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Modular Forms

Jingming Cui

1 The Classical Modular Forms

1.1 Periodic functions

Take X =R and I' = Z, so R/Z is the circle. A function f: R — C is periodic of period 1 if

fle+n)= f(z) forallneZ.

Recall that f(z) has the Fourier series representation

f(@) =Y ane(na),

nez
where

e(z) = e*™% = cos 2 + isin 27z

and coefficients are given by )
ap = / f(@)e(—nz)dz.
0

Example 1.1. Consider {z} := z — [x], we have

(2} 1 i sin 2mnx
rh=—-— _—
2 ot ™

which is boundedly convergent (the partial sums are uniformly bounded), but not absolutely.

Say precisely, the Fourier series converges to {z} for z ¢ Z and 1/2 for x € Z. Clearly the

Fourier partial sums are uniformly bounded (there exists a constant M such that |Sy(z)| < M

for all N and z). Hence the convergence is boundedly convergent. However, the series is not

absolutely convergent. If we take x = 1/4, then sin(27n/4) = sin(7mn/2) equals to 0 for even n

and =£1 for odd n. The series becomes

oo

>

n=1

sin(27nx)

™ 7Tk202k+1

which diverges.



Let f: R — C be any function of rapid decay at +oo so that the series
g(x) =Y flz+n)
nez
converges absolutely. Clearly the function g is periodic of period 1. Then g(x) admits Fourier

expansion

(@) = ag(n)e(na),

nez
then

ag(n):/O g(x)e(—nx)dx

1
:/0 Zf(z+m)e(—n:c)dx

mEZ

:/o S f(@ + m)e(—n(z +m))d(x + m)

meZ

= / f(z)e(—nz)dx
R
— ().

If we set x = 0, we obtain the Poisson summation formula
)= fn).
nez nez
The left-hand side sums the values of the function f at all integer points (the lattice Z), so is
called a geometric sum (or lattice sum). The right-hand side sums the values of the Fourier
transform f at all integer frequencies, so is called a spectral sum.
The space X = R* is acted on by I' = Z* as integral vector translations. The Poisson

summation formula asserts that

S =Y fm)

nezk neZzk

where
f) = [ rxjel—xy)ax

and xy = x1y1 + - - - + Ty is the scalar product.

1.2 Modular functions

Now consider

X=H={z=z+iy|z€R,y e R"}



and

a b
I' =SLy(Z) = | a,b,¢,d € Z,ad —bc =1
c d

I" acts on H through the linear fractional transformations

az+b £ a
z = 1 =
i cz+d i c
If we write
Z1 21
= — = y
Z9 29

then vz can be regarded as matrix multiplication

a b 2 az1 + bzg
b
c d 29 cz1 + dz

which is precisely linear. This explains “linear fractional transformations".

For

a b
g = S SLQ(R),
c d

we have

dz  (cz+d)?’

This implies that dz is a section of line bundle—specifically, the cotangent bundle. Now take

dgz !

a holomorphic 1-form f(z)dz. We want it to be I-invariant. f(yz)d(yz) = f(z)dz implies
that f(yz) = (cz + d)?f(z). This is the transformation law for a modular form of weight
2. For even integer k, f(z)(dz)*/? is I'-invariant implies that f(vz) = (cz + d)* f(z), which
is the transformation law for a modular form of weight k. On the other hand, if & is odd,
f(z) = f((=1)z) = (=1)* f(2) implies that f = 0.

