)1/2c1/2τ(c)

c
log c

(n
c

)−1/2

≪ n−1/2
∑
c≤C

gcd(n, c)1/2τ(c) log c

≪ n−1/2
∑
c≤C

∑
d|n
d|c

d1/2

 τ(c) log c

= n−1/2
∑
d|n

d1/2
∑
c≤C
d|c

τ(c) log c

= n−1/2
∑
d|n

d1/2
∑

m≤C/d

τ(dm) log(dm) (Write c = dm)

≪ n−1/2Cτ(n)(logn)2
∑
d|n

d−1/2

since τ(dm) ≤ τ(d)τ(m) ≤ τ(n)τ(m), log(dm) ≪ logn and
∑
m≤x τ(m) ≪ x log x. Then

S♭ ≪ n−1/2Cτ(n)(logn)2
∏
p|n

(1 + p−1/2)

≪ n−1/2Cτ(n)(logn)2τ(n)

1 + p−1/2 ≤ 2, and τ(n) =
∏
p|n

2


= n1/2−δ (τ(n) logn)

2 (
C = n1−δ)
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Similarly,

S♯ ≪ n3/2
∑
c≥D

gcd(n, c)1/2τ(c) log c · c−2

≤ n3/2
∑
d|n

d1/2
∑
c≥D
d|c

τ(c) log c · c−2

= n3/2
∑
d|n

d−3/2
∑

m≥D/d

τ(dm) log(dm) · (dm)−2 (Write c = dm)

≤ n3/2τ(n)
∑
d|n

d−3/2
∑

m≥D/d

τ(m) log(dm)m−2.

Using the estimate ∑
m≤x

τ(m) ≪ x log x,

for j = 0, 1, 2, · · · we have∑
2jD/d≤m<2j+1D/d

τ(m) ≤
∑

m<2j+1D/d

τ(m) ≪
(
2j+1D/d

)
log
(
2j+1D/d

)
.

It follows that∑
2jD/d≤m<2j+1D/d

τ(m) log(dm)m−2 ≪
(
2jD/d

)−2
log
(
2j+1D

) (
2j+1D/d

)
log
(
2j+1D/d

)
= 2−j

d

D
log
(
2j+1D

)
log
(
2j+1D/d

)
.

Consequently ∑
m≥D/d

τ(m) log(dm)m−2 ≪ d

D

∑
j≥0

2−j
(
log(2j+1D)

)2
≪ d

D

(logD)2
∑
j≥0

2−j +
∑
j≥0

2−j(j + 1)2


≪ d

D
(logD)2,

which implies that

S♯ ≪ n3/2D−1τ(n)(log n)2
∑
d|n

d−1/2 ≪ D−1n3/2(τ(n) logn)2.

It only suffices to estimate

S∗ =
∑

C<c<D
c≡0 (mod N)

ω(c)c−1S(n, n; c)Jk−1

(
4πn

c

)
.
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Write c = qr, where q denotes the largest factor of c coprime with nN , so 4 | N | r and

r | (nN)∞ (that is, every prime factor of r divides nN). Here q is good factor and r is bad

factor. It follows that

S∗ =
∑
r

r|(nN)∞

N |r

r−1
∑
q

C<qr<D
gcd(q,nN)=1

ω(c)q−1S(n, n; qr)Jk−1

(
4πn

qr

)
.

From the definition

ω(c) =
∑
p∼P
p∤n
p|c

log p,

but the prime factor of r are all from nN , and p ∤ N by p > P > N , we then obtain ω(c) = ω(q).

Let

Tr =
∑
q

C<qr<D
gcd(q,nN)=1

ω(q)q−1S(n, n; qr)Jk−1

(
4πn

qr

)
,

then S∗ =
∑
r r

−1Tr.

We claim: it only suffices to treat r at r < R = n2δ. Indeed, assume r > R. Since

r | (nN)∞ and gcd(q, nN) = 1, immediately we have gcd(q, r) = 1, gcd(n, qr) = gcd(n, r) and

τ(qr) = τ(q)τ(r). Recall that the Weil bound of Kloosterman sum (Theorem 4.1) gives

S(n, n; qr) ≪ (qr)1/2τ(qr) gcd(n, qr)1/2.

Then

|S(n, n; qr)| ≪ gcd(n, r)1/2q1/2r1/2τ(q)τ(r).

It follows that

|Tr| ≪ τ(r) gcd(n, r)1/2r1/2
∑
q

C<qr<D
gcd(q,nN)=1

q−1/2τ(q) log q

∣∣∣∣Jk−1

(
4πn

qr

)∣∣∣∣
≪ τ(r) gcd(n, r)1/2r1/2

∑
q

C<qr<D
gcd(q,nN)=1

q−1/2τ(q) log qmin

{(
n

qr

)−1/2

,

(
n

qr

)3/2
}

≪ τ(r) gcd(n, r)1/2r1/2
∑
q

C<qr<D
gcd(q,nN)=1

τ(q) log qmin

{( r
n

)1/2
,
n3/2

q2r3/2

}
.

For the case r ≤ n, note that ( r
n

)1/2
=

n3/2

q2r3/2
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implies that q = n/r. It follows that

|Tr| ≪ τ(r) gcd(n, r)1/2r1/2


( r
n

)1/2 ∑
q≤n/r
C<qr<D

gcd(q,nN)=1

τ(q) log q +
n3/2

r3/2

∑
q≥n/r
C<qr<D

gcd(q,nN)=1

τ(q) log q

q2


≪ τ(r) gcd(n, r)1/2r1/2

( r
n

)1/2 ∑
q≤n/r

τ(q) log q +
n3/2

r3/2

∑
q≥n/r

τ(q) log q

q2


From the fact ∑

m≤x

τ(m) logm≪ x(log x)2

and ∑
m≥x

τ(m) logm

m2
≪ x−1(log x)2,

we have

|Tr| ≪ τ(r) gcd(n, r)1/2n1/2(log n)2.

For the case r > n, q > n/r always holds. So for all q ≥ 1 we have

min

{( r
n

)1/2
,
n3/2

q2r3/2

}
=

n3/2

q2r3/2
.

So

|Tr| ≪ τ(r) gcd(n, r)1/2r1/2
n3/2

r3/2

∑
q≥1

τ(q) log q

q2
≪ τ(r) gcd(n, r)1/2

n3/2

r
≤ τ(r) gcd(n, r)1/2n1/2.

Consequently, whether r ≤ n or r > n, we always have

|Tr| ≪ τ(r) gcd(n, r)1/2n1/2(log n)2.

Hence, ∑
r>R

r−1|Tr| ≪ n1/2(log n)2
∑

R<r<D
r|(nN)∞

τ(r) gcd(n, r)1/2r−1,

since C < qr < D and q ≥ 1 implies r < D. Note that∑
R<r<D
r|(nN)∞

τ(r) gcd(n, r)1/2r−1 ≤ R−1/2
∑

r|(nN)∞

τ(r) gcd(n, r)1/2r−1/2.

Since r =
∏
p|nN p

νp and r 7→ τ(r) gcd(n, r)1/2r−1/2 is multiplicative,∑
r|(nN)∞

τ(r) gcd(n, r)1/2r−1/2 =
∏
p|nN

∑
ν≥0

τ(pν) gcd(n, pν)1/2p−ν/2.
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If p | N , since N is fixed, ∏
p|N

∑
ν≥0

τ(pν) gcd(n, pν)1/2p−ν/2 ≪N 1.

If p | n and p ∤ N , since n is square-free, gcd(n, pν) = p where ν ≥ 1. It follows that∑
ν≥0

τ(pν) gcd(n, pν)1/2p−ν/2 = 1 +
∑
ν≥1

(ν + 1)p1/2p−ν/2 ≤ 4

as p ≥ 19. Thus ∏
p|n
p∤N

∑
ν≥0

τ(pν) gcd(n, pν)1/2p−ν/2 ≪N 4ω(n) = τ(n)2.

Consequently ∑
r>R

r−1|Tr| ≪ R−1/2n1/2(logn)2τ(n)2.

Hence it remains to treat r with r < R. We suppress the r-dependence in the notation (formally,

one may think of r as fixed, or r = 1 after renormalizing the notation).

Note that r | (nN)∞ and gcd(q, nN) = 1 implies that gcd(q, r) = 1, the twisted multiplica-

tivity of Kloosterman sum gives

Tr =
∑
q

C<qr<D
gcd(q,nN)=1

ω(q)q−1S (nq, nq; r)T (nr, nr; q) Jk−1

(
4πn

qr

)

=
∑∗

s (mod r)

S (ns, ns; r)
∑

q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)

≪
∑∗

s (mod r)

|S (ns, ns; r)|

∣∣∣∣∣∣∣∣∣∣∣
∑

q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)
∣∣∣∣∣∣∣∣∣∣∣

≪
∑∗

s (mod r)

r

∣∣∣∣∣∣∣∣∣∣∣
∑

q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)
∣∣∣∣∣∣∣∣∣∣∣
.

From Corollary 4.3,

T (nr, nr; q) = εq

(
nr

q

)
q1/2

∑
ab=q

gcd(a,b)=1

e

(
2nr

(
a

b
− b

a

))
.
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If gcd(a, b) = 1, there exists a, b such that aa ≡ 1 (mod b) and bb ≡ 1 (mod a), then aa+ bb ≡ 1

(mod a) and aa + bb ≡ 1 (mod b), and so aa + bb ≡ 1 (mod ab). That is, 1/(ab) ≡ b/a + a/b

(mod 1). Therefore

e

(
1

ab

)
= e

(
b

a

)
e

(
a

b

)
.

Using gcd(a, b) = 1 and gcd(r, q) = 1, we have gcd(ar, b) = 1, similarly

e

(
ar

b

)
= e

(
− b

ar

)
e

(
1

abr

)
.

So∑
ab=q

gcd(a,b)=1

e

(
2n

(
ar

b
− br

a

))
=

∑
a<b
ab=q

gcd(a,b)=1

e

(
2n

(
ar

b
− br

a

))
+

∑
a≥b
ab=q

gcd(a,b)=1

e

(
2n

(
ar

b
− br

a

))

=
∑
a<b
ab=q

gcd(a,b)=1

e

(
2n

(
−b
ar

− br

a

)
+

2n

abr

)
+

∑
a≥b
ab=q

gcd(a,b)=1

e

(
2n

(
ar

b
+

a

br

)
− 2n

abr

)

=
∑
a<b
ab=q

gcd(a,b)=1

e

(
2n

(
−b
ar

− br

a

)
+

2n

abr

)
+

∑
a<b
ab=q

gcd(a,b)=1

e

(
2n

(
b

ar
+
br

a

)
− 2n

abr

)

= 2Re
∑
a<b
ab=q

gcd(a,b)=1

e

(
2n

b

ar
+ 2n

br

a
− 2n

abr

)
.

(q = 1 gives no contribution since ω(1) = 0.) Consequently,∑
q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)

=
∑

a<b,C<abr<D
ab≡s (mod r)

gcd(a,b)=1,gcd(ab,nN)=1

2εab

(nr
ab

)
Re

(
ω(ab)

1

ab
(ab)1/2e

(
2nb

ar
+

2nbr

a
− 2n

abr

)
Jk−1

(
4πn

abr

))

= εs

(r
s

)(2r

n

)1/2

Re
∑

a<b,C<abr<D
ab≡s (mod r)

gcd(a,b)=1,gcd(ab,nN)=1

ω(ab)
( n
ab

)
e

(
2nb

ar
+

2nbr

a

)(
2n

abr

)1/2

e

(
−2n

abr

)
Jk−1

(
4πn

abr

)

= εs

(r
s

)(2r

n

)1/2

Re
∑

a<b,C<abr<D
ab≡s (mod r)

gcd(a,b)=1,gcd(ab,nN)=1

ω(ab)
( n
ab

)
e

(
2nb

ar
+

2nbr

a

)
j

(
2n

abr

)
,

where

j

(
2n

abr

)
=

(
2n

abr

)1/2

e

(
−2n

abr

)
Jk−1

(
4πn

abr

)
,
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that is,

j(x) = x1/2e(−x)Jk−1(2πx).

Indeed, for the third equality, from gcd(ab, nN) = 1 and 4 | N we have 2 ∤ ab. On the other

hand ab ≡ s (mod r) and 4 | r, we obtain ab ≡ s (mod 4), then εab = εs and(nr
ab

)
=
( n
ab

)( r
ab

)
=
( n
ab

)(r
s

)
.

Hence, ∑
q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)

≪
( r
n

)1/2 ∑
a<A=(D/r)1/2

(n
a

) ∑
a<b<D/(ar)
ab≡s (mod r)

C<abr

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
j

(
2n

abr

)

=
( r
n

)1/2 ∑
a<A

(n
a

) ∑
max{a,C/(ar)}<b≤D/(ar)

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
j

(
2n

abr

)
.

Summation by parts,( r
n

)1/2 ∑
a<A

(n
a

) ∑
max{a,C/(ar)}<b≤D/(ar)

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
j

(
2n

abr

)

=
( r
n

)1/2 ∑
a<A

(n
a

)∫ D/(ar)

max{a,C/(ar)}
j

(
2n

aξr

)
d

 ∑
max{a,C/(ar)}<b≤ξ

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

) .

We have

∫ D/(ar)

max{a,C/(ar)}
j

(
2n

aξr

)
d

 ∑
max{a,C/(ar)}<b≤ξ

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
=

∑
max{a,C/(ar)}<b≤D/(ar)

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
j

(
2n

aDar r

)

−
∫ D/(ar)

max{a,C/(ar)}

∑
max{a,C/(ar)}<b≤ξ

ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
∂

∂ξ
j

(
2n

aξr

)
dξ

≪ max
B

∣∣∣∣∣∣∣
∑

max{a,C/(ar)}<b≤B
ab≡s (mod r)

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)∣∣∣∣∣∣∣
(∣∣∣∣∣j

(
2n

aDar r

)∣∣∣∣∣+
∫ D/(ar)

max{a,C/(ar)}

∣∣∣∣ ∂∂ξ j
(

2n

aξr

)∣∣∣∣dξ
)
.
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The chain rule gives∣∣∣∣ ∂∂ξ j
(

2n

aξr

)∣∣∣∣ = ∣∣∣∣j′( 2n

aξr

)(
− 2n

arξ2

)∣∣∣∣≪ ∣∣∣∣j′( 2n

aξr

)∣∣∣∣ n

arξ2
.

Using the estimate j′(x) ≪ 1,∫ D/(ar)

max{a,C/(ar)}

∣∣∣∣ ∂∂ξ j
(

2n

aξr

)∣∣∣∣dξ ≪ n

ar

∫ D/(ar)

max{a,C/(ar)}
ξ−2dξ ≪ n

armax{a,C/(ar)}
≤ n

C
.

Moreover max{a,C/(ar)} ≥ C/(ar) and |j(2n/D)| ≪ 1. Combine with n/C = nδ ≥ 1 we get

|j(2n/D)| ≪ n/C. It follows that∣∣∣∣j (2n

D

)∣∣∣∣+ ∫ D/(ar)

max{a,C/(ar)}

∣∣∣∣ ∂∂ξ j
(

2n

aξr

)∣∣∣∣dξ ≪ n

C
.

Therefore, ∑
q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)

≪ C−1(nr)1/2
∑
a<A

gcd(a,nr)=1

max
B

∣∣∣∣∣∣∣∣∣∣∣
∑

max{a,C/(ar)}<b<B
ab≡s (mod r)

gcd(a,b)=1,gcd(b,nN)=1

ω(ab)
(n
b

)
e

(
2n(1 + rr)

b

ar

)
∣∣∣∣∣∣∣∣∣∣∣
.

By gcd(a, b) = 1, ω(ab) = ω(a) + ω(b), define

Va =
∑

max{a,C/(ar)}<b<B
ab≡s (mod r)

gcd(a,b)=1,gcd(b,nN)=1

ω(b)
(n
b

)
e

(
2n(1 + rr)

b

ar

)

and

V ′
a =

∑
max{a,C/(ar)}<b<B

ab≡s (mod r)
gcd(a,b)=1,gcd(b,nN)=1

(n
b

)
e

(
2n(1 + rr)

b

ar

)
.

Consequently,∑
q≡s (mod r)
C<qr<D

gcd(q,nN)=1

ω(q)q−1T (nr, nr; q) Jk−1

(
4πn

qr

)
≪ C−1(nr)1/2

∑
a<A

gcd(a,nr)=1

(|Va|+ ω(a)|V ′
a|) .

First we estimate Va. Write b = pℓ, then

Va =
∑
p∼P

p∤anN

(log p)

(
n

p

) ∑
max{a,C/(ar)}/p<ℓ<B/p

apℓ≡s (mod r)
gcd(a,ℓ)=1,gcd(ℓ,nN)=1

(n
ℓ

)
e

(
2n(1 + rr)

pℓ

ar

)
.
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If a ≤ P . For fixed p, note that gcd(a, b) = 1, p | b, gcd(ab, nN) = 1 and r | (nN)∞ implies

that gcd(a, r) = 1 and gcd(p, r) = 1, then ap is invertible modulo r. So apℓ ≡ s (mod r) iff

ℓ = sap (mod r). Since s is invertible modulo r, we have gcd(ℓ0, r) = 1. Since N | r, if ℓ ≡ ℓ0

(mod r), immediately we have gcd(ℓ,N) = 1. Next we deal with gcd(a, ℓ) = 1. Fix ℓ ≡ ℓ0

(mod r). Since gcd(a, r) = 1, there exist a residue classes modulo ar satisfying λ ≡ ℓ0 (mod r).

Set Λa,p = {λ (mod ar) : λ ≡ ℓ0 (mod r), gcd(λ, a) = 1}, clearly we have #Λa,p ≤ a. On the

other hand if ℓ belongs to some fixed residue class ℓ ≡ λ (mod ar), then e
(
2n(1 + rr)pℓ/(ar)

)
is fixed. Consequently∑
max{a,C/(ar)}/p<ℓ<B/p

apℓ≡s (mod r)
gcd(a,ℓ)=1,gcd(ℓ,nN)=1

(n
ℓ

)
e

(
2n(1 + rr)

pℓ

ar

)
=

∑
λ∈Λa,p

e

(
2n(1 + rr)

pλ

ar

) ∑
max{a,C/(ar)}/p<ℓ<B/p

ℓ≡λ (mod ar)

(n
ℓ

)
.

Now we only need to estimate ∑
max{a,C/(ar)}/p<ℓ<B/p

ℓ≡λ (mod ar)

(n
ℓ

)
.

Write ℓ = λ + arm. From gcd(a, n) = 1 and r | (nN)∞, all of the common prime factors come

from r. Here we only consider r < R = n2δ where δ < 1 and n square-free, then r < n for

n sufficiently large, and so r cannot be divided by all of the prime factors of n, it follows that

n/ gcd(n, r) > 1. In the residue class ℓ ≡ λ (mod ar), the Pólya–Vinogradov inequality gives∑
max{a,C/(ar)}/p<ℓ<B/p

ℓ≡λ (mod ar)

(n
ℓ

)
≪ n1/2 log n.

Hence ∑
max{a,C/(ar)}/p<ℓ<B/p

apℓ≡s (mod r)
gcd(a,ℓ)=1,gcd(ℓ,nN)=1

(n
ℓ

)
e

(
2n(1 + rr)

pℓ

ar

)
≪ an1/2 log n.

Moreover ∑
p∼P

p∤anN

(log p) ≤
∑
p∼P

log p≪ P

implies that

Va ≪ aPn1/2 log n (a ≤ P ).

If P < a < A we regard Va as a bilinear form in ℓ and p. Let L = B/P , P1 = max{P,max{a,C/(ar)}/ℓ}
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and P2 = min{2P,B/ℓ}. Since P < p < 2P and ℓ < B/p, we have ℓ < L. Then

|Va|2 =

∣∣∣∣∣∣∣
∑
ℓ<L

(n
ℓ

) ∑
P1<p<P2

apℓ≡s (mod r)

(log p)

(
n

p

)
e

(
2n(1 + rr)

pℓ

ar

)∣∣∣∣∣∣∣
2

≤

(∑
ℓ<L

12

)∑
ℓ<L

∣∣∣∣∣∣∣
(n
ℓ

) ∑
P1<p<P2

apℓ≡s (mod r)

(log p)

(
n

p

)
e

(
2n(1 + rr)

pℓ

ar

)∣∣∣∣∣∣∣
2

≤ L
∑
ℓ<L

∣∣∣∣∣∣∣
(n
ℓ

) ∑
P1<p<P2

apℓ≡s (mod r)

(log p)

(
n

p

)
e

(
2n(1 + rr)

pℓ

ar

)∣∣∣∣∣∣∣
2

≤ L
∑
ℓ<L

∣∣∣∣∣∣∣
∑

P1<p<P2
apℓ≡s (mod r)

(log p)

(
n

p

)
e

(
2n(1 + rr)

pℓ

ar

)∣∣∣∣∣∣∣
2

= L
∑
ℓ<L

∑
P1<p<P2

apℓ≡s (mod r)

∑
P1<p′<P2

ap′ℓ≡s (mod r)

(log p)(log p′)

(
n

p

)(
n

p′

)
e

(
2n(1 + rr)

pℓ

ar

)
e

(
−2n(1 + rr)

p′ℓ

ar

)
.

From apℓ ≡ s (mod r) and ap′ℓ ≡ s (mod r), we have aℓ(p−p′) ≡ 0 (mod r). Since gcd(ab, nN) =

1, b = pℓ and r | (nN)∞, then gcd(a, r) = gcd(ℓ, r) = 1. Consequently aℓ(p − p′) ≡ 0 (mod r)

implies that p ≡ p′ (mod r). That is, apℓ ≡ s (mod r) and ap′ℓ ≡ s (mod r) are equivalent

under condition p ≡ p′ (mod r). Let

I(p, p′) =


ℓ :

max{a,C/(ar)}
p

< ℓ <
B

p
,

max{a,C/(ar)}
p′

< ℓ <
B

p′
,

apℓ ≡ s (mod r),

gcd(ℓ, ar) = 1,

gcd(a, pℓ) = gcd(a, p′ℓ) = 1.


.

Therefore

|Va|2 ≪ L(logP )2
∑

P<p,p′<2P
p≡p′ (mod r)

∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

e

(
2n(1 + rr)

(
p− p′

)
ℓ

ar

)∣∣∣∣∣∣ .
When p = p′, p− p′ = 0, so

|Va|2 ≪ L(logP )2
∑

P<p,p′<2P
p=p′

∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

1

∣∣∣∣∣∣≪ L(logP )2
∑

P<p,p′<2P
p=p′

L≪ L2P (logP )2.
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When p ̸= p′, from p ≡ p′ (mod r) we have r | p− p′ Clearly p− p′ ≡ (p′ − p)pp′ (mod ar), so

e

(
2n(1 + rr)

(
p− p′

)
ℓ

ar

)
= e

(
2n(1 + rr)

(p′ − p)pp′ℓ

ar

)
= e

(
2n(1 + rr)

(p′ − p)

r

pp′ℓ

a

)
.

From gcd(a, nr) = 1, we have gcd(a, n) = gcd(a, r) = 1. On the other hand gcd(a, b) = 1 and

b = pℓ implies that gcd(p, a) = gcd(p′, a) = 1. Therefore pp′ is invertible modulo a. Note that

1 + rr ≡ 2 (mod a) (since rr ≡ 1 (mod a)) and 4 | N , gcd(a, nN) = 1 implies that 2 ∤ a, it

follows that 1 + rr is invertible modulo a. Hence

gcd

(
2n(1 + rr)

p′ − p

r
pp′, a

)
= gcd

(
p′ − p

r
, a

)
= gcd(p′ − p, a).

Now we estimate ∑
ℓ∈I(p,p′)

e

(
2n(1 + rr)

(p′ − p)

r

pp′ℓ

a

)
.

From apℓ = s (mod r) and gcd(ap, r) = 1, all ℓ satisfying this congruence lie in a fixed residue

class modulo r. Let ℓ vary in the interval given by I(p, p′). The length of this interval ≤ L, since

p, p′ > P , and the upper bounds are at most B/P = L. Divide this interval into several complete

intervals of length ar, and at most two endpoint intervals of length less than ar. First consider

a complete interval. Since gcd(a, r) = 1, in such a complete interval, the integers ℓ satisfying

ℓ ≡ sap (mod r), each residue class modulo a appearing exactly once. Therefore, when we add

the condition gcd(ℓ, a) = 1 in such a complete interval, ℓ mod a runs exactly once through all

invertible residue classes modulo a. Hence the sum over the complete interval equals∣∣∣∣∣∣
∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x

a

)∣∣∣∣∣∣ =
∣∣∣∣∣∣

∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x

a

)∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣µ
 a

gcd
(
a, 2n(1 + rr)p

′−p
r pp′

)
 φ(a)

φ

(
a

gcd
(
a,2n(1+rr) p′−p

r pp′
))
∣∣∣∣∣∣∣∣∣

≤ φ(a)

φ

(
a

gcd
(
a,2n(1+rr) p′−p

r pp′
)) .

Write

a =
∏
q

qαq ,
a

gcd
(
a, 2n(1 + rr)p

′−p
r pp′

) =
∏
q

qβq ,

it follows that

φ(a)

φ

(
a

gcd
(
a,2n(1+rr) p′−p

r pp′
)) =

∏
q

φ(qαq )

φ(qβq )
≤
∏
q

qαq−βq = gcd

(
a, 2n(1 + rr)

p′ − p

r
pp′
)

= gcd(p′−p, a).
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Moreover ∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

1

∣∣∣∣∣∣≪ L

implies that

1

a

 ∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x

a

) ∑
ℓ∈I(p,p′)

1

≪ gcd(p−p′, a)a−1L ≤ gcd(p−p′, a)a−1L logL.

Next we estimate the endpoint intervals. Take arbitrary endpoint interval with length < ar and

only consider ℓ with ℓ ≡ sap (mod r). Since length of the interval < ar, there exists at most a

many such ℓ. By the orthogonality of additive characters,∑
ℓ in the endpoint interval

ℓ≡sap (mod r)
gcd(ℓ,a)=1

e

(
2n(1 + rr)

(p′ − p)

r

pp′ℓ

a

)

=
∑

ℓ in the endpoint interval
ℓ≡sap (mod r)

gcd(ℓ,a)=1

 ∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x

a

)
· 1
a

∑
m (mod a)

e

(
m(x− ℓ)

a

)

=
1

a

∑
m (mod a)

 ∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x+mx

a

)
 ∑

ℓ in the endpoint interval
ℓ≡sap (mod r)

e

(
−mℓ
a

) .

For m = 0, the Ramanujan sum gives∑
ℓ in the endpoint interval

ℓ≡sap (mod r)
gcd(ℓ,a)=1

e

(
2n(1 + rr)

(p′ − p)

r

pp′ℓ

a

)
≪ gcd(p′ − p, a)1/2a1/2τ(a) log a.

For m ̸= 0, the Weil bound of Kloosterman sum (Theorem 4.1) gives∣∣∣∣∣∣
∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x+mx

a

)∣∣∣∣∣∣≪ gcd(p− p′, a)1/2a1/2τ(a).

On the other hand, when −a/2 < m ≤ a/2, we have∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

e

(
−mℓ
a

)∣∣∣∣∣∣≪
∑

ℓ∈I(p,p′)

1 ≪ L.

Also, all of the ℓ in the interval satisfies ℓ ≡ sap (mod r) forms a finite arithmetic series,∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

e

(
−mℓ
a

)∣∣∣∣∣∣≪ 1

|1− e (−mr/a)|
=

a

2| sin(πmr/a)|
≪ a

|m|
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implies that ∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

e

(
−mℓ
a

)∣∣∣∣∣∣≪ min

{
L,

a

|m|

}
.

So ∑
m (mod a)

m̸=0

∣∣∣∣∣∣
∑

ℓ∈I(p,p′)

e

(
−mℓ
a

)∣∣∣∣∣∣≪
∑

1≤|m|≤a/2

min

{
L,

a

|m|

}
≪ a log a.

Note that there are at most two endpoint intervals,

1

a

∑
m (mod a)

 ∑∗

x (mod a)

e

(
2n(1 + rr)p

′−p
r pp′x+mx

a

)
 ∑

ℓ in the endpoint interval
ℓ≡sap (mod r)

e

(
−mℓ
a

)
≪ gcd(p− p′, a)1/2a1/2τ(a) log a.

Hence∑
ℓ∈I(p,p′)

e

(
2n(1 + rr)

(
p− p′

)
ℓ

ar

)
≪ gcd(p− p′, a)a−1L logL+ gcd(p− p′, a)1/2a1/2τ(a) log a.

Consequently here

|Va|2 ≪ L(logP )2
∑

P<p,p′<2P
p̸=p′

(
gcd(p− p′, a)a−1L logL+ gcd(p− p′, a)1/2a1/2τ(a) log a

)
.

Now ∑
P<p,p′<2P

p̸=p′

gcd(p− p′, a) ≤
∑

P<p,p′<2P
p̸=p′

∑
d|a

d|(p−p′)

d

≤
∑
d|a

d#{P < p, p′ < 2P : p ̸= p′, p ≡ p′ (mod d)}.

Fix p prime where P < p < 2P and we count p′ with P < p′ < 2P and p′ ≡ p (mod d). From

p′ ≡ p (mod d), p′ belongs to one fixed residue class modulo d, In any interval of length P , the

number of integers in a fixed residue class modulo d is at most P/d + 1. Therefore, for each

fixed p, the number of p′ satisfying the condition is at most ≪ P/d + 1. On the other hand

#{P < p < 2P} ≤ P . Hence

#{P < p, p′ < 2P : p ̸= p′, p ≡ p′ (mod d)} ≤ #{P < p, p′ < 2P : p ≡ p′ (mod d)} ≪ P 2

d
+P.

It follows that ∑
P<p,p′<2P

p̸=p′

gcd(p− p′, a) ≪
∑
d|a
d<P

d

(
P 2

d
+ P

)
≪ P 2τ(a).
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Similarly ∑
P<p,p′<2P

p̸=p′

gcd(p− p′, a)1/2 ≤
∑
d|a
d<P

d1/2
(
P 2

d
+ P

)
≪ P 2τ(a).

Thus

|Va|2 ≪ a−1L2P 2τ(a)(logP )2 logL+a1/2LP 2τ(a)2(logP )2 log a≪
(
L2P + a−1L2P 2 + a1/2LP 2

)
(τ(a) logn)2,

then

Va ≪
(
LP 1/2 + a−1/2LP + a1/4L1/2P

)
τ(a) logn

≪
(
LP 1/2 + a1/4L1/2P

)
τ(a) logn

(
P < a implies that a−1/2LP ≤ LP 1/2

)
=
(
BP−1/2 + a1/4B1/2P 1/2

)
τ(a) logn.

(
L =

B

P

)
The same estimate holds true for V ′

a by similar arguments.

Recall that we have proved:

Tr ≪
∑∗

s (mod r)

rC−1(nr)1/2
∑
a<A

gcd(a,nr)=1

(|Va|+ ω(a)|V ′
a|),

From the above discussion,∑
a<A

gcd(a,nr)=1

(|Va|+ ω(a)|V ′
a|) =

∑
a≤P

gcd(a,nr)=1

(|Va|+ ω(a)|V ′
a|) +

∑
P<a<A

gcd(a,nr)=1

(|Va|+ ω(a)|V ′
a|)

≪
∑
a≤P

aPn1/2(log n)2 +
∑
a≤P

log n · an1/2 log n+
(
DP−1/2 +D7/8P 1/2

)
(logn)2

≪ n1/2P 3(log n)2 +
(
DP−1/2 +D7/8P 1/2

)
(log n)2.

Hence

|Tr| ≪
∑∗

s (mod r)

rC−1(nr)1/2
(
n1/2P 3 +DP−1/2 +D7/8P 1/2

)
(log n)2

≪ r2C−1(nr)1/2
(
n1/2P 3 +DP−1/2 +D7/8P 1/2

)
(log n)2.

Now, choose C = n110/111, D = n112/111 and P = n14/111. It follows that n1/2P 3 = n195/222 <

n210/222 = DP−1/2. Thus

|Tr| ≪ r5/2C−1
(
DP−1/2 +D7/8P 1/2

)
n1/2(log n)2,
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and so ∑
r<R

r|(nN)∞

r−1|Tr| ≪ C−1
(
DP−1/2 +D7/8P 1/2

)
n1/2(log n)2

∑
r<R

r|(nN)∞

r3/2

≤ C−1
(
DP−1/2 +D7/8P 1/2

)
n1/2(log n)2R2

∑
r<R

r|(nN)∞

r−1/2

≪ R2C−1
(
DP−1/2 +D7/8P 1/2

)
n1/2(τ(n) logn)2.

Indeed we claim that ∑
r|(nN)∞

r−1/2 ≪N τ(n)2.

Write r =
∏
p|nN p

νp , then

∑
r|(nN)∞

r−1/2 =
∑
νp≥0

∏
p|nN

p−νp/2 =
∏
p|nN

∑
ν≥0

p−ν/2

 =
∏
p|nN

1

1− p−1/2
.

On the one hand ∏
p|N

1

1− p−1/2
≪N 1

since the left-hand side depends only on N . On the other hand,∏
p|n
p∤N

1

1− p−1/2
≤
∏
p|n
p∤N

1

1− 2−1/2
<
∏
p|n
p∤N

4 ≤ 4ω(n).

Since n is square-free, 4ω(n) = τ(n)2. Consequently∑
r|(nN)∞

r−1/2 ≪N τ(n)2.

Combining with

S♭ ≪ Cn−1/2(τ(n) logn)2,

S♯ ≪ D−1n3/2(τ(n) logn)2,∑
r>R

r−1|Tr| ≪ R−1/2n1/2(τ(n) logn)2,

we have

S ≪
(
Cn−1/2 +D−1n3/2 +R−1/2n1/2 +R2C−1

(
DP−1/2 +D7/8P 1/2

)
n1/2

)
(τ(n) logn)

2
.

Furthermore choose R = n2/111, immediately we have

S ≪ n1/2−1/111(τ(n) logn)2.
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From

|a(n)| ≪ n(k−1)/2
(
P 1/2 + |S|1/2

)
,

we obtain

|a(n)| ≪ nk/2−1/4−1/222τ(n) logn.

5.4 Spectral analysis of the diagonal symbol

Note that either k is even or else the space Sk(Γ0(q)) is zero. For notational convenience we put

ℓ = k − 1. Recall that the Petersson Trace Formula (Theorem 3.2),

∆ℓ(m,n) =
∑
f∈F

ψf (m)ψf (n) = δmn + 2πi−k
∑

c≡0 (mod q)

c−1S(m,n; c)Jk−1

(
4π

√
mn

c

)
where F is an orthonormal basis in Sk(Γ0(q)) and ψf (n) are the normalized Fourier coefficients

given by ψf (n) =
(
Γ(k − 1)/(4πn)k−1

)1/2
f̂(n).