Definition 1.1. Let f: H — C be meromorphic. We say f is a modular function of weight

ke 27 if

f(y2) = (cz+d)f f(2), Vy= ¢ Z eI =SLy(Z),Vz € H.
c

Definition 1.2. Let f be a modular function of weight k. Then f is called modular form if f
is holomorphic in HU {oco}.
Remark 1.1. f is holomorphic at oo iff g(g) is holomorphic at 0. One may see the following

picture. Note that f is periodic of period 1, it only suffices to consider 0 < x < 1.



g-plane

Y z-plane
A
Imgq 4
o0 2 627T'i2
» Req
f(z) = g(q)
> T
0 1

Definition 1.3. Let & > 4 even. We define the Eisenstein series:

1
Giz)= Y ———, zcH

m,n€EZL (mZ + n)
(m,n)7#(0,0)

Proposition 1.1. When k£ > 2, the series converges absolutely. When k > 4 even, Gy, is a

modular form of weight k.

Proof. We claim that for o > 2,

1
flo) = Z m

m,n€L
(m,n)#(0,0)

converges absolutely.

Note that

1 1
fo= 2 W+MZW

m=0 \#£0
nez\{0} new
SET) D) e
m>1nEZ me |Z+
=1+2 Z Z 20/2
m>1 nez
For z = x + iy where y > 0,
n . |2 n\2 9
’x+—+1y :<z+—) +y°.
m m

Fix m > 1, z + n/m becomes an arithmetic series with step 1/m, and every internal [¢, ¢ + 1)

contains exactly m terms (possibly one less at boundaries, but at most m). For every n with



x+n/m e [¢,{+1), we have
2
‘m-i—%-l—iy‘ > min {€* +y?, ((+1)* +y°}.

Hence

1 1
Z n|2-a/2 SZ .

2 2 2 2 a2
nEZ|Z+E 0e7 (m1n{€ +y v(€+1) +y })

Since the series
1

o (min {02 + 42, (£ + 1)2 + y2})7/°

converges, there exists a constant C' = C(y, o) with

1

<Cm
2.0/2 — ’
wew |+ 2
and it follows that
= m > 1
1+Z Z 20/2—0 ﬁzczmaq
m>1 neZ m>1 m=1
converges.
Now let
a b
V= € SLy(Z)
c d

then for k& > 4,

Gr(v2) = Z ;k

m,nez az+b
(mm)(0,0) ( cztd +n>

1
d k
(cz +d) Z (maz + mb + ncz + nd)*

m,n€L
(m,n)#(0,0)

Now the map (m,n) — (ma + nc, mb + nd) is a linear transformation on Z? with determinant

ad — be = 1, hence it is a bijection from Z? \ {(0,0)} onto itself. Since the series converges

absolutely for k£ > 2, we can reorder the terms arbitrarily without changing the sum. Thus

Gr(72) = (cz + d)*Gi(2).

One can use Fourier expansion to show that G (z) is holomorphic in H U {o0}. A direct

observation is that as z — 0o, Gj(z) looks like 2((k).

For



we define j(v, z) = cz + d. Let
1 n
=<+ |neZ
0 1

The left action of [', on I' is given by

1 n a b a+cn b+dn
0 1 c d c d ,
it follows that
a b
Too\['= | a,b,c,d € Z,ged(c,d) =1 p C SLy(Z).
c d

Definition 1.4. We define the normalized Eisenstein series

1 1 1

. _ _1 k>4 .

w(2) Z i0r, o) 2 Z (cz + d)k’ > 4 even
’YGFOO\F gcdc()jf;)/‘:1

Clearly we have

1
Gr(z) = Z (mz+n)F

m,nez
(m.n)#(0,0)

1
sz

m,n€Z
gcd(m n)=~£

Z Z écz—i—@d

c,d€Z
ng(L d)=1

gcd(c d)=1

= 20(k) Ey(2).

If f, g are modular functions of weight k, then clearly the product fg and ¢2 are both modular

functions of weight 2k. This reflects the graded algebra structure.
Example 1.2. The j-invariant is defined by

1728E;1
](Z)AVEB Epv

which is a meromorphic modular function of weight 0.