We count ∆ℓ(m,n) with weight g(ℓ). It is of interest to average separately over k ≡ 0 (mod 4)

or k ≡ 2 (mod 4). This implies that ℓ ≡ 3 (mod 4) and ℓ ≡ 1 (mod 4), so it only need to set

a ∈ {1, 3} and consider ∑
ℓ≡a (mod 4)

g(ℓ)∆ℓ(m,n).

Note that∑
ℓ≡a (mod 4)

g(ℓ)∆ℓ(m,n) = δmn
∑

ℓ≡n (mod 4)

g(ℓ)+2π
∑

c≡0 (mod q)

S(m,n; c)

c
ia+1

∑
ℓ≡a (mod 4)

g(ℓ)Jℓ(m,n).

since i−ℓ−1 = i−a−1 = ia+1. We are led to studying the Neumann series

G(x) =
∑

ℓ≡a (mod 4)

g(ℓ)Jℓ(x).

Applying

Jℓ(x) =

∫ 1/2

−1/2

e(ℓt)e−ix sin 2πtdt.

Then∑
ℓ∈Z

g(ℓ)e(αℓ)Jℓ(x) =

∫ 1/2

−1/2

e−ix sin 2πt
∑
ℓ∈Z

g(ℓ)e((t+ α)ℓ)dt

=
∑
u∈Z

∫ 1/2

−1/2

ĝ(t+ α+ u)e−ix sin 2πtdt (Poisson summation formula)

=

∫
R
ĝ(t)e−ix sin 2π(t−α)dt. (t 7→ t+ α+ u)
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From orthogonality of additive characters,

G(x) =
∑
ℓ∈Z

g(ℓ)Jℓ(x)
1

4

4∑
d=1

e

(
(ℓ− a)d

4

)

=
1

4

4∑
d=1

e

(
−ad

4

)∑
ℓ∈Z

g(ℓ)e

(
dℓ

4

)
Jℓ(x).

Let α = d/4,

G(x) =

∫
R
ĝ(t)

1

4

4∑
d=1

e

(
−ad

4

)
eix sin 2π(d/4−t)dt.

That is

4G(x) =

∫
R
ĝ(t)c(t)dt,

where

c(t) =
1

4

4∑
d=1

e

(
−ad

4

)
eix sin 2π(d/4−t)dt

= i−a2i sin(x cos(2πt))− 2i sin(x sin(2πt)).

For t small, using Taylor

sin 2πt = 2πt+O(|t|3),

cos 2πt = 1− 2π2t2 +O(|t|4).

Then

c(t) = −2i sin
(
2πtx+O(x|t|3)

)
+ 2i1−a sin

(
x− 2π2t2x+O(x|t|4)

)
= −2i sin 2πtx+O(x|t|3) + 2i1−a sin(x− 2π2t2x) +O(x|t|4)

= −2i sin 2πtx+O(x|t|3) + 2i1−a sin(x− 2π2t2x).

We then obtain

4G(x) = 2i1−a
∫
R
ĝ sin(x− 2π2xt2)dt− 2i

∫
R
ĝ(t) sin(2πxt)dt+O

(
x

∫
R
|ĝ| |t|3dt

)
.

First, −2i sin(2πxt) = e(−x)− e(xt) implies that

2i

∫
R
ĝ(t) sin(2πxt)dt =

∫
R
ĝ(t)e(−xt)dt−

∫
R
ĝ(t)e(xt)dt

= g(x)− g(−x)

= g(x).
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Next, note that sin(x− 2π2xt2) = Im
(
eixe−2π2ixt2

)
. It follows that∫

R
ĝ(t)e−2π2ixt2dt =

∫
R
g(ξ)

(∫
R
e2πiξte−2π2ixt2dt

)
dξ∫

R
g(ξ)

(
eiξ/(2x)

∫
R
e−2π2ix(t−ξ/(2πx))2

)
dξ

=
1√
2πx

∫
R
g(ξ)ei(ξ

2/(2x)−π/4)dξ.

By multiplying eix and take imaginary part,

2

∫
R
ĝ(t) sin(x− 2π2xt2)dt =

2√
2πx

∫
R
g(ξ) sin

(
x+

ξ2

2x
− π

4

)
dξ

=
2√
2πx

∫ ∞

0

g(ξ) sin

(
x+

ξ2

2x
− π

4

)
dξ

=

∫ ∞

0

g
(√

2xy
)
sin
(
x+ y − π

4

) dy
√
πy
.

(
y =

ξ2

2x

)
Conclusion,

Lemma 5.1. Suppose g is a smooth, real function compactly supported on R+ and a = ±1.

Then

4G(x) = g(x) + i1−a
∫ ∞

0

g
(√

2xy
)
sin
(
x+ y − π

4

) dy
√
πy

+O

(
x

∫ ∞

−∞
|ĝ(t)| |t|3dt

)
.

The treatment above of the Bessel-type Neumann series arising from the weighted Peters-

son kernel, in particular the use of Poisson summation to obtain the corresponding oscillatory

integral, is closely related to the method in [ILS00]. Similar analyses of the Petersson kernel in

Rankin–Selberg problems and related weight-aspect averages can be found in [LLY06]. Related

spectral averaging techniques also appear in [BK17a], [BK17b].

6 Hecke Operators

6.1 Introduction

Hecke operators are averaging operators over a suitable finite collection of double cosets with

respect to a group.

Let k ∈ Z and A ∈ GL+
2 (R), the group of 2× 2 real matrices of positive determinant. Recall

that the slash operator is defined by

f|A(z) = det(A)k/2jA(z)
−kf(Az), A =

α β

γ δ

 , jA(z) = γz + δ.
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For 0 ̸= a ∈ R, we have

f|aA =

(
a

|a|

)k
f|A.

Indeed, note that det(aA) = a2 det(A) and jaA(z) = a(γz + δ) and (aA)(z) = Az. Thus

f|aA(z) = det(aA)k/2jaA(z)
−kf((aA)z)

=

(
a

|a|

)k
f|A.

The slash operation is associative: f|AB = (f|A)|B . Let g = f|A, then

(g|B)(z) = det(B)k/2jB(z)
−kg(Bz)

= det(B)k/2jB(z)
−k(f|A)(Bz)

= det(B)k/2jB(z)
−k det(A)k/2jA(Bz)

−kf(ABz)

= det(AB)k/2(jA(Bz)jB(z))
−kf(ABz)

= det(AB)k/2(jAB(z))
−kf(ABz)

= f|AB(z).

6.2 Hecke operators Tn

Let Γ = SL2(Z) and n ∈ Z+. Define

Gn =


a b

c d

 : a, b, c, d ∈ Z, ad− bc = n

 .

Immediately we have G1 = Γ and Gn = ΓGn = GnΓ.

Lemma 6.1. The collection

∆n =


a b

0 d

 : ad = n, 0 ≤ b < d


forms a complete set of right coset representatives of Gn modulo Γ, i.e., we have the disjoint

partition

Gn =
⋃
ρ∈∆n

Γρ.

Proof. Clearly Gn ⊇
⋃
ρ∈∆n

Γρ, need to prove Gn ⊆
⋃
ρ∈∆n

Γρ. That is to prove, for arbitrary

A =

a b

c d

 ∈ Gn
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we have A ∈ Γ∆n. Let γ = c/ gcd(a, c) and δ = −a/ gcd(a, c). Then γa+ δc = 0 and gcd(γ, δ) =

1, and so there exists τ ∈ Γ such that

τ =

∗ ∗

γ δ

 .

It follows that

τA =

∗ ∗

γ δ

a b

c d

 =

a′ b′

0 d′

 .

Here a′d′ = det(τA) = n and we can also assume d′ > 0 by replacing τ by −τ if necessary. By

choosing u with 0 ≤ b′ − ud′ < d′,1 −u

0 1

a′ b′

0 d′

 =

a′ b′ − ud′

0 d′


implies that a′ b′

0 d′

 =

1 u

0 1

a′ b′ − ud′

0 d′

 .

Therefore

A = τ−1

1 u

0 1

a′ b′ − ud′

0 d′

 ∈ Γ∆n.

Now we prove the partition is disjoint. For ρ, ρ′ ∈ ∆n and ρ ̸= ρ′, this is to prove Γρ′∩Γρ = ∅.

So it only suffices to show τ ′ρ′ ̸= τρ for all τ, τ ′ ∈ Γ, i.e., there exists no τ0 ∈ Γ such that ρ′ = τ0ρ.

Assume conversely, let

τ0 =

α β

γ δ

 ∈ Γ, ρ =

a b

0 d

 , ρ′ =

a′ b′

0 d′

 .

If τ0ρ = ρ′, then α β

γ δ

a b

0 d

 =

αa αb+ βd

γa γb+ δd

 =

a′ b′

0 d′

 .

γa = 0 implies that γ = 0 since we have ad = n. From αa = a′ and γb+ δd = δd = d′ we obtain

n = a′d′ = αδad = αδn, so α = δ = ±1. By a, d, a′, d′ > 0, α = δ = 1, then a = a′ and d = d′.

Now αb+ βd = b′ implies that b+ βd = b′. Since b+ βd = b′ and b = b′, we have βd = 0, hence

β = 0, which implies that

τ0 =

1 0

0 1

 ,

ρ = ρ′, a contradiction.
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Note that ∆n is a finite set with the number of elements

σ(n) =
∑
d|n

d.

From Lemma 6.1, for any ρ ∈ ∆n, τ ∈ Γ there exist unique τ ′ ∈ Γ, ρ′ ∈ ∆n such that

ρτ = τ ′ρ′. But the converse is false. For example, if we consider

τ ′ =

1 0

0 1

 , ρ′ =

1 0

0 n

 ,

set

ρ1 =

1 0

0 n

 , τ1 =

1 0

0 1

 ,

ρ2 =

1 1

0 n

 , τ2 =

1 −1

0 1

 ,

where n > 1, then ρ2τ2 = ρ1τ1 = τ ′ρ′.

Let χ : Z → C be any function. This yields a function on GL2(Z) by setting

χ(ρ) = χ(a) if ρ =

a ∗

∗ ∗

 .

Define the operator Tn on functions f : H → C by

Tnf = nk/2−1
∑
ρ∈∆n

χ(ρ)f|ρ.

Let

ρ =

a b

c d

 ,

then

(Tnf)(z) = nk/2−1
∑
ρ∈∆n

χ(ρ)f|ρ

= nk/2−1
∑
ad=n

∑
0≤b<d

χ(a)nk/2d−kf

(
az + b

d

)

=
1

n

∑
ad=n

χ(a)ak
∑

0≤b<d

f

(
az + b

d

)
,

which implies that

Tn =
1

n

∑
ad=n

χ(a)ak
∑

0≤b<d

a b

0 d

 .
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6.3 The Hecke operators on periodic functions

From now on we assume that χ(1) = 1 and χ(−1) = (−1)k. Let

Γ∞ =

±

1 u

0 1

 : u ∈ Z

 ,

then f|τ = χ(τ)f for any τ ∈ Γ∞. That is to say, f is periodic of period 1, i.e., f(z + 1) = f(z).

Theorem 6.1. The operator Tn maps periodic functions to periodic functions, i.e.,

Tn : Mk(Γ∞, χ) → Mk(Γ∞, χ).

Proof. It only suffices to show (Tnf)(z + 1) = (Tnf)(z). Indeed,

(Tnf)(z + 1) =
1

n

∑
ad=n

∑
0≤b<d

χ(a)akf

(
a(z + 1) + b

d

)

=
1

n

∑
ad=n

∑
0≤b<d

χ(a)akf

(
az + (b+ a)

d

)

=
1

n

∑
ad=n

∑
0≤b′<d

χ(a)akf

(
az + b′

d

)
= (Tnf)(z).

Proposition 6.1. Suppose f is given by the series

f(z) =

∞∑
m=0

a(m)e(mz)

which converges absolutely in H. Then Tnf is given by the series

(Tnf)(z) =

∞∑
m=0

an(m)e(mz)

whose coefficients are

an(m) =
∑

d|gcd(m,n)

χ(d)dk−1a(mnd−2).

Proof. We have

(Tnf)(z) =
1

n

∑
ad=n

χ(a)ak
∑

0≤b<d

f

(
az + b

d

)

=
1

n

∑
ad=n

χ(a)ak
∑

0≤b<d

∞∑
m=0

a(m)e

(
m
az + b

d

)
.
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From ∑
b (mod d)

e

(
m
b

d

)
=

d if d | m,

0 if d ∤ m,

by letting m = dℓ we have

(Tnf)(z) =
1

n

∞∑
ℓ=0

a(dℓ)
∑
ad=n

χ(a)ake(aℓz)d

=

∞∑
ℓ=0

a(dℓ)
∑
ad=n

χ(a)ak−1e(aℓz)

=

∞∑
m=0

e(mz)

∑
ad=n
aℓ=m

χ(a)ak−1a(dℓ)

 (aℓ = m)

=

∞∑
m=0

e(mz)

 ∑
d|gcd(m,n)

χ(d)dk−1a
(mn
d2

) .

Corollary 6.1. For n ≥ 1 we have

an(0) = σk−1(n, χ)a(0)

where

σs(n, χ) =
∑
d|n

χ(d)ds.

Corollary 6.2. For m,n ≥ 1 we have

an(m) = am(n).

From now on we assume that χ is completely multiplicative, i.e. χ(a1a2) = χ(a1)χ(a2) if

a1, a2 ∈ Z.

Theorem 6.2. For any m,n ≥ 1 we have

TmTn =
∑

d|gcd(m,n)

χ(d)dk−1Tmnd−2 .

Proof. We have

mnTmTn =
∑

a1d1=m

∑
b1 (mod d1)

χ(a1)a
k
1

a1 b1

0 d1

 ∑
a2d2=n

∑
b2 (mod d2)

χ(a2)a
k
2

a2 b2

0 d2


=

∑
a1d1=m
a2d2=n

χ(a1a2)(a1a2)
k

∑
b1 (mod d1)

b2 (mod d2)

a1a2 a1b2 + b1d2

0 d1d2

 .
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Let a1b2 + b1d2 = b, δ = gcd(a1, d2). Then a1 = a′1δ and d2 = d′2δ with gcd(a′1, d
′
2) = 1. Also

let b′ = a′1b2 + b1d
′
2, then b = δb′. Moreover set a′1a2 = a and d1d

′
2 = d, then χ(a1a2)(a1a2)

k =

χ(δ)χ(a)δkak and a1a2 a1b2 + b1d2

0 d1d2

 =

δa δb′

0 δd

 =

a b′

0 d

 .

Since δ = gcd(a1, d2) and a1 | m, d2 | n, it follows that δ | gcd(m,n). Moreover ad = mn/δ2.

We claim, ∑
a1d1=m

∑
a2d2=n

=
∑

δ|gcd(m,n)

∑
ad=mn/δ2

.

From above discussion, given (a1, a2, d1, d2) we obtain (δ, a, d) satisfying δ | gcd(m,n) and

ad = mn/δ2. For the converse, fix δ | gcd(m,n) and ad = mn/δ2, let d1 = gcd(m/δ, d), a′1 =

m/(δd1), d
′
2 = d/d1 and a2 = n/(δd′2), then gcd(a′1, d

′
2) = 1 and a1d1 = m, a2d2 = n. Next, we

claim, ∑
b1 (mod d1)

∑
b2 (mod d2)

=
∑

b′ (mod d) δ times

.

Indeed, b2 (mod d2) implies that b2 (mod d′2) δ times. From gcd(a′1, d
′
2) = 1, we have a′1b2

(mod d′2) δ times. When b1 (mod d1) and x (mod d′2), x+ b1d
′
2 (mod d1d

′
2) since every integer

0, · · · , d1d′2 − 1 can be uniquely written as x + b1d
′
2 where 0 ≤ x < d′2 and 0 ≤ b1 < d1. So b′

(mod d1d
′
2) δ times. Renaming b′ as b, we obtain,

mnTmTn =
∑

δ|gcd(m,n)

∑
ad=mn/δ2

χ(δ)χ(a)δkak · δ
∑

b (mod d)

a b

0 d


=

∑
δ|gcd(m,n)

χ(δ)δk+1
∑

ad=mn/δ2

χ(a)ak
∑

b (mod d)

a b

0 d

 .

Note that

mnδ−2Tmnδ−2 =
∑

ad=mnδ−2

χ(a)ak
∑

b (mod d)

a b

0 d

 ,

we conclude

TmTn =
∑

δ|gcd(m,n)

χ(δ)δk−1Tmnδ−2 .

Corollary 6.3. The Hecke operators commute:

TmTn = TnTm.
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Now

Tm/dTn/d =
∑

r|gcd(m/d,n/d)

χ(r)rk−1Tmn/(dr)2 .

It follows that∑
d|gcd(m,n)

µ(d)χ(d)dk−1Tm/dTn/d =
∑

d|gcd(m,n)

µ(d)χ(d)dk−1
∑

r|gcd(m/d,n/d)

χ(r)rk−1Tmn/(dr)2

=
∑

d|gcd(m,n)

∑
r|gcd(m/d,n/d)

µ(d)χ(dr)(dr)k−1Tmn/(dr)2 .

From µ ∗ u = I, for fixed dr, ∑
d|dr

µ(d) =

1 if dr = 1,

0 if dr > 1.

It follows that ∑
d|gcd(m,n)

∑
r|gcd(m/d,n/d)

µ(d)χ(dr)(dr)k−1Tmn/(dr)2 = Tmn.

That is,

Tmn =
∑

d|gcd(m,n)

µ(d)χ(d)dk−1Tm/dTn/d.

Hence in particular gcd(m,n) = 1, Tmn = TmTn. Now take m = pν and n = p, from gcd(pν , p) =

p we obtain

Tpνp = µ(1)χ(1)1k−1TpνTp + µ(p)χ(p)pk−1Tpν/pTp/p,

that is,

Tpν+1 = TpνTp − χ(p)pk−1Tpν−1 .