1.3 The Fourier expansion of Eisenstein series

We have the well-known product representation for the sine function
z z
sinﬂz:wzH (1—7) (1—1—7).
n n
n>0

Take the logarithmic derivative

CcoS Tz 1 > 1 1
Y ()
SN 7wz z ot zZ—mn z+n

Then this is equal to

ei‘lrz_"_efiﬂ'z 1
v em_Qefin = 7rie<z) + 1= —ri(e(z) + 1) Z e(lz) = —mi— Z 2rie(Lz).

21 e(z) — >0 0>1

We differentiate these expansions k& — 1 times, getting

= —2mi)k & i)k
Z (z — n)ik = ((kz_ 1))! deile(dz) = (;2_ )1)1 deile(dz)
d=1 d=1

n=—oo

for any k > 2 even. Hence we derive the Fourier expansion of G (z) as follows

1
Gr(z) = Z (m=+n)F

(m,n)#(0,0)

1 1
P ALD B B e

n#0 m>1n€Z

Here o4(n) is the arithmetic function given by
os(n) = Z d’.
d|n
Since G (z) = 2¢(k)Ex(z), it follows that

2mi)kF &
Ep(z) =1+ ORO! > ok_1(n)e(nz).



Modular forms can be regarded as higher-order generalizations of the Riemann Zeta Function.

Indeed, the L-function of the normalized Eisenstein series Fj is
Ek 1

or—1(n - k—1
ENEAED DR B) DL B BEep O L

n>1 n>1 {4|n >1m2>1

The normalized Eisenstein series F4(z) and Eg(z) have the following Fourier expansions:

Ey(z) =1+ 240e(z) + 2160e(2z2) + - - -

Eg(z) =1 —504e(z) — 16632¢(22) + - - -

Calculating E3 and E2, the constant terms are both 12 = 1 and 12 = 1. When we subtract

them, the constant term vanishes, which creates a cusp form:

E3(2) — E2(2) = (1 +720e(2) +...) — (1 — 1008¢(z) + - - )

=1728¢(2) + - - -

Then we can define a cusp form of weight 12,

1 3375 33075

where 7(1) = 1. The arithmetic function 7 is called the Ramanujan function.

1.4 The modular group

Theorem 1.1. The modular group is generated by two matrices

0 -1 1 1
S = s T =
1 0 0 1
Proof. Given arbitrary
Y= € SLZ( )5
c d
we have
1 n a b a+nc b+nd
Tn’y = = s
0 c d c d
0 -1 a b —c —d
S~ = =
1 0 c d a b



Moreover 5% = —].

Ifc=0, (a,d) = (1,1) or (—1,—1), it follows that

10
’y = = Tb
0 1
or
-1 b —b
v = =1 =S*17".
0 -1 0 1
Now assume that ¢ # 0. by replacing v by
Sy = ap b
a1 dy

with € = £1, we obtain |a1| > |¢1|. Since ad—bc = 1, ged(a, ¢) = 1. By the Euclidean algorithm,

we can choose an integer ny such that left-multiplying by 7" yields

T a1 by _ a1 +ciny by +nidy
c dp C1 dy

where |a; + ¢1n1| < |e1]. By repeating this process,

Tngseg“.TnlssLy: * ok 7
0 =

which is generated by S and T' from above discussion. Indeed, At each step, ¢ decreases strictly;

since |¢| > 0, after a finitely many steps we reach ¢ = 0. O
Recall that we have defined j(v, z) = (cz + d). If we have
fmz) =j(n,2)"f(2),
f(r22) = j (72, 2) f(2),

then

fnez) = j(ne, 2)" £(2).



Indeed,

fmy22) = (v, 722)" f(122)

717722) J(7es )kf(z)
c1(y22) +dy) (caz + dz)) f(z)

i(
J(
((
(( Go% + by dl) (o7 + d2)> ' £(2)

Ccoz + dg

= (c1(azz + bo) + di(c2z + do))* f(2)

(c1a2 + d102)2 + (Clb2 + dldQ)) f( )

—~ o~

= (172, 2)" f(2).