Since Hecke operators commute,

Tpν+1 = TpTpν − χ(p)pk−1Tpν−1 .

Immediately,

(
1− TpX + χ(p)pk−1X2

)( ∞∑
ν=0

TpνX
ν

)
=

∞∑
ν=0

TpνX
ν−

∞∑
ν=0

TpTpνX
ν+1+

∞∑
ν=0

χ(p)pk−1TpνX
ν+2 = 1,

so
∞∑
ν=0

TpνX
ν =

(
1− TpX + χ(p)pk−1X2

)−1
.

In particular take X = p−s,

∞∑
ν=0

Tpνp
−νs =

(
1− Tpp

−s + χ(p)pk−1−2s
)−1

.
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When χ = 1,

Tpν+1 = TpTpν − pk−1Tpν−1 .

We prove

pν(1−k)/2Tpν = Uν

(
p(1−k)/2Tp

)
by induction. For ν = 0, 1, the assertion holds clearly. Now assume the assertion holds for ν and

ν − 1, from

Uν+1(x) = xUν(x)− Uν−1(x),

set x = p(1−k)/2Tp we obtain

Uν+1

(
p(1−k)/2Tp

)
= p(1−k)/2Tp · Uν

(
p(1−k)/2Tp

)
− Uν−1

(
p(1−k)/2Tp

)
= p(1−k)/2Tp · pν(1−k)/2Tpν − p(ν−1)(1−k)/2Tpν−1

= p(ν+1)(1−k)/2Tpν+1 .

We’re done.

Let T denote the algebra over C generated by all Tn (called the Hecke algebra). By the

above properties we conclude that T is a commutative algebra generated by the operators Tp for

primes p.

6.4 The Hecke operators for the modular group

Next we consider the Hecke operators Tn on the linear space Mk(Γ) of modular forms of weight

k, where Γ = SL2(Z). Then f|−I = f implies that (−1)kf = f , we assume that k is an even

integer. Since f ∈ Mk(Γ), for τ ∈ Γ we have f|τ = f , it follows that f|τρ = (f|τ )|ρ = f|ρ.

Consequently,

Tnf = nk/2−1
∑

ρ∈Γ\Gn

f|ρ.

Theorem 6.3. The Hecke operator Tn maps a modular form to a modular form and a cusp

form to a cusp form:

Tn : Mk(Γ) −→ Mk(Γ),

Tn : Sk(Γ) −→ Sk(Γ).
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Proof. By the correspondence ρτ = τ ′ρ′, we have

(Tnf)|τ =

nk/2−1
∑
ρ∈∆n

f|ρ


|τ

= nk/2−1
∑
ρ∈∆n

(f|ρ)|τ

= nk/2−1
∑
ρ∈∆n

f|ρτ

= nk/2−1
∑
ρ′∈∆n

f|τ ′ρ′

= nk/2−1
∑
ρ′∈∆n

(f|τ ′)|ρ′

= nk/2−1
∑
ρ′∈∆n

f|ρ′

= Tnf.

So Tnf satisfies the modular transformation law. Clearly f|ρ is holomorphic for every ρ, so Tnf

holomorphic. Thanks to Proposition 6.1, Tnf is holomorphic at every cusp.

If f is a cusp form, the Fourier coefficients of Tnf is given by an(0) = σk−1(n)a(0) = 0, so

Tnf is a cusp form.

Recall that Sk(Γ) is spanned by {Pm}m≥1 when k > 2, where

Pm(z) =
∑

τ∈Γ∞\Γ

jτ (z)
−ke(mτz).

Therefore TnPm is a linear combination of various Poincaré series (not unique).

Theorem 6.4. For k > 2, m ≥ 0 and n ≥ 1 we have

TnPm =
∑

d|gcd(m,n)

(n/d)k−1Pmnd−2 .

Proof. We have

Pm(z) =
∑

τ∈Γ∞\Γ

jτ (z)
−ke(mτz) =

∑
τ∈Γ∞\Γ

(
e(m)|τ

)
(z),

it follows that

TnPm(z) = nk/2−1
∑
ρ∈∆n

 ∑
τ∈Γ∞\Γ

e(m)|τ


|ρ

= nk/2−1
∑
ρ∈∆n

∑
τ∈Γ∞\Γ

e(m)|τρ.
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Let H be any set of right representatives of Γ∞\Γ, G be any set of right representatives of Γ\Gn
(note that one can choose G = ∆n). Then H∆n is a set of right coset representative of Γ∞\Gn,

Gn =
⋃
ρ∈∆n

Γρ =
⋃
ρ∈∆n

⋃
τ∈H

Γ∞τρ.

Moreover ∆nH is a set of right coset representative of Γ∞\Gn (This claim will be proved later).

Hence

TnPm(z) = nk/2−1
∑
ρ∈∆n

∑
τ∈H

jρτ (z)
−ke(mρτz)

= nk/2−1
∑
ad=n

∑
b (mod d)

∑
τ∈H

(jρ(τz)jτ (z))
−k
e(mρτz).

From

jρ(τz) = d, where ρ =

a b

0 d

 ,

we have

TnPm(z) = nk−1
∑
ad=n

∑
τ∈H

d−kjτ (z)
−ke

(
m
aτz

d

) ∑
b (mod d)

e

(
m
b

d

)
= nk−1

∑
ad=n (mod d)|m

d1−k
∑
τ∈H

jτ (z)
−ke

(am
d
τz
)

=
∑

d|gcd(m,n)

(n
d

)k−1 ∑
τ∈H

jτ (z)
−ke

(nm
d2

τz
)

=
∑

d|gcd(m,n)

(n
d

)k−1

Pmnd−2(z).

Now we prove: ∆nH is a set of right coset representative of Γ∞\Gn. Let

ρ1 =

a1 b1

0 d1

 , ρ2 =

a2 b2

0 d2

 ∈ ∆n

and τ1, τ2 ∈ H. Assume ρ1τ1 ∈ Γ∞ρ2τ2, it follows that for some u ∈ Z,

ρ1τ1 =

1 u

0 1

a2 b2

0 d2

 τ2 =

a2 b2 + ud2

0 d2

 τ2.

Therefore
1

n

d2 −b2 − ud2

0 a2

a1 b1

0 d1

 = τ2τ
−1
1 ∈ SL2(Z).
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That is,

LHS =

 1
a2

−b2−ud2
n

0 1
d2

a1 b1

0 d1

 =

a1
a2

b1
a2

− d1(b2+ud2)
n

0 d1
d2

 ∈ SL2(Z).

So a2 | a1, d2 | d1. By a1d1 = a2d2 = n and a1a2 > 0, we obtain a1 = a2 = a and d1 = d2 = d.

Now a1
a2

b1−b2−ud
a

0 d1
d2

 ∈ Γ∞,

so τ2τ−1
1 ∈ Γ∞, and so τ1 ∼ τ2, we have τ1 = τ2 since τ1, τ2 ∈ H. Consequently,a b1

0 d

 =

a b2 + ud

0 d

 .

By 0 ≤ b1 < d, we have 0 ≤ b2 + ud2 < d, b1 = b2 and u = 0. So for different pair (ρ1, τ1) ̸=

(ρ2, τ2), ρ1τ1 /∈ Γ∞ρ2τ2. Now we prove for arbitrary τ ∈ H and ρ ∈ ∆n, there exists τ ′ ∈ H and

ρ′ ∈ ∆n such that τρ ∈ Γ∞ρ
′τ ′. We have τρ = ρ0τ0, where

ρ0 =

a0 b0

0 d0

 ,

where a0d0 = n (not necessarily 0 ≤ b0 < d0) and τ0 ∈ SL2(Z). Let τ0 = γ∞τ
′, where γ∞ ∈ Γ∞

and τ ′ ∈ H since τ0 ∈ Γ = SL2(Z). Assume that

τρ = (ρ0γ∞)τ ′ =

a0 b′

0 d0

 τ ′

for some b′, there exists v makes 0 ≤ b′′ := b′ − vd0 < d0. Therefore

τρ =

1 v

0 1

a0 b′′

0 d0

 τ ′ ∈ Γ∞ρ
′τ ′.

We’re done.

For m = 0 we get the Eisenstein series

Ek(z) =
∑

τ∈Γ∞\Γ

jτ (z)
−k =

1

2

∑
gcd(c,d)=1

(cz + d)−k.

Then

TnEk =
∑
d|n

(n
d

)k−1

Ek = σk−1(n)Ek.

Ek is an eigenfunction of all the Hecke operators Tn with eigenvalue σk−1(n).
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Corollary 6.4. For m,n ≥ 1 we have

mk−1TnPm = nk−1TmPn.

Proof. We have

mk−1TnPm = mk−1
∑

d|gcd(m,n)

(n/d)k−1Pmnd−2

= nk−1
∑

d|gcd(m,n)

(m/d)k−1Pmnd−2

= nk−1TmPn.

Recall that Theorem 3.1

⟨f, Pm⟩ = Γ(k − 1)

(4πm)k−1
f̂(m).

Then

⟨Tnf, Pm⟩ = Γ(k − 1)

(4πm)k−1
an(m),

⟨Tmf, Pn⟩ =
Γ(k − 1)

(4πn)k−1
am(n).

Proposition 6.2. For m,n ≥ 1 and f ∈ Mk(Γ) we have

mk−1 ⟨Tnf, Pm⟩ = nk−1 ⟨Tmf, Pn⟩ .

Let S be a finite dimensional Hilbert space over C. Any linear operator T : S → S has the

adjoint operator T ∗ : S → S defined by

⟨Tf, g⟩ = ⟨f, T ∗g⟩ .

T is said to be normal if it commutes with T ∗. If T = T ∗ then T is said to be self-adjoint.

Theorem 6.5. The Hecke operators Tn acting on the space of cusp forms for the modular group

are self-adjoint, i.e.

⟨Tnf, g⟩ = ⟨f, Tng⟩ for all f, g ∈ Sk(Γ).

Proof. Sk(Γ) is spanned by the Poincaré series, so it is enough to prove ⟨TnPm, Pℓ⟩ = ⟨Pm, TnPℓ⟩.

Thanks to Proposition 6.2 and Corollary 6.4,

⟨TnPm, Pℓ⟩ =
nk−1

ℓk−1
⟨TℓPm, Pn⟩ =

nk−1

ℓk−1

ℓk−1

mk−1
⟨TmPℓ, Pn⟩ =

nk−1

ℓk−1

ℓk−1

mk−1

mk−1

nk−1
⟨TnPℓ, Pm⟩ = ⟨TnPℓ, Pm⟩ .
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On the other hand, note that the Fourier coefficients of Poincaré series, and so the inner prod-

ucts, are real, we have ⟨TnPℓ, Pm⟩ = ⟨Pm, TnPℓ⟩. Immediately we conclude that ⟨TnPm, Pℓ⟩ =

⟨Pm, TnPℓ⟩.

Proposition 6.3. Let S be a finite dimensional Hilbert space over C and let T be a commuting

family of normal operators T : S → S. Then there exists an orthonormal basis F of S which

consists of common eigenfunctions of all the operators in T .

Theorem 6.6 (Hecke). the space Sk(Γ) of cusp forms for the modular group there exists an

orthonormal basis F which consists of eigenfunctions of all the Hecke operators Tn.

Proof. Applying Proposition 6.3 by S = Sk(Γ) and T = {Tn}. Recall the commutativity of

Hecke operators has been proved in Corollary 6.3.

Let f ∈ Sk(Γ) be a Hecke eigenform,

Tnf = λ(n)f for n = 1, 2, 3, · · ·

Suppose f has Fourier expansion

f(z) =

∞∑
m=1

a(m)e(mz).

Recall Proposition 6.1,

an(m) =
∑

d|gcd(n,m)

dk−1a
(mn
d2

)
.

The m-th Fourier coefficient of Tnf is ∑
d|gcd(n,m)

dk−1a
(mn
d2

)
,

and the m-th Fourier coefficient of λ(n)f is

λ(n)a(m),

we obtain

λ(n)a(m) =
∑

d|gcd(n,m)

dk−1a
(mn
d2

)
.

For m = 1 gives

a(n) = λ(n)a(1).

Hence a(1) ̸= 0, as otherwise f would vanish identically. Therefore the Fourier coefficients of a

Hecke cusp form are proportional to the eigenvalues of the Hecke operators.

111



As an example, consider the space S12(Γ), which is one-dimensionally spanned by ∆(z);

therefore ∆(z) is automatically a simultaneous eigenfunction of all the Hecke operators, namely

Tn∆(z) = τ(n)∆(z),

where τ(n) is the Ramanujan function.

6.5 The Hecke operators with a character

Let

Γ0(q) =


α β

γ δ

 ∈ Γ : γ ≡ 0 (mod q)


be the Hecke congruence subgroup, and χ be a Dirichlet character modulo q. It follows that

Tnf = nk/2−1
∑
ρ∈∆n

χ(ρ)f|ρ = nk/2−1
∑
ρ∈∆q

n

χ(ρ)f|ρ,

where

∆q
n =


a b

0 d

 ∈ ∆n : gcd(a, q) = 1

 .

Recall given

ρ =

a b

0 d

 ∈ ∆q
n, τ =

α β

γ δ

 ∈ Γ0(q),

there exists

ρ′ =

a′ b′

0 d′

 ∈ ∆n, τ ′ =

α′ β′

γ′ δ′

 ∈ SL2(Z)

such that ρτ = τ ′ρ′. It follows thatαa+ γb ∗

γd δd

 =

α′a′ ∗

γ′a′ γ′b′ + δ′d′

 .

We have a′ = gcd(αa + γb, γd) and γ′ = γd/ gcd(αa + γb, γd). Since γ ≡ 0 (mod q), we have

q | γd. On the other hand αa + γb ≡ αa (mod q). From αδ ≡ 1 (mod q), gcd(α, q) = 1,

combining with gcd(a, q) = 1 get gcd(aα, q) = 1. Hence gcd(αa + γb, q) = 1. It follows that

gcd(gcd(αa + γb, γd), q) = 1. We have q | γ′. Now α′δ′ − β′γ′ = 1 implies α′δ′ ≡ 1 (mod q),

then gcd(α′, q) = 1. Since α′a′ ≡ αa (mod q), we have gcd(a′, q) = 1. That is, ρ′ ∈ ∆q
n and

τ ′ ∈ Γ0(q). Moreover, αa ≡ α′a′ (mod q) implies that χ(ρ)χ(τ) = χ(τ ′)χ(ρ′) if ρτ = τ ′ρ′ for

(ρ, τ) ∈ ∆q
n × Γ0(q).

As before we require that the character χ (mod q) satisfies the consistency condition χ(−1) =

(−1)k; otherwise Mk(Γ0(q), χ) = 0.
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Theorem 6.7. The Hecke operator Tn = Tχn maps automorphic forms to automorphic forms

and cusp forms to cusp forms:

Tn : Mk(Γ0(q), χ) −→ Mk(Γ0(q), χ),

Tn : Sk(Γ0(q), χ) −→ Sk(Γ0(q), χ).

Proof. By the correspondence ρτ = τ ′ρ′, we have

(Tnf)|τ =

nk/2−1
∑
ρ∈∆q

n

χ(ρ)f|ρ


|τ

= nk/2−1
∑
ρ∈∆q

n

χ(ρ)f|ρτ

= nk/2−1
∑
ρ′∈∆q

n

χ(ρ)f|τ ′ρ′

= nk/2−1
∑
ρ′∈∆q

n

χ(ρ)χ(τ ′)f|ρ′

= nk/2−1
∑
ρ′∈∆q

n

χ(τ)χ(ρ′)f|ρ′

= χ(τ)(Tnf).

So Tnf satisfies the modular transformation law. Clearly f|ρ is holomorphic for every ρ, so Tnf

holomorphic. Thanks to Proposition 6.1, Tnf is holomorphic at every cusp.

Now assume f admits Fourier expansion

f(z) =
∑
m≥0

a(m)e(mz).

We have

Tnf(z) = nk/2−1
∑
ρ∈∆q

n

χ(ρ)

∑
m≥0

a(m)e(mz)


|ρ

= nk/2−1
∑
ad=n

gcd(a,q)=1

∑
b (mod d)

χ(a)nk/2d−k
∑
m≥0

a(m)e

(
m
az + b

d

)

=
∑
ad=n

gcd(a,q)=1

χ(a)nk−1d−k
∑
m≥0

a(m)

 ∑
b (mod d)

e

(
mb

d

) e
(ma
d
z
)

=
∑
ad=n

gcd(a,q)=1,d|m

χ(a)nk−1d1−k
∑
m≥0

a(m)e
(ma
d
z
)
.
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Let m = dℓ, then

Tnf(z) =
∑
ad=n

gcd(a,q)=1

χ(a)nk−1d1−k
∑
ℓ≥0

a(dℓ)e(aℓz).

Therefore

an(0) =
∑
ad=n

gcd(a,q)=1

χ(a)nk−1d1−ka(0) = a(0)
∑
ad=n

gcd(a,q)=1

χ(a)ak−1.

Consequently a(0) = 0 implies that an(0) = 0. Tn sends a cusp form to a cusp form.

By definition,

Tpf = pk/2−1
∑
ρ∈∆q

p

χ(ρ)f|ρ.

Given

ρ =

a b

0 d

 ∈ ∆q
p,

we have ad = p and a > 0, which implies that (a, d) = (1, p) or (p, 1). If

ρ =

1 b

0 p

 ,

then χ(ρ) = 1, and

f|ρ(z) = p−k/2f

(
z + b

p

)
.

If

ρ =

p b

0 1

 ,

we have

f|ρ(z) = pk/2f(pz).