That is, to verify that f is modular, it suffices to check the transformation property for the
generators S and T'.

Theorem 1.2. The set

1
D= {z:x—i—iy: |z < §,|z| > 1}
is a fundamental domain for the modular group I' = SLy(Z), i.e., it has the following properties:
1. D is a domain in H,

2. every orbit of I" has a point in D or on the boundary 0D,

3. distinct points in D are not in the same orbit of T'.

Proof. Clearly

I a b
Im(vz) = LZ)Q Vo = € SLy(Z).
lez + d| c d

Fix z € H, for arbitrary N € Zq, there exists finitely many ¢, d € Z such that |cz + d|2 < N.
Then there exists ¢,d € Z with |cz + d| minimal, i.e., Im(yz) maximal. That is, each orbit I'z

has a point with largest height (the imaginary part). Such a point, say z, has the property that

* ok
|cz+d| > 1 for all vy = el
c d

This maximal property is preserved by translations (which are represented by matrices with
¢ = 0), so we can choose a maximal point of the orbit in the strip |z| < . We shall show that

the domain

D/—{zeH |z| < ,|cz+d|>1forallcdw1thc7éOand ged(e, d)l}

10



coincides with D. Indeed, D’ C D by choosing ¢ = 1,d = 0. Conversely, if z € D and ¢ # 0 then
lez +d|* = |z]? + 2cdx + d* > ¢ — |cd| +d* > 1,

soDcCD.

By applying T', every orbit can have a representative in D U dD. Distinct points in D are
not in the same orbit of I". Indeed, if 2,72 € D = D’, we have |cz +d| > 1, so Im(yz) <
Im(z). Applying the same method to y~! yields Im(z) < Im(yz) since y~1(yz) = 2, which is a

contradiction. Thus D = D’ is a fundamental domain. O

Observe that D has a parabolic vertex at oo, an elliptic vertex at i of order m(i) = 2, and

two equivalent elliptic vertices at p = *1%“/5 and p' = LQ\/E of order m(p) = m(p') = 3.

Theorem 1.3 (Valence Formula). Let f # 0 be a modular form of weight k¥ > 0. Denote by
my(w) the order of f at w. If w is an elliptic fixed point (of the modular group) denote its order

by m(w), and put m(w) = 1 otherwise. We have

w (mod I')

Proof. Cut off the upper part of the standard fundamental polygon D along a horizontal segment
of very large height. Make very small circular cuts at the elliptic vertices and at any singular
point of f which lies on the boundary 9D in such a way that the equivalent points have congruent
cuts. Let P denote the resulting cut polygon.

Integrate f’/f along the boundary 9P of the cut polygon, getting by Cauchy’s theorem

1 —/(z)dz: me(w).

2mi or f weP

Note that m(w) = 1 for any w € P. On the horizontal segment (we can assume that it does not

contain singular points) we see from the Fourier expansions

1) =Y aneln),
fl(z) = i 2rina,e(nz)
where a,, # 0 for m = my(oco) that

J;I(z) = Z bee(€z)
=0

11



with by = 2mim¢(0c0). Integral over the horizontal segment, i.e., from 1/2 to —1/2

m\»—t

1
2

The two integrals along equivalent vertical segments with congruent cuts at singular points cancel

out by periodicity. At every elliptic vertex w = p, 1, p’ we have
f my(w)

where h(z) is holomorphic in a small disc centered at w. Integral along the small arc

] L (2)az = 2om,w)
eo2m [, f T g

For w = i, the right-hand side is 1my(i); For w = p, p/, the right-hand side is gm(p).
It remains to evaluate the integral along the arc of the circle |z| = 1 at the bottom of P with

the elliptic points p, 1, p’ and other singular points being removed. The middle point i splits the
arc into two equivalent arcs, say A and A’ = SA. We have

f(Sz) = 2"f(2)
f(S2)272 = k2P Lf(2) + 25 f/(2)

Lsne=ta Lo,
Hence
N f RN
o [ Fas = —on [ Lisaasn = [ (24 fe) e
and
1 f! 1 [k, k
2w Jawwe FOF T 0w [ T

because the arc A has one-twelfth the length of the whole circle |z| = 1. Gathering together the
above evaluations, one obtains

S msw) = 45— Sms(i) — 3ms ()

12 2
wEP

which is precisely the Valence Formula.