Consequently,

Tp =
1

p

∑
b (mod p)

1 b

0 p

+ χ(p)pk−1

p 0

0 1

 .

If p | q, this expression reduces to

Tp =
1

p

∑
b (mod p)

1 b

0 p

 .

Moreover from Theorem 6.2, we have

Tpν = (Tp)
ν if p | q.
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Theorem 6.8. Suppose k > 2 and χ(−1) = (−1)k. For all m ≥ 0 and n ≥ 1 we have

TnPm =
∑

d|gcd(m,n)

χ
(n
d

)(n
d

)k−1

Pmnd−2 .

For m = 0 we see that the Eisenstein series

Ek(z) =
∑

τ∈Γ∞\Γ0(q)

χ(τ)jτ (z)
−k

is an eigenfunction of all Tn with eigenvalue

σk−1(n, χ) =
∑
d|n

χ(d)dk−1.

If n | q∞, then χ(n/d) = 0 unless n = d. So TnPm vanishes unless n | m, in which case

TnPm = Pm/n. If gcd(n, q) = 1, we can write

TnPm = χ(n)nk−1
∑

d|gcd(m,n)

χ(d)d1−kPmnd−2 .

Hence

Corollary 6.5. If m,n ≥ 1 and gcd(mn, q) = 1, then

χ(m)mk−1TnPm = χ(n)nk−1TmPn.

Our next aim is to find the adjoint of Tn. We use the concept of absolute inner product.

Recall that

(f, g)(z) = ykf(z)g(z)dµz.

Let ϑ be a multiplier system of weight k for a group Γ (here Γ is arbitrary). If f, g ∈ Sk(Γ, ϑ),

then (f, g)(z) is a Γ-invariant measure, and the inner product is just the volume of a fundamental

domain for this measure,

⟨f, g⟩ =
∫
Γ\H

(f, g)(z).

Given

σ =

a b

c d

 ∈ GL+
2 (R),

we have

(f|σ, g|σ)(z) =
(
(detσ)k/2(cz + d)−kf(σz), (detσ)k/2(cz + d)−kg(σz)

)
= yk(detσ)k|cz + d|−2kf(σz)g(σz)dµz.
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From

Im(σz) =
detσ · y
|cz + d|2

,

and dµ(σz) = dµz, we obtain

(f|σ, g|σ)(z) = Im(σz)kf(σz)g(σz)dµ(σz) = (f, g)(σz).

Therefore, if D ⊂ H is measurable, then∫
D

(f|σ, g|σ)(z) =

∫
D

(f, g)(σz) =

∫
σD

(f, g)(z)

by replacing σz 7→ z. For any subgroup Γ′ ⊂ Γ of finite index, we have

⟨f, g⟩ = 1

[Γ : Γ′]

∫
Γ′\H

(f, g)(z).

For computational convenience we wish to have Γ′ sufficiently small so that the multiplier

ϑ : Γ → C becomes trivial on Γ′, i.e., f, g ∈ Sk(Γ′). This is certainly possible if Γ is a congruence

group and ϑ is a character (take Kerϑ = {γ ∈ Γ : ϑ(γ) = 1}). Furthermore, for any given

σ ∈ GL+
2 (Q) one can choose Γ′ small enough, but of finite index, such that the σ-slash operator

maps Sk(Γ, ϑ) into Sk(Γ′), i.e.,

f|σ ∈ Sk(Γ′) if f ∈ Sk(Γ, ϑ).

Say precisely, for σ ∈ GL+
2 (Q) and γ ∈ Γ′ we have

(
f|σ
)
|γ = f|σγ =

(
f|σγσ−1

)
|σ .

Hence if we have σγσ−1 ∈ Γ and ϑ(σγσ−1) = 1, then f|σγσ−1 = ϑ(σγσ−1)f = f . That is,(
f|σ
)
|γ = f|σ, f|σ is invariant under the action of Γ′-slash operators. Thus we can choose

Γ′ ⊂ σ−1 (Γ ∩Kerϑ)σ.

For example, recall that

Γ(q) =

γ ∈ SL2(Z) : γ ≡

1 0

0 1

 (mod q)


is the principal congruence subgroup. If σ ∈ Gn and Γ = Γ0(q), then Γ′ = Γ(nq) is the group

to take. Indeed the Dirichlet character is trivial on Γ(q). Take arbitrary γ ∈ Γ(nq), write

γ = I + nqA where A ∈M2(Z). Since σ ∈ Gn, we have σ−1 = 1/n adj(σ), then

σγσ−1 = σ(I + nqA)σ−1 = I + q(σA adj(σ)).
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That is, σγσ−1 ∈ Γ(q) ⊂ Γ0(q). Consequently(
f|σ
)
|γ = f|σγ =

(
f|σγσ−1

)
|σ = ϑ(σγσ−1)f|σ = f|σ,

which implies that f|σ ∈ Sk(Γ(nq)).

Proposition 6.4. Let Γ be a congruence group and σ ∈ GL+
2 (Q). Then the σ-slash operator is

an isometry of Sk(Γ, ϑ) with respect to the absolute inner product, i.e.,〈
f|σ, g|σ

〉
= ⟨f, g⟩ for all f, g ∈ Sk(Γ, ϑ)

Proof. Let Γ′ be a sufficiently small subgroup of Γ of finite index such that f|σ ∈ Sk(Γ′) if

f ∈ Sk(Γ, ϑ), and let D′ ⊂ H denote the fundamental domain of Γ′. Then〈
f|σ, g|σ

〉
=

∫
Γ\H

(f|σ, g|σ)(z)

= [Γ : Γ′]−1

∫
Γ′\H

(f|σ, g|σ)(z)

= [Γ : Γ′]−1

∫
D′
(f, g)(σz).

Now we claim: σD′ is the fundamental domian for the conjugate group Γ′′ = σΓ′σ−1. Note

that Γz =
(
σΓσ−1

)
(σz). Given w ∈ H and let z = σ−1w, since D′ is the fundamental domain

of Γ′, there exists γ ∈ Γ′ such that γz ∈ D′. It follows that
(
σγσ−1

)
(σw) = σ(γz) ∈ σD′. So

every orbit of Γ′′ admits a representative in σD′. If w1, w2 ∈ σD′ belongs to the same Γ′′-orbit,

there exists δ ∈ Γ′ with w2 = σδσ−1w1. Write w1 = σz1 and w2 = σz2, we obtain z2 = δz1,

which implies that z1 = z2, so w1 = w2.

Choose Γ′ small enough that Γ′′ ⊂ Γ, from vol(σD′) = vol(D′)

[Γ : Γ′′] =
vol(Γ′′\H)

vol(Γ\H)
=

vol(Γ′\H)

vol(Γ\H)
= [Γ : Γ′].

Hence 〈
f|σ, g|σ

〉
= [Γ : Γ′]−1

∫
σD′

(f, g)(z)

= [Γ : Γ′′]−1

∫
σD′

(f, g)(z)

= ⟨f, g⟩ .

Replace g by g|σ−1 we obtain 〈
f|σ, g

〉
=
〈
f, g|σ−1

〉
.
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Let σσ′ = det(σ)I, g|σ−1 = g|(detσ)σ−1 = g|σ′ , which yields〈
f|σ, g

〉
=
〈
f, g|σ′

〉
.

Theorem 6.9. If gcd(n, q) = 1 and f, g ∈ Sk(Γ0(q), χ), then

⟨Tnf, g⟩ = χ(n) ⟨f, Tng⟩ .

In other words, the adjoint of Tn is T ∗
n = χ(n)Tn; thus Tn is normal while χ(n)

1/2
Tn is self-

adjoint.

Proof. Given

ρ =

a b

0 d

 ∈ ∆q
n,

we have ad = n, then a | n. By assumption gcd(n, q) = 1, so gcd(a, q) = 1. Therefore ∆q
n = ∆n.

Consequently

⟨Tnf, g⟩ =

〈
nk/2−1

∑
ρ∈∆q

n

χ(ρ)f|ρ, g

〉

= nk/2−1
∑
ρ∈∆n

〈
χ(ρ)f|ρ, g

〉
= nk/2−1

∑
ρ∈∆n

〈
χ(n)χ(ρ′)f, g|ρ′

〉
= nk/2−1

∑
ρ∈∆n

χ(n)
〈
f, χ(ρ′)g|ρ′

〉
where ρρ′ = nI. For any τ, τ ′ ∈ Γ0(q), set ρ′′ = τ ′ρ′τ−1, then

χ(τ ′)g|ρ′ = (g|τ ′)|ρ′ = g|τ ′ρ′ = g|ρ′′τ = (g|ρ′′)|τ = χ(τ)g|ρ′′ ,

it follows that g|ρ′ = χ(τ)χ(τ ′)g|ρ′′ . On the other hand χ(ρ′′)χ(τ) = χ(τ ′)χ(ρ′) implies that

χ(ρ′)χ(τ)χ(τ ′) = χ(ρ′′), so χ(ρ′)g|ρ′ = χ(ρ′′)g|ρ′′ . Therefore,〈
f, χ(ρ′)g|ρ′

〉
=
〈
f, χ(ρ′′)g|ρ′′

〉
.

If ρ′′ = ρ,

⟨Tnf, g⟩ = nk/2−1
∑
ρ∈∆n

χ(n)
〈
f, χ(ρ)g|ρ

〉
= χ(n) ⟨f, Tng⟩ .

We need to construct τ, τ ′ ∈ Γ0(q) such that ρ = ρ′′ = τ ′ρ′τ−1. Let

τ =

α β

q δ

 , τ ′ =

α′ β′

q δ′

 .
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Then ρ′′ = τ ′ρ′τ−1 iff a b

0 d

α β

q δ

 =

α′ β′

q δ′

d −b

0 a

 ,

that is, aα+ bq aβ + bδ

dq dδ

 =

α′d −bα′ + aβ′

dq −bq + aδ′

 .

From det τ = det τ ′ = 1, only need to determine α, δ, α′, δ′. From above equation, aα+ bq = α′d

implies that α′ = (aα + bq)/d, dδ = −bq + aδ′ implies that δ′ = (dδ + bq)/a. Moreover we

need αδ ≡ 1 (mod q) and α′δ′ = n−1(adαδ + bq(aα + dδ + bq)) = αδ + bq(aα + dδ + bq)/n ≡ 1

(mod q). Note that if αδ ≡ 1 (mod q) and (aα + dδ + bq)/n ∈ Z holds, then immediately we

obtain α′δ′ ≡ 1 (mod q). Consequently, we want

aα+ dδ + bq ≡ 0 (mod n),

aα+ bq ≡ 0 (mod d),

dδ + bq ≡ 0 (mod a),

αδ ≡ 1 (mod q).

Moreover a, d | n, so aα+dδ+ bq ≡ 0 (mod n) implies that aα+ bq ≡ 0 (mod d) and dδ+ bq ≡ 0

(mod a). So these conditions hold iffaα+ dδ + bq ≡ 0 (mod n),

αδ ≡ 1 (mod q).

If n is square-free, ad = n implies that gcd(a, d) = 1. So there exists α, δ′ ∈ Z such that

aα+dδ′ = −bq. Note that all the solutions has the form α = α0+ td, since gcd(d, q) = 1, we can

choose t ≡ d−1(1 − α0) (mod q) such that α ≡ 1 (mod q), i.e., α is invertible modulo q. Since

gcd(n, q) = 1, from the Chinese Remainder Theorem, one can find δ satisfyingδ ≡ δ′ (mod n),

δ ≡ α−1 (mod q).

Therefore, aα+ dδ + bq ≡ 0 (mod n),

αδ ≡ 1 (mod q).
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If n is not square-free, the algebra of Hecke operators is commutative and generated by Tp. We

use induction to prove T ∗
pr = χ(pr)Tpr . Assume the assertion holds for r − 2 and r − 1. Since

Tpr = TpTpr−1 − χ(p)pk−1Tpr−2 ,

we have

(Tpr )
∗ = (TpTpr−1)∗ −

(
χ(p)pk−1Tpr−2

)∗
= T ∗

pr−1T ∗
p − χ(p)pk−1T ∗

pr−2

= χ(pr)Tpr−1Tp − χ(pr−1)pk−1Tpr−2

= χ(pr)
(
Tpr−1Tp − χ(p)pk−1Tpr−2

)
= χ(pr)Tpr .

Now let n = pr11 · · · prnn , then Tn = Tpr11 · · ·Tprnn , so T ∗
n = T ∗

p
r1
1
· · ·T ∗

prnn
, we finish the proof.

Theorem 6.10. In Sk(Γ0(q), χ), there exists an orthonormal basis F which consists of eigen-

functions of all the Hecke operators Tn with gcd(n, q) = 1.

Proof. Clearly from Corllary 6.3, Proposition 6.3 and Theorem 6.9.

Set gcd(n, q) = 1. If Tnf = λf (n)f , then

λf (n) ⟨f, f⟩ = ⟨λf (n)f, f⟩ = ⟨Tnf, f⟩ = χ(n) ⟨f, Tnf⟩ = χ(n) ⟨f, λf (n)f⟩ = χ(n)λf (n) ⟨f, f⟩ .

That is,

λf (n) = χ(n)λf (n).

6.6 An overview of newforms

Let f ∈ Sk(Γ0(q), χ) be a Hecke eigencuspform, i.e., a cuspform which is a common eigenfunction

of all Tn with gcd(n, q) = 1. Say

Tnf = λ(n)f if gcd(n, q) = 1.

Suppose f has the Fourier expansion

f(z) =

∞∑
m=1

a(m)e(mz).
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Recall that the m-th Fourier coefficient of Tnf satisfies

an(m) =
∑

d|gcd(m,n)

χ(d)dk−1a
(mn
d2

)
, gcd(n, q) = 1.

Hence,

λ(n)a(m) =
∑

d|gcd(m,n)

χ(d)dk−1a
(mn
d2

)
, gcd(n, q) = 1.

Let m = 1,

λ(n)a(1) = a(n), gcd(n, q) = 1.

However, we cannot deduce that a(1) ̸= 0, because the condition gcd(n, q) = 1 does not allow us

to control all the coefficients a(m). In fact there exist Hecke eigencuspforms f ̸= 0 with a(1) = 0.

One can consider

∆(z) =

∞∑
n=1

τ(n)e(nz),

it follows that

∆(2z) =

∞∑
n=1

τ(n)e(2nz) =

∞∑
m=1

a(m)e(mz),

where

a(m) =

τ(m/2) if 2 | m,

0 if 2 ∤ m.

In particular a(1) = 0.

Let q∗ denote the conductor of χ. Take any positive integers q′, d such that q∗ | q′ and q′d | q.

Let χ′ (mod q′) be the character induced by χ. Then

f(z) ∈ Sk(Γ0(q
′), χ′) =⇒ f(dz) ∈ Sk(Γ0(q), χ).

More precisely, let

σd =

d 0

0 1

 ,

then g(z) := f(dz) = f(σdz). Note thatd 0

0 1

α β

γ δ

 =

 α βd

γ/d δ

d 0

0 1

 ,

and let

τ =

α β

γ δ

 ∈ Γ0(q), τ ′ =

 α βd

γ/d δ

 ∈ Γ0(q
′).
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It follows that

dk/2g|τ = (f|σd
)|τ = fτ ′σd

= (f|τ ′)|σd
= χ′(τ ′)f|σd

= χ(τ)f|σd
= χ(τ)dk/2g.

Since z 7→ dz is holomorphic, g(z) is holomorphic on H. Moreover, if

f(z) =

∞∑
n=1

a(m)e(mz),

then

f(dz) =

∞∑
m=1

a(m)e(mdz) =
∑

m≡0 (mod d)

a
(m
d

)
e(mz),

which implies that f(dz) has the first Fourier coefficient zero if d ̸= 1.

We denote by S♭k(Γ0(q), χ), the linear subspace of Sk(Γ0(q), χ) spanned by all forms of type

f(dz) where d | q and f ∈ Sk(Γ0(q
′), χ′) for some q′ < q such that q′d | q. Here χ′ (mod q′) is

the character which is induced by χ (mod q). Then we define S♯k(Γ0(q), χ) the linear subspace

of Sk(Γ0(q), χ) orthogonal to S♭k(Γ0(q), χ) with respect to the inner product. Thus we have the

orthogonal decomposition

Sk(Γ0(q), χ) = S♭k(Γ0(q), χ)⊕ S♯k(Γ0(q), χ).

Proposition 6.5. The subspace S♭k,S
♯
k are stable under the Hecke operators with gcd(n, q) = 1.

Proof. For S♭k, let g(z) = f(dz) = d
−k/2
0 f|σd0

(z), where f ∈ Sk(Γ0(q
′), χ′), q′d0 | q and

σd0 =

d0 0

0 1

 .

Then

Tn

(
f|σd0

)
= nk/2−1

∑
ρ∈∆n

χ(ρ)
(
f|σd0

)
|ρ

= nk/2−1
∑
ad=n

∑
b (mod d)

χ(a)f∣∣∣σd0

(
a b
0 d

)

= nk/2−1
∑
ad=n

∑
b (mod d)

χ(a)f∣∣∣( a d0b
0 d

)
σd0

.

Since d0 | q, d | n and gcd(n, q) = 1, we have gcd(d0, d) = 1, so d0b (mod d) as b (mod d). Hence

Tn

(
f|σd0

)
= (Tnf)|σd0

. From f ∈ Sk(Γ0(q
′), χ′), we have Tnf ∈ Sk(Γ0(q

′), χ′). Thus

Tng = Tn

(
d
−k/2
0 f|σd0

)
= d

−k/2
0 Tn

(
f|σd0

)
= d

−k/2
0 (Tnf)|σd0

= (Tnf)(d0z).
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For arbitrary g ∈ S♭k, g =
∑
cigi where gi(z) = fi(diz), which implies that Tng ∈ S♭k.

For h ∈ S♯k and g ∈ S♭k, then

⟨Tnh, g⟩ = χ(n) ⟨h, Tng⟩ = χ(n)0 = 0.

Therefore Tnh ∈ S♯k since Tnh ∈ Sk(Γ0(q
′), χ′).

The Hecke eigencuspforms in the space S♯k(Γ0(q), χ) are called newforms.

The multiplicity-one principle holds true in the space S♯k(Γ0(q), χ). That is, for each sequence

{λ(n)}gcd(n,q)=1 there is at most one cuspform f ̸= 0 (up to a scalar) which is an eigenfunction

of Tn with prescribed numbers λ(n) for gcd(n, q) = 1 as eigenvalues. Recall that TnTm = TmTn,

use this for gcd(n, q) = 1 and for all m,

Tn(Tmf) = Tm(Tnf) = Tm(λ(n)f) = λ(n)(Tmf).

That is, Tmf and f have the same eigenvalue λ(n) for all Tn with gcd(n, q) = 1. By the

multiplicity-one principle, Tmf = λ(m)f for some λ(m). This equation holds for all m.

Proposition 6.6. Suppose f is a newform, then Tnf = λ(n)f holds for all n with gcd(n, q) = 1.

The first coefficient in the Fourier expansion does not vanish, so one can normalize f by setting

a(1) = 1. In this case

a(n) = λ(n) for all n.

Proof. Immediately from the fact

λ(n)a(1) = a(n), gcd(n, q) = 1.

6.7 Hecke eigencuspforms for a primitive character

Now consider case χ (mod q) is a primitive character. Thus in this case S♭k is zero and S♯k is the

whole space Sk(Γ0(q), χ).

For any d, the operator Ad defined by

Ad =
1

d

∑
b (mod d)

1 b/d

0 1


acts on the Fourier series

f(z) =
∑
m

a(m)e(mz)
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by selecting the terms with m ≡ 0 (mod d), i.e., we have

(Adf)(z) =
1

d

∑
b (mod d)

f

(
z +

b

d

)

=
1

d

∑
b (mod d)

∑
m

a(m)e(mz)e

(
m
b

d

)
=

∑
m≡0 (mod d)

a(m)e(mz).

Hence the sifting operator Sq defined by

Sq =
∑
d|q

µ(d)Ad

acts on the Fourier series by selecting the terms with gcd(m, q) = 1, i.e., we have

(Sqf)(z) =
∑
d|q

µ(d)
∑

m≡0 (mod d)

a(m)e(mz)

=

∞∑
m=1

a(m)e(mz)
∑

d|gcd(m,q)

µ(d)

=
∑

gcd(m,q)=1

a(m)e(mz).

Remark. One can show that Sq : Sk(Γ0(q), χ) → Sk(Γ0(qq1), χ), where q1 is the product of

prime factors of q.

Proof. For d | q squarefree, we have

Td =
1

d

∑
b (mod d)

1 b

0 d

 .

Therefore,

(Tdf)(z) =
1

d

∑
b (mod d)

∑
m

a(m)e

(
m
z + b

d

)
=

∑
m≡0 (mod d)

a(m)e
(m
d
z
)
.

Let (Vdf)(z) = f(dz), then Ad = VdTd. Indeed,

((VdTd)f)(z) = (Vd(Tdf))(z) = (Tdf)(dz) =
∑

m≡0 (mod d)

a(m)e(mz) = (Adf)(z).
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We claim Vd : Sk(Γ0(q), χ) → Sk(Γ0(qd), χ). Let g(z) = f(dz), for arbitrary

γ =

a b

c h

 ∈ Γ0(dq).

Then dq | c, which implies that q | c/d. Moreover

dγz = d
az + b

cz + h
=
adz + bd

cz + h
.

On the other hand,

γ′ =

 a bd

c/d h

 ∈ Γ0(q)

satisfies

γ′(dz) =
adz + bd

cz + h
= dγz.

Since f(γ′dz) = χ(h)((c/d)(dz) + h)kf(dz), we have g(γz) = f(dγz) = χ(h)(cz + h)kg(z).

Moreover, f(dz) is clearly holomorphic. If

f(z) =
∑
m≥1

a(m)e(mz),

then

g(z) = f(dz) =
∑
m≥1

a(m)e(mdz)

also has no nonzero constant term. That is, g ∈ Sk(Γ0(qd), χ). Now Td : Sk(Γ0(q), χ) →

Sk(Γ0(q), χ) and Vd : Sk(Γ0(q), χ) → Sk(Γ0(qd), χ), we have Ad : Sk(Γ0(q), χ) → Sk(Γ0(qd), χ) ⊂

Sk(Γ0(qq1), χ), we finish the proof.

Lemma 6.2. If f ∈ Sk(Γ0(q), χ) has the Fourier coefficients a(n) = 0 for all n with gcd(n, q) = 1,

then f = 0. In other words, the sifting operator Sq has zero kernel.

Proof. Given

τ =

a b

c d

 ∈ Γ0(q),

from the relation f|τ = χ(τ)f written at the point (z − d)/c, we get

z−kf

(
a

c
− 1

cz

)
= χ(d)f

(
−d
c
+
z

c

)
.

Expanding both sides into Fourier series, we obtain a kind of Poisson’s summation formula,

z−k
∑
m≥1

a(m)e
(am
c

)
e
(
−m
cz

)
= χ(d)

∑
n≥1

a(n)e

(
−dn
c

)
e
(nz
c

)
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for any 0 < c ≡ 0 (mod q) and ad ≡ 1 (mod c). Hence, summing over a (mod c) with (a, c) = 1

for c = q, we get

z−k
∑
m≥1

a(m)

 ∑∗

a (mod q)

e

(
am

q

) e

(
−m

qz

)
=
∑
n≥1

a(n)

 ∑∗

d (mod q)

χ(d)e

(
−dn
q

) e

(
nz

q

)
.

Here

S(m, 0; q) =
∑∗

a (mod q)

e

(
am

q

)
be the Ramanujan sum, and

Sχ(−n, 0; q) =
∑∗

d (mod q)

χ(d)e

(
−dn
q

)

be the Gauss sum. In Appendix A, we proved

χ(a)τ (χ) =
∑

b (mod m)

χ(b)e

(
ab

m

)
.

Put χ be χ and a = −n, we have

Sχ(−n, 0; q) = χ(−n)τ(χ).

Since χ is primitive character,

Sχ(−n, 0; q) =

χ(−n)τ(χ) if gcd(n, q) = 1,

0 if gcd(n, q) > 1.

But a(n) = 0 when gcd(n, q) = 1, so every term on the right-hand side vanishes, we conclude

that every term on the left-hand side also vanishes (the uniqueness of Fourier series expansion),

i.e., a(m)S(m, 0; q) = 0 for every m. If q is squarefree, by Lemma A.1,

S(m, 0; q) = µ(q/ gcd(m, q))φ(gcd(m, q)) ̸= 0.

Therefore a(m) = 0 for every m, proving the Lemma in this case.

If q is not squarefree then the assertion of the Lemma remains true, but our proof needs

substantial modifications. To this end we generalize the above relation between the Ramanujan

and Gauss sums. First we multiply the Poisson formula by a function ψ(a), and only then we

sum over the primitive classes. We obtain

z−k
∞∑
m=1

a(m)S(m)e

(
−m

qz

)
=

∞∑
n=1

a(n)Sχ(n)e

(
nz

q

)
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where

S(m) =
∑∗

a (mod q)

e

(
am

q

)
ψ(a)

Sχ(n) =
∑

d (mod q)

χ(d)e

(
−dn
q

)
ψ(a)

and ad ≡ 1 (mod q). For a given m we want S(m) ̸= 0, whereas Sχ(n) = 0 for all n with

gcd(n, q) ̸= 1. We can permit ψ(a) to depend on m. To construct such ψ we factor the modulus

q = q1q2 so that q1 has primes in m and q2 is coprime with m. It follows that gcd(q1, q2) = 1

and gcd(m, q2) = 1. We put q0 =
∏
p|gcd(m,q) p. Take q1 and q2 satisfies q1q1 ≡ 1 (mod q2)

and q2q2 ≡ 1 (mod q1). By the Chinese Remainder Theorem, we use only the residue classes a

(mod q) of type

a = bq1q1 +

(
1 + c

q1
q0

)
q2q2

where b runs over the classes modulo q2 with gcd(b, q2) = 1 and c runs over the classes modulo

q0 with gcd(1+ cq1/q0, q1) = 1. For ψ(a) we choose a character of conductor q2 restricted to the

above classes. From

a = bq1q1 +

(
1 + c

q1
q0

)
q2q2,

we then have

e

(
am

q

)
= e

(
bmq1
q2

)
e

(
mq2
q1

(
1 + c

q1
q0

))
,

which implies that

S(m) =
∑

b (mod q2)

ψ(b)e

(
bmq1
q2

) ∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

e

(
mq2
q1

(
1 + c

q1
q0

))
.

In Appendix A we proved:

χ(a)τ (χ) =
∑

b (mod m)

χ(b)e

(
ab

m

)
,

take m = q2, a = mq1 and χ = ψ, we obtain∑
b (mod q2)

ψ(b)e

(
bmq1
q2

)
= ψ (mq1)τ(ψ) = τ(ψ)ψ(q1)ψ(m).

Now compute ∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

e

(
mq2
q1

(
1 + c

q1
q0

))
=

∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

e

(
mq2
q1

)
e

(
mcq2
q0

)
.
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Since q0 =
∏
p|gcd(m,q) p, we have q0 | m, so mcq2/q0 ∈ Z. Consequently,

∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

e

(
mq2
q1

(
1 + c

q1
q0

))
= e

(
mq2
q1

)
·#
{
c (mod q0) | gcd

(
1 + c

q1
q0
, q1

)
= 1

}
.

Write q1 =
∏
p|q1 p

αp , since q0 =
∏
p|q1 p, we have q1/q0 =

∏
p|q1 p

αp−1. gcd (1 + cq1/q0, q1) = 1

iff for every p | q1 we have p ∤ (1+cq1/q0). Since q0 is squarefree, given c (mod q0) is equivalent to

give all the c (mod p) where p | q1. If p2 | q1, αp ≥ 2, so q1/q0 ≡ 0 (mod p), and so 1+cq1/q0 ≡ 1

(mod p). Thus p ∤ (1 + cq1/q0). That is, all the residue classes modulo p satisfy the condition.

If p ∥ q1, i.e., αp = 1, we have p ∤ q1/q0. 1 + cq1/q0 ≡ 0 (mod p) iff c ≡ −(q1/q0)
−1 (mod p), so

there are p− 1 admissible classes. By the Chinese Remainder Theorem,

#

{
c (mod q0) | gcd

(
1 + c

q1
q0
, q1

)
= 1

}
=
∏
p|q1
p2|q1

p ·
∏
p∥q1

(p− 1) = q0
∏
p∥q1

(
1− 1

p

)
.

Hence

S(m) = τ(ψ)ψ(q1)ψ(m)e

(
mq2
q1

)
q0
∏
p∥q1

(
1− 1

p

)
̸= 0

as desired. In order to compute Sχ(n) we factor χ (mod q) into the primitive characters χ1

(mod q1) and χ2 (mod q2). Since

a = bq1q1 +

(
1 + c

q1
q0

)
q2q2,

and ad ≡ 1 (mod q), d must satisfy d ≡ b (mod q2) and d ≡ (1 + cq1/q0) (mod q1). By the

Chinese Remainder Theorem,

d = bq1q1 +

(
1 + c

q1
q0

)
q2q2.

We obtain

Sχ(n) =
∑

b (mod q2)

ψ(b)χ(b)e

(
−nbq1

q2

) ∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

χ1

(
1 + c

q1
q0

)
e

(
−nq2

q1

(
1 + c

q1
q0

))

=
∑

b (mod q2)

ψ(b)χ2(b)e

(
−bnq1

q2

) ∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

χ1

(
1 + c

q1
q0

)
e

(
−nq2

q1

(
1 + c

q1
q0

))

by b 7→ b. Now ψχ2 is primitive character modulo q2. From Appendix A,

χ(a)τ (χ) =
∑

b (mod m)

χ(b)e

(
ab

m

)
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vanishes when χ is primitive and gcd(a,m) > 1. So when gcd(n, q2) ̸= 1,∑
b (mod q2)

ψ(b)χ2(b)e

(
−bnq1

q2

)
= 0.

Now consider the c-sum ∑
c (mod q0)

gcd(1+cq1/q0,q1)=1

χ1

(
1 + c

q1
q0

)
e

(
−nq2

q1

(
1 + c

q1
q0

))
.

Let x = 1 + cq1/q0, then clearly x ≡ 1 (mod q1/q0). For the converse, every x ≡ 1 (mod q1/q0)

can be uniquely written as x = 1 + cq1/q0 where c (mod q0). The c-sum becomes∑
x (mod q1),x≡1 (mod q1/q0)

gcd(x,q1)=1

χ1(x)e

(
−nq2

q1
x

)
.

Let d∗ = gcd(n, q1), n = d∗n∗ and q1 = d∗q∗. Since q0 =
∏
p|q1 p, gcd(q0, d

∗) =
∏
p|gcd(q1,n) p.

Then c (mod q0) implies that

c = c1
q0

gcd(q0, d∗)
+ c2, c1 (mod gcd(q0, d

∗)) and c2 (mod
q0

gcd(q0, d∗)
).

Then

x = c1
q0

gcd(q0, d∗)
· q1
q0

+ c2
q1
q0

+ 1.

When c2 is fixed, x satisfies

x ≡ 1 + c2
q1
q0

(mod
q1

gcd(q0, d∗)
).

It follows that

x− 1 + c2
q1
q0

≡ 0 (mod
q1

gcd(q0, d∗)
).

Thus

e

(
−nq2

q1
x

)
= e

(
−nq2

q1

(
x− 1 + c2

q1
q0

+ 1 + c2
q1
q0

))
= e

(
−nq2

q1
1 + c2

q1
q0

)
from gcd(q0, d

∗) | d∗ = gcd(n, q1) | n. Consequently the c-sum becomes∑
c2 (mod

q0
gcd(q0,d∗)

)

e

(
−nq2

q1
1 + c2

q1
q0

) ∑
x (mod q1)

x≡c2
q1
q0

+1 (mod
q1

gcd(q0,d∗)
)

χ1(x),

the x-sum vanishes as gcd(n, q1) ̸= 1, from χ1 primitive character. The c-sum also vanishes as

gcd(n, q1) ̸= 1.

Therefore, Sχ(n) = 0 as gcd(n, q) = 1. Then a(m) = 0 for all m ≥ 1, f = 0.
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We still have a problem if χ2 is the only primitive character to modulus q2. This is the case

for q2 = 3 and q2 = 4. If q2 = 3 we take ψ the principal character, and the above argument still

works because∑
b (mod 3)

ψ(b)e

(
−bmq1

3

)
= e

(
mq1
3

)
+ e

(
2mq1
3

)
= e

(
1

3

)
+ e

(
2

3

)
= −1 ̸= 0.

If q2 = 4, the unique primitive character modulo 4 is

χ2(b) = χ4(b) =

(
−1

b

)
.

From Sk(Γ0(q), χ) ⊂ Sk(Γ0(2q), χ), and gcd(n, 2q) = 1 implies that gcd(n, q) = 1, we can apply

the above arguments for the modulus 2q in place of q. We take

ψ(b) = χ8(b) =

(
2

b

)
.

Since χ8 and χ8χ4 are both primitive, the previous result is valid. This completes the proof of

Lemma for any primitive character χ (mod q).

Lemma 6.2 implies the multiplicity-one principle. We get

Lemma 6.3. A Hecke eigencuspform f ∈ Sk(Γ0(q), χ) can be normalized to have its first Fourier

coefficient a(1) = 1, and the normalized form is determined uniquely by the eigenvalues of Tn

with gcd(n, q) = 1.

Theorem 6.11. If f ∈ Sk(Γ0(q), χ) is an eigenfunction of every Tn with gcd(n, q) = 1, then it

is an eigenfunction of the whole algebra T = {Tm : m ∈ N}, i.e.,

Tmf = λ(m)f for all m ∈ N.

Let W be the Fricke involution, defined by

Wf = f|ω where ω =

0 −1

q 0

 ,

i.e.,

(Wf)(z) = q−k/2z−kf(−1/(qz)).

We have

W 2 = (−1)k.

Moreover,

W : Sk(Γ0(q), χ) −→ Sk (Γ0(q), χ) .
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The Fricke involution is an isometry, i.e., we have

⟨Wf,Wg⟩ = ⟨f, g⟩ .

Theorem 6.12. If gcd(n, q) = 1 we have

WTχn = χ(n)TχnW.

Let K be the complex conjugation operator defined by

(Kf)(z) = f (−z) .

Note that

f(z) =
∑

a(n)e(nz) =⇒ (Kf)(z) =
∑

a(n)e(nz).

K is NOT linear over C. Indeed

K(λf) = λKf if λ ∈ C.

We have

K2 = 1, WK = (−1)kKW

K : Sk(Γ0(q), χ) −→ Sk (Γ0(q), χ)

⟨Kf,Kg⟩ = ⟨f, g⟩

KTχn = TχnK for all n.

Set

W = KW,

then

W
2
= 1, W (ηf) = ηWf if η ∈ C

W : Sk(Γ0(q), χ) −→ Sk(Γ0(q), χ)

TnW = χ(n)WTn if gcd(n, q) = 1.

This implies that

Tn
(
Wf

)
= λ(n)

(
Wf

)
, gcd(n, q) = 1.

By the multiplicity-one principle, one deduce

Wf = ηf.
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Theorem 6.13. A Hecke eigencuspform f ∈ Sk(Γ0(q), χ) is also an eigenfunction of the involu-

tion operator W , i.e.,

Wf = ηf.

We have |η| = 1. Indeed, f =W
2
f =W (ηf) = ηWf = η · ηf = |η|2f .

Recall that Theorem 6.2 we proved

TmTn =
∑

d|gcd(m,n)

χ(d)dk−1Tmnd−2 ,

which implies that for all m,n ≥ 1,

λ(m)λ(n) =
∑

d|gcd(m,n)

χ(d)dk−1λ(mnd−2).

In particular, for any m and d | q we obtain λ(dm) = λ(d)λ(m). Hence

(Adf)(z) =
∑

n≡0 (mod d)

λ(n)e(nz) =
∑
n

λ(nd)e(dnz) = λ(d)f(dz);

in other words

Adf = λ(d)d−k/2f|( d 1 )
if d | q.

Theorem 6.14. The eigenvalue of the involution W of a normalized Hecke eigencuspform f ∈

Sk(Γ0(q), χ) is given by

η = τ (χ)λ(q)q−k/2.

Theorem 6.15. For p | q the eigenvalues λ(p) of Tp in the space Sk(Γ0(q), χ) satisfy

|λ(p)| = p(k−1)/2.

7 Automorphic L-functions

7.1 The Hecke L-functions

Let f ∈ Sk(Γ0(q), χ). Consider simultaneously the Fourier expansions at cusps ∞ and 0, say

f(z) =

∞∑
1

a(n)e(nz)

g(z) =

∞∑
1

b(n)e(nz)
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where

g = f|ω with ω =

 −1

q

 .

Recall that g ∈ Sk (Γ0(q), χ). To these Fourier series we associate the Hecke L-functions

Lf (s) =

∞∑
1

a(n)n−s

Lg(s) =

∞∑
1

b(n)n−s.

In the half-plane we can show that

(2π)−sΓ(s)Lf (s) =

∫ ∞

0

f(iy)ys−1dy

(2π)−sΓ(s)Lg(s) =

∫ ∞

0

g(iy)ys−1dy.

Since f and g have exponential decay at 0 and ∞, we have

Theorem 7.1. The L-functions Lf (s) and Lg(s) associated to the cusp forms f ∈ Sk(Γ0(q), χ)

and g = f|ω ∈ Sk (Γ0(q), χ) have analytic continuation over C, and they are entire functions.

Actually the so-called complete L-functions

Λf (s) =

(√
q

2π

)s
Γ(s)Lf (s)

Λg(s) =

(√
q

2π

)s
Γ(s)Lg(s)

are entire functions, bounded on vertical strips.

Theorem 7.2. The complete L-functions satisfy the functional equation

Λf (s) = ikΛg(k − s).

If f is an eigenfunction of the operator W = KW , say

Wf = ηf,

then b(n) = ηa(n), so the functional equation becomes(√
q

2π

)s
Γ(s)Lf (s) = ikη

(√
q

2π

)k−s
Γ(k − s)Lf (k − s).

In particular if χ is real character and f has real Fourier coefficients and is an eigenfunction of

W , say

Wf = ±ikf,
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then (√
q

2π

)s
Γ(s)Lf (s) = ±

(√
q

2π

)k−s
Γ(k − s)Lf (k − s).

Theorem 7.3 (Hecke). Suppose f and g are given by the Fourier series

f(z) =

∞∑
0

ane(nz)

g(z) =

∞∑
0

bne(nz)

with coefficients an, bn ≪ nα for n ≥ 1, where α is a positive constant. Put

Lf (s) =

∞∑
1

ann
−s

Lg(s) =

∞∑
1

bnn
−s

and

Λf (s) =

(√
q

2π

)s
Γ(s)Lf (s)

Λg(s) =

(√
q

2π

)s
Γ(s)Lg(s)

where q is a given positive number (not necessarily an integer). Put

ω =

 −1

q


and

(
f|ω
)
(z) =

(√
qz
)−k

f(−1/(qz)), where k is a given positive integer. Then the following

assertions are equivalent.

(A1) The functions f, g are connected by

g = f|ω.

(A2) Both Λf (s) and Λg(s) have meromorphic continuation over the whole C,

Λf (s) + aos
−1 + boi

k(k − s)−1

Λg(s) + bos
−1 + aoi

−k(k − s)−1

are entire and bounded on vertical strips, and they satisfy

Λf (s) = ikΛg(k − s).
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7.2 Twisting automorphic forms and L-functions

Theorem 7.4. Let f ∈ Mk(Γ0(q), χ), where χ is a character of conductor q∗ with q∗ | q. Let ψ

be a primitive character of conductor r. If f has the Fourier series

f(z) =

∞∑
0

a(n)e(nz),

then the twisted series

fψ(z) =

∞∑
0

ψ(n)a(n)e(nz)

belongs to Mk(Γ0(N), χψ2), where N = lcm(q, q∗r, r2). Moreover if f is a cusp form, so is fψ.

Theorem 7.5. Let f ∈ Sk(Γ0(q), χ), where χ is a character to modulus q. Let ψ be a primitive

character of conductor r with gcd(q, r) = 1. Then

fψ|ωN
= w(ψ)gψ

where

ωN =

 −1

N


for N = qr2, g = f|ω for

ω = ωq =

 −1

q


and

w(ψ) = χ(r)ψ(q)τ(ψ)2r−1.

Sketch of Proof. We have1 u/r

1

 −1

N

 = r ·

 −1

q

 r −v

−uq ∗

1 u/r

1

 .

We choose uvq ≡ −1 (mod r), this identity yields

f∣∣∣( 1 u/r
1

)
ωN

= χ(r)g∣∣∣( 1 u/r
1

) .
Then ∑∗

u (mod r)

LHSψ(u) =
∑∗

v (mod r)

RHSψ(−vq).
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Now let Lf (s, ψ) denote the Hecke L-function associated with the twisted form fψ, i.e.,

Lf (s, ψ) =

∞∑
1

ψ(n)a(n)n−s,

and put

Λf (s, ψ) =

(√
N

2π

)s
Γ(s)Lf (s, ψ).

By Theorems 7.5 and 7.3 we deduce

Theorem 7.6. Suppose f ∈ Sk(Γ0(q), χ), ψ is a primitive character of conductor r with

gcd(q, r) = 1, N = qr2 and w(ψ) is given in Theorem 7.5. Then Λf (s, ψ) is an entire func-

tion, bounded in vertical strips, and it satisfies the functional equation

Λf (s, ψ) = ikw(ψ)Λg
(
k − s, ψ

)
where g = f|ω for

ω = ωq =

 −1

q

 .

7.3 Converse theorems

Theorem 7.7 (Hecke). Let k be a positive, even integer. Suppose f is given by Fourier series

f(z) =

∞∑
0

ane(nz)

with the coefficients an ≪ nα for all n ≥ 1. Then f ∈ Mk(Γ0(1)) if and only if the function

Λf (s) = (2π)−sΓ(s)

∞∑
1

ann
−s

can be analytically continued over the whole C, Λf (s) + aos
−1 + ikao(k − s)−1 is entire and

bounded in vertical strips, and satisfies the functional equation

Λf (s) = ikΛf (k − s).

Theorem 7.8 (Weil). Let k be a positive, even integer, and χ a character to modulus q ≥ 1.

Suppose f, g are given by the Fourier series

f(z) =

∞∑
0

ane(nz)

g(z) =

∞∑
0

bne(nz)
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with coefficients an, bn ≪ nα for n ≥ 1, where α is a positive constant. Suppose Λf (s),Λg(s)

defined by

Λf (s) =

(√
q

2π

)s
Γ(s)Lf (s)

Λg(s) =

(√
q

2π

)s
Γ(s)Lg(s)

satisfy (A2) in Theorem 7.3. Furthermore let R be a set of prime numbers coprime with q which

meets every primitive residue class, i.e., for any c > 0 and any a with gcd(a, c) = 1 there exists

r ∈ R such that r ≡ a (mod c). Suppose for any primitive character ψ of conductor r ∈ R the

functions Λf (s, ψ),Λg(s, ψ) defined by

Λf (s, ψ) =

(√
N

2π

)s
Γ(s)Lf (s, ψ).

Λg(s, ψ) =

(√
N

2π

)s
Γ(s)Lg(s, ψ).

with N = qr2 are entire, bounded in vertical strips and staisfy the functional equation

Λf (s, ψ) = ikw(ψ)Λg
(
k − s, ψ

)
with w(ψ) given by

w(ψ) = χ(r)ψ(q)τ(ψ)2r−1.

Then f ∈ Mk(Γ0(q), χ), g ∈ Mk (Γ0(q), χ) and g = f|ω, where

ω = ωq =

 −1

q

 .

Moreover f, g are cusp forms if Lf (s) or Lg(s) converges absolutely on some line Re(s) = σ with

0 < σ < k.

Theorem 7.9 (Criterion for Cusp Forms II). Suppose f is an automorphic form of weight k > 0

for a group Γ such that

ykf(z) −→ 0 as y −→ 0

uniformly on H. Then f is a cusp form.
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8 Elliptic Curves

8.1 Introduction

Definition 8.1. Let a, b, c be the side length of a right triangle. A right triangle is rational if it

has rational side length, i.e., a, b, c ∈ Q. A right triangle is primitive if a, b, c ∈ Z are coprime.

Lemma 8.1. If the right triangle is primitive, then
a = u2 − v2

b = 2uv

c = u2 + v2

for u, v ∈ Z, u > v > 0.

Definition 8.2. D ∈ Q>0 is congruent if there is a rational triangle with area D.

Note that we only need to consider D square-free.

5 is the area of right triangle with side length (9/6, 40/6, 41/6); 6 is the area of right triangle

with side length (3, 4, 5); 7 is the area of right triangle with side length (24/5, 35/12, 337/60).

Oldest Problem I. Prove that there is algorithm for deciding in a finite number of steps

whatever a given positive integer is congruent or not.

Oldest Problem II. Prove that every integer of the form 8n+5, 8n+6, 8n+7 (n = 0, 1, 2, · · · )

is congruent.

Lemma 8.2. D ∈ Z>0 is congruent iff Dy2 = x3 − x for some x, y ∈ Q with y ̸= 0.

Proof. By Lemma 8.1, Area = uv(u2 − v2). So D is congruent iff Dw2 = uv(u2 − v2) for some

u, v, w ∈ Z with w ̸= 0. Set x = u/v and y = w/v2 to get desired formula.

Theorem 8.1. There is no solution to w2 = uv(u2 − v2) in Z with w ̸= 0. That is, 1 is mot

congruent.

Proof. Use infinite decent.

Let K be a field with char(K) ̸= 2, and let K be its algebraic closure.

Definition 8.3. (i) An elliptic curve E/K is the projective closure of a plane affine curve

y2 = f(x), where f(x) ∈ K[x] is monic cubic with different roots in K.

(ii) For any field extension L/K, define E(L) =
{
(x, y) ∈ L2 | y2 = f(x)

}
∪ {O}.
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For example, the affine Fermat curve xn + yn = 1 has projective closure Xn + Y n = Zn.

Ponits with Z ̸= 0 correpsonds to affine ppints via x = X/Z, y = Y/Z. The points with Z = 0

are the points at infinity. In particular, when n is odd, (−1, 1, 0) lies on the projective Fermat

curve, and it may be chosen as the point O.

The n-dimension projective space Pn is defined by Pn(K) =
(
Kn+1 \ {(0, 0, · · · , 0)}

)
/ ∼,

where (x0, x1, · · · , xn) ∼ (λx0, λx1, · · · , λxn) for λ ∈ K×. The equivalence class of (x0, x1, · · · , xn)

is written as (x0 : x1 : · · · : xn). The projective plane P2(K) = {(x : y : 1) | (x, y) ∈ K2} ∪ {(x :

y : 0) | (x, y) ∈ P1(K)} = A2(K) ∪ P1(K).

Example 8.1. E : y2 = x3 − x, then E(Q) = {(0, 0), (1, 0), (−1, 0)} ∪ {O} by Theorem 8.1.

Proposition 8.1. E is an elliptic curve over K, then E(K(t)) = E(K).

Definition 8.4. A plane affine algebriac curve C = {f(x, y) = 0} ⊂ A2 (f irreducible) is

rational if it has rational parameterzation. That is, there exists φ(t), ψ(t) ∈ K(t) such that

(i) f(φ(t), ψ(t)) = 0;

(ii) The map A1 → A2 given by t 7→ (φ(t), ψ(t)) is injective on A1 \ {finite set}.

Example 8.2. Any non-singular plane conic is rational. For example, x2 + y2 = 1, one can

choose

(x, y) =

(
1− t2

1 + t2
,

2t

1 + t2

)
.

Example 8.3. Any singular plane cubic is rational. For example, y2 = x3, one can choose

(x, y) = (t2, t3).

For y2 = x2(x+ 1),

(x, y) = (t2 − 1, t(t2 − 1)).

Over an algebraically closed field K with char(K) ̸= 2, every elliptic curve with full rational

2-torsion may be written in Legendre form

C : Y 2Z = X(X − Z)(X − λZ),

or, on the affine chart Z ̸= 0,

C : y2 = x(x− 1)(x− λ),

where λ ∈ K \ {0, 1}. The condition λ ̸= 0, 1 ensures that the cubic polynomial x(x− 1)(x− λ)

has distinct roots.
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An elliptic curve can also be written in Weierstrass form:

E : Y 2Z + a1XY Z + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3.

on the affine chart Z ̸= 0,

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

The genus g(C) ∈ Z≥0 is an invariant of a smooth projective curve C. If K = C, g(C) is the

topological genus of the corresponding compact Riemann surface. A smooth plane curve C ⊆ P2

of degree d has genus (d− 1)(d− 2)/2. In particular, a smooth plane cubic has genus 1.

Proposition 8.2. Let C be a smooth projective curve over an algebraically closed field, C is

rational iff g(C) = 0.

Let C be a smooth projective curve over K. Then C is an elliptic curve over K if and only

if g(C) = 1 and C is equipped with a chosen K-rational point O ∈ C(K).

Let C be a smooth projective curve over a number field K.

(i) If g(C) = 0 and C(K) ̸= ∅, then C(K) is parametrized by P1(K).

(ii) (Mordell–Weil Theorem) If g(C) = 1 and C has a chosen K-rational point, then C is an

elliptic curve, and C(K) is a finitely generated abelian group.

(iii) (Faltings Theorem) If g(C) > 1, then C(K) is finite.

By the Mordell–Weil Theorem E(Q) ∼= E(Q)tors⊕Zr. It is unknown whether r is bounded as

E ranges over all elliptic curves over Q. The current record is r ≥ 29 due to Elkies and Klagbrun

in 2024; the previous record was r ≥ 28 due to Elkies in 2006.

8.2 Weierstrass equations

Theorem 8.2. Let K be a field with char(K) = 0 or finite field. Every elliptic curve E is

isomorphic over K to a curve in Weierstrass form via isomorphic mapping OE 7→ (0 : 1 : 0).

Proposition 8.3. Let E/K and E′/K be two elliptic curves with Weierstrass form, then E ∼= E′

over K iff the Weierstrass equations are related by a substitution of the formx = u2x′ + r

y = u3y′ + u2sx′ + t

where u, r, s, t ∈ K and u ̸= 0.
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Let E satisfy the Weierstrass equation

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6. (∗)

Then E is smoooth iff ∆(a1, · · · , a6) ̸= 0. If char(K) ̸= 2, we can complete the square; if

char(K) ̸= 3, we can get rid of x2 term. Hence if char(K) ̸= 2, 3, then

E : y2 = x3 + ax+ b.

In this case, ∆ = −16(4a3 + 27b2).

Definition 8.5. The j-invariant of E is

j(E) = 1728
4a3

4a3 + 27b2
.

Corollary 8.1. Let E,E′ be two elliptic curves over K. E ∼= E′ implies that j(E) = j(E′).

The converse holdds if K = K.

8.3 Group law

Any line in P2 will meet the curve at exactly three points, counting multiplicity.

For two points P,Q on an elliptic curve E, take the line through P and Q. It meets E at a

third point S. The line through S and OE meets E at P ⊕Q. If P = Q, use the tangent at P .

x

y

E

P

Q

S

P ⊕Q

OE

OES

Theorem 8.3. (E,⊕) is an abelian group.

Assume that E : y2 = x3 + Ax + B, and P = (x1, y1), Q = (x2, y2). If P = OE , then

P ⊕Q = Q; if Q = OE , then P ⊕Q = P ; if x1 = x2 and y1 = −y2, then P ⊕Q = OE . In other
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cases, let

λ =


y2 − y1
x2 − x1

if P ̸= Q,

3x21 +A

2y1
if P = Q.

Then P ⊕Q = (x3, y3), where x3 = λ2 − x1 − x2 and y3 = λ(x1 − x3)− y1.

Corollary 8.2. E(K) =
{
(x, y) ∈ K2 | x, y satisfy (∗)

}
∪ {OE} is an abelian group.

Indeed,

(i) E(C) ∼= C/Λ ∼= R/Z× R/Z, where Λ is a lattice.

(ii)

E(R) =

Z/2Z× R/Z if ∆ > 0,

R/Z if ∆ < 0.

(iii) If K = Fq, then |#E(Fq)− (q + 1)| ≤ 2
√
q (Hasse’s Theorem).

(iv) If K is a local field, i.e., [K : Qp] <∞, then E(K) has a subgroup of finite index ∼= (OK ,+).

8.4 Elliptic curves over C

Definition 8.6. A lattice Λ = {Zw1+Zw2} is an additive subgroup of C generated by w1, w2 ∈

C that are linearly independent.

Example 8.4. {1, τ} is a lattice, where τ is a root of x2 + bx+ c with b, c ∈ Z and ∆ < 0.

Definition 8.7. An elliptic function f is a meromorphic function with f(z+w) = f(z), where

z ∈ C and w ∈ Λ.

Definition 8.8. Weight k Eisenstein series

Gk(z) =
∑
w∈Λ∗

1

wk
, Λ = Λ \ {0}.

Definition 8.9. Weierstrass ℘-function

℘(z) = ℘(z,Λ) =
1

z2
+
∑
w∈Λ∗

(
1

(z − w)2
− 1

w2

)
.

Remark 8.1. ℘(z) has a pole of order 2 at z ∈ Λ. And we have

℘′(z) = −2
∑
w∈Λ

1

(z − w)3
.
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Laurant series expansion for ℘(z) at z = 0:

℘(z) =
1

z2
+

∞∑
n=1

(2n+ 1)G2n+2(Λ)z
2n.

Theorem 8.4.

℘′(z)2 = 4℘(z)3 − g2(Λ)℘(z)− g3(Λ), where

g2(Λ) = 60G4(Λ),

g3(Λ) = 140G6(Λ).

Theorem 8.5 (Uniformization Theorem). Every elliptic curve E/C arise from a lattice Λ.

Remark 8.2.

Φ: C/Λ ≃ EΛ(C), z 7−→ (℘(z), ℘′(z)).

8.5 Elliptic curves over number field

Definition 8.10. An isogeny ϕ : E1 → E2 is a non-constant morphism with ϕ(OE1
) = OE2

.

We say that E1 and E2 are isogenous if there exists an isogeny from E1 to E2.

Remark 8.3. For n ∈ Z>0, define

[n] : E −→ E, P 7−→ P ⊕ · · · ⊕ P.

If n < 0, define [n] = [−1] ◦ [−n].

Definition 8.11. The n-torsion subgroup of E is E[n] = Ker

(
E

[n]−−→ E

)
.

Fact. We have E[n] ∼= (Z/nZ)2, where char(K) ∤ n. If p = char(K), then

E[p] ∼=

0 (supersigular case),

Z/pZ (ordinary case).

Proposition 8.4. Let E be an elliptic curve with char(K) ̸= 2. For y2 = f(x) = (x − e1)(x −

e2)(x − e3), where e1, e2, e3 ∈ K distinct. Then we have E[2] = {OE , (e1, 0), (e2, 0), (e3, 0)} ∼=

(Z/2Z)2.

For example, E : y2 = x3 − x, then E(Q) = {O, (0, 0), (1, 0), (−1, 0)} ∼= (Z/2Z)2.

Definition 8.12. Let E be an elliptic curve over Q, here

E/Q : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6.

Then define

Ẽ/Fp : y2 + ã1xy + ã3y = x3 + ã2x
2 + ã4x+ ã6.
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Note Ẽ/Fp is an elliptic curve iff ∆̃ ̸= 0 iff ordp(∆) = 0.

Definition 8.13. Let E be an elliptic curve over Q. E/Q has good reduction at p if Ẽ is

nonsingular, bad reduction otherwise.

Theorem 8.6 (Week Mordell–Weil). Let E be an elliptic curve over number field K. For

n ∈ Z≥2, we have |E(K)/nE(K)| <∞.

Theorem 8.7 (Mordell–Weil). E(K) is a finitely generated abelian group. Indeed we have

E(K) ∼= E(K)tors ⊕ Zr.

8.6 The Birch and Swinnerton-Dyer Conjecture

Let K be a number field. Let φ : E → E′ be an isogeny of elliptic curves over K, there exists

exact sequence of Gal
(
K/K

)
-modules

0 E[φ]
(
K
)

E
(
K
)

E′ (K) 0 .

Then we get long exact sequence

· · · E(K) E′(K) H1(K,E[φ]) H1(K,E) H1(K,E′) · · ·φ δ φ∗

Thus we get

0 E′(K)/φE(K) H1(K,E[φ]) H1(K,E)[φ∗] 0

0 E′(Kv)/φE(Kv) H1(Kv, E[φ]) H1(Kv, E)[φ∗] 0

δ

resv resv

δv

The φ-Selmer group is defined by

S(φ)(E′/K) = Ker

(
H1(K,E[φ]) −→

∏
v∈MK

H1(Kv, E)

)

=
{
α ∈ H1(K,E[φ]) | resv(α) ∈ Im(δv), ∀v ∈MK

}
.

Tate–Shafarevich group:

Ш(E/K) = Ker

(
H1(K,E) −→

∏
v∈MK

H1(Kv, E)

)
,

we obtain

0 E′(K)/φE(K) S(φ)(E/K) Ш(E/K)[φ∗] 0

Conjecture (Tate–Shafarevich). Ш(E/K) is finite.
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If we take φ = [n], then we have

0 E(K)/nE(K) S(n)(E/K) Ш(E/K)[n] 0 .

Let E be an elliptic curve over Q, define

L(E, s) =
∏
p

Lp(E, s),

where

Lp(E, s) =



(
1− app

−s + p1−2s
)−1 if E has good reduction mod p, ap = p+ 1−#Ẽ(Fp),

(1− p−s)−1 split multiplicative reduction,

(1 + p−s)−1 non-split multiplicative reduction,

1 additive reduction.

Theorem 8.8 (Wiles, Taylor–Wiles, Breuil–Conrad–Diamond–Taylor). Every elliptic curve E/Q

is modular. Equivalently, there exists a weight 2 newform fE such that

L(E, s) = L(fE , s).

In particular, L(E, s) admits analytic continuation to all of C and satisfies a functional equation.

Conjecture (BSD).

ords=1 L(E, s) = rankE(Q).

Conjecture (Strong BSD).

lim
s→1

L(E, s)

(s− 1)r
=

ΩE · Reg(E(Q)) · |Ш(E/Q)| ·
∏
p cp

|E(Q)tors|2
,

where cp = [E(Qp) : E0(Qp)] is the Tamagawa number,

Reg(E/Q) = det (⟨Pi, Pj⟩)1≤i,j≤r , where

E(Q)/E(Q)tors = ⟨P1, · · · , Pr⟩ ,

⟨P,Q⟩ = 1
2 ĥ(P +Q)− ĥ(P )− ĥ(Q),

and

ΩE =

∫
E(R)

dx

|2y + a1x+ a3|
.
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A Ramanujan sum and Gauss sum

First we consider the Ramanujan sum

S(m, 0; q) =
∑∗

a (mod q)

e

(
am

q

)
.

Lemma A.1. We have

S(m, 0; q) = µ

(
q

gcd(m, q)

)
φ(q)

φ
(

q
gcd(m,q)

) .
Proof. See p.66,

S(m, 0; q) =
∑

s|gcd(m,q)

sµ
(q
s

)
.

Write q =
∏
p p

αp and gcd(m, q) =
∏
p p

βp , where 0 ≤ βp ≤ αp. Then s | gcd(m, q) can be

written as s =
∏
p p

γp where 0 ≤ γp ≤ βp, so q/s =
∏
p p

αp−γp . Consequently,

∑
s|gcd(m,q)

sµ
(q
s

)
=
∏
p|q

 βp∑
γ=0

pγµ
(
pαp−γ

) .

Note that
∑βp

γ=0 p
γµ (pαp−γ) contributes only when γ = αp and γ = αp − 1.

We now prove: for each p we have

βp∑
γ=0

pγµ
(
pαp−γ

)
= µ

(
pαp−βp

) φ (pαp)

φ (pαp−βp)
.

If βp ≤ αp − 2, then αp − γ ≥ 2, and so
∑βp

γ=0 p
γµ(pαp−γ) = 0; on the other hand αp − βp ≥ 2

implies that µ
(
pαp−βp

)
= 0. If βp = αp − 1, then

∑βp

γ=0 p
γµ(pαp−γ) = −pαp−1; moreover

µ(p) = −1 and φ (pαp) /φ(p) = pαp−1. If βp = αp, then
∑βp

γ=0 p
γµ(pαp−γ) = pαp − pαp−1; on the

other hand µ(1) = 1 and φ (pαp) = pαp − pαp−1.

Consequently,

S(m, 0; q) =
∏
p|q

µ
(
pαp−βp

) φ (pαp)

φ (pαp−βp)
= µ

(
q

gcd(m, q)

)
φ(q)

φ
(

q
gcd(m,q)

) .

Lemma A.2. Let χ (mod m) be primitive Dirichlet character, m > 1, then for arbitrary a, b

we have

1

m

∑
c (mod m)

χ(ac+ b) =

χ(b) if m | a,

0 if m ∤ a.
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Proof. First prove ∑
c (mod pν)

χ(ac+ b) =

p
νχ(b) if pν | a,

0 if pν ∤ a.

If pν | a, then ac+ b ≡ b (mod pν) holds for all c. Therefore,∑
c (mod pν)

χ(ac+ b) =
∑

c (mod pν)

χ(b) = pνχ(b).

Now assume pν ∤ a. Let a = pra0 where 0 ≤ r = vp(a) < ν and gcd(a0, p) = 1. Then a0 is

invertible modulo pν , which implies that c 7→ a0c gives∑
c (mod pν)

χ(ac+ b) =
∑

c (mod pν)

χ(prc+ b).

If r = 0, gcd(a, pν) = 1, so c 7→ ac+ b is a permutation modulo pν , so∑
c (mod pν)

χ(ac+ b) =
∑

c (mod pν)

χ(c) = 0.

If 1 ≤ r < ν, when c runs over the residue classes modulo pν , prc runs over all residue classes

modulo pν that are divided by pr, each appearing exactly pr times.∑
c (mod pν)

χ(prc+ b) = pr
∑

c (mod pν−r)

χ(prc+ b)

If p | b, then for all c we have p | prc+ b, so χ(prc+ b) = 0. Now assume p ∤ b. In this case b is

invertible modulo pν . Therefore prc+ b = b
(
1 + prb−1c

)
, we have∑

c (mod pν−r)

χ(prc+ b) = χ(b)
∑

c (mod pν−r)

χ
(
1 + prb−1c

)
.

When c runs over the residue classes modulo pν−r, 1 + prb−1c precisely run bijectively over the

subgroup Hr = {u (mod pν) | u ≡ 1 (mod pr)}. Consequently∑
c (mod pν−r)

χ
(
1 + prb−1c

)
=
∑
u∈Hr

χ(u).

Since χ is primitive modulo pν , its restriction to Hr is nontrivial. Indeed, if χ were trivial on

Hr, then χ would factor through (Z/pνZ)×/Hr
∼= (Z/prZ)×, and hence would be induced from

a character modulo pr, contradicting primitivity. We obtain∑
u∈Hr

χ(u) = 0.
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It follows that ∑
c (mod pν)

χ(ac+ b) = 0.

From the Chinese Remainder Theorem,∑
c (mod m)

χ(ac+ b) =
∏
p|m

∑
cp (mod pνp )

χp(acp + b),

where each χp is primitive modulo pνp . If m | a, then for every p | m we have pνp | a, it follows

that ∑
c (mod m)

χ(ac+ b) =
∏
p|m

pνpχp(b) = mχ(b).

If m ∤ a, there exists some p | m such that pνp ∤ a, then∑
cp (mod pνp )

χp(acp + b) = 0.

Therefore ∑
c (mod m)

χ(ac+ b) = 0.

We finish the proof.

Now let χ (mod m) be Dirichlet character and consider the Gauss sum

τ(χ) =
∑

b (mod m)

χ(b)e

(
b

m

)
.

For gcd(a,m) = 1, by multiplying χ(a) and summing over χ (mod m),∑
χ (mod m)

χ(a)τ(χ) =
∑

χ (mod m)

χ(a)
∑

b (mod m)

χ(b)e

(
b

m

)

=
∑

b (mod m)

e

(
b

m

) ∑
χ (mod m)

χ(b)χ(a)

=
∑

b (mod m)
b≡a (mod m)

e

(
b

m

)
φ(m)

by the orthogonality. It follows that∑
χ (mod m)

χ(a)τ(χ) = φ(m)e
( a
m

)
,

which implies that

e
( a
m

)
=

1

φ(m)

∑
χ (mod m)

χ(a)τ(χ), gcd(a,m) = 1.
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By definition, if gcd(a,m) = 1, then

χ(a)τ (χ) =
∑

b (mod m)

χ(a)χ(b)e

(
b

m

)

=
∑

b (mod m)

χ(b)e

(
ab

m

)
. (b 7→ ab since gcd(a,m) = 1)

If τ (χ) ̸= 0, one can write

χ(a) =
1

τ (χ)

∑
b (mod m)

χ(b)e

(
ab

m

)
, gcd(a,m) = 1,

which is precisely the Fourier expansion of χ in terms of additive characters. The condition

gcd(a,m) = 1 can be dropped if χ is primitive. Indeed, if gcd(a,m) > 1 we have χ(a)τ (χ) = 0

since χ(a) = 0. On the other hand, note that

e

(
a(b+m/ gcd(a,m))

m

)
= e

(
ab

m

)
e

(
a

gcd(a,m)

)
= e

(
ab

m

)
since a/ gcd(a,m) ∈ Z, b 7→ e (ab/m) is periodic modulo m/ gcd(a,m). Therefore∑

b (mod m)

χ(b)e

(
ab

m

)
=

∑
c (mod gcd(a,m))

e
(ac
m

) ∑
b (mod m)

b≡c (mod gcd(a,m))

χ(b).

Since χ is primitive, gcd(a,m) < m implies m ∤ gcd(a,m), we have∑
c (mod m)

χ(gcd(a,m)c+ r) = 0

thanks to Lemma A.2. On the other hand, when c runs over the residue classes modulo m,

gcd(a,m)c+ r runs over the residue classes modulo m satisfying b ≡ r (mod gcd(a,m)) exactly

gcd(a,m) times. So∑
c (mod m)

χ(gcd(a,m)c+ r) = gcd(a,m)
∑

b (mod m)
b≡r (mod gcd(a,m))

χ(b) = 0,

which implies that ∑
b (mod m)

χ(b)e

(
ab

m

)
= 0.

Lemma A.3. Suppose the character χ (mod m) is induced by the primitive character χ∗

(mod m∗). Then

τ(χ) = µ
( m
m∗

)
χ∗
( m
m∗

)
τ(χ∗).

If χ (mod m) is primitive, then

|τ(χ)| =
√
m.
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Proof. We have

τ(χ) =
∑∗

a (mod m)

χ∗(a)e
( a
m

)

=
∑

a (mod m)

χ∗(a)e
( a
m

) ∑
d|gcd(a,m)

µ(d)

1gcd(a,m)=1 =
∑

d|gcd(a,m)

µ(d)


=
∑
d|m

µ(d)
∑

a (mod m)
d|a

χ∗(a)e
( a
m

)

=
∑
d|m

µ(d)
∑

b (mod m/d)

χ∗(db)e

(
db

m

)
(Let a = db)

=
∑
d|m

µ(d)χ∗(d)
∑

b (mod m/d)

χ∗(b)e

(
b

m/d

)
.

If χ∗(d) = 0, the corresponding d-term vanishes. We now consider χ∗(d) ̸= 0, in this case

gcd(d,m∗) = 1. Since m∗ | m, we have m∗ | m/d, one can write m/d = m∗ℓ. Therefore∑
b (mod m/d)

χ∗(b)e

(
b

m/d

)
=

∑
b (mod m∗ℓ)

χ∗(b)e

(
b

m∗ℓ

)
.

Write b = c + km∗, where c (mod m∗) and k = 0, 1, · · · , ℓ − 1. From χ∗(c + km∗) = χ∗(c), we

have ∑
b (mod m/d)

χ∗(b)e

(
b

m/d

)
=

∑
c (mod m∗)

χ∗(c)e
( c

m∗ℓ

) ℓ−1∑
k=0

e

(
k

ℓ

)
.

If ℓ > 1, then
ℓ−1∑
k=0

e

(
k

ℓ

)
= 0.

So ∑
b (mod m/d)

χ∗(b)e

(
b

m/d

)
=

0 if ℓ > 1,

τ(χ∗) if ℓ = 1.

When ℓ = 1, m/d = m∗ implies that d = m/m∗. Consequently

τ(χ) = µ
( m
m∗

)
χ∗
( m
m∗

)
τ(χ∗).
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Now assume χ (mod m) primitive. From the definition,

|τ(χ)|2 = τ(χ)τ(χ) =
∑

a,b (mod m)

χ(a)χ(b)e

(
a− b

m

)

=
∑∗

b (mod m)

∑
a (mod m)

χ(a)χ(b)e

(
a− b

m

)

=
∑

a (mod m)

χ(a)
∑∗

b (mod m)

e

(
(a− 1)b

m

)
(a 7→ ab)

=
∑

a (mod m)

χ(a)
∑
d|m

d|(a−1)

dµ
(m
d

)
(See the proof of Lemma A.1)

=
∑

a (mod m)

χ(a)
∑
d|m

a≡1 (mod d)

dµ
(m
d

)

=
∑
d|m

dµ
(m
d

) ∑
a (mod m)

a≡1 (mod d)

χ(a)

= m

since ∑
a (mod m)

a≡1 (mod d)

χ(a) = 0

if d < m. Indeed, applying Lemma A.2 with coefficient a = d and constant term b = 1, we get∑
c mod m

χ(dc+ 1) = 0.

Since, as c runs modulo m, dc + 1 runs through all residue classes a mod m satisfying a ≡ 1

(mod d), each exactly d times, we obtain∑
a mod m

a≡1 (mod d)

χ(a) = 0.

That is, |τ(χ)| =
√
m.
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