- mf(oo),

12



1.5 The linear space of modular forms

In this section, k£ must be even.
Let M}, denote the linear space of modular forms of weight £ > 0. Clearly modular forms of
different weights are linearly independent over C, so the space of all modular forms is the direct

sum of the My,

M =P M.

k>0

The whole space M can also be considered as a graded algebra with respect to the inclusions
MM, C Mk-l—(f-

First let us consider each space My for a few small, even values of k. Let a be the sum of the
orders of the zeros at oo and all ordinary points in H, i.e., a = my(00) + >, ,ms(w); b be the
order of the zero at the elliptic point i, i.e., b = my(i); ¢ be the order of the zero at the elliptic
point p, i.e., ¢ = my(p). The Valence Formula (Theorem [1.3]) gives equation a+b/2+¢/3 = k/12.

Case k = 0. Note that ms(w)/m(w) > 0 for all w, so ms(w) = 0 for all w, and so f has
no zeros in HU {co}. We claim that My = C. Clearly constant functions are modular forms of
weight 0. For any f € My, we pick arbitrary o € HU{co}. Then it suffices to show f(z) = f(xo)
for all z. Let g(z) = f(2) — f(x0) and assume conversely g # 0. Recall that constant function
z + f(xo) is an element of M. Hence g € M. But note that g(z) has zero point at xg, the
Valence Formula (Theorem implies that }_,, (1,04 1) %(5)) > 0, a contradiction. Therefore
f(z) = f(=o), [ is constant.

My =C.

Case k = 2. Then m¢(z) = 0 for all 2, so f(z) is constant, and necessarily zero, and
My =0.

Case k = 4. Clearly G4 € My. Let f € My. a+b/2+ ¢/3 = 1/3 implies that (a,b,c) =
(0,0,1). It follows that ms(p) = 1 and ms(z) = 0 for all z # p (mod I'). Hence f/G4 has no
zeros and no poles, and is a modular form of weight 0. It follows that f/G4 € C, f € G4C.

M4 - G4(Z)(C

Case k = 6. Then my(i) = 1 and my(z) = 0 for z # ¢ (mod I'). The same argument as
before shows that f(z) = ¢cGg(z) and

Mg = Gg(2)C.

13



Case k = 8. Then m¢(p) =2 and mys(z) =0 for 2 # p (mod TI'). Hence f(z) = cG4(z)? and
Mg = G4(Z)2(C.

Case k = 10. Then my(i) = 1, mys(p) = 1 and mys(z) = 0 for other inequivalent points.
Hence we argue as before to show that f(2) = ¢G4(2)Gs(2) and

Mo = G4(2)Ge(2)C.

Case k = 12. Recall that A(z) does not vanish in H and it has a simple zero at z = oo.

Since G12(00) # 0 there exists a constant ¢ such that f(z) — ¢G12(2) vanishes at oo, so

f(z) — cGr2(2)
A(z)

and f(z) = bA(z) + c¢G12(2). This proves that

e My=C

Mg = A(Z)(C D Glg(z)(C
Similarly by induction we prove that
My = A(Z)Mk—u S5 Gk(z)(C, if k> 12.

From the above results we conclude

Theorem 1.4. The dimension of the space My, is given by

k/12 if k=2 (mod 12
R (mod 12)
[k/12]+1 ifk#2 (mod 12).
Next we show that any f € My is a polynomial in G4 and Gg. This is already proved for

k < 10. If k > 12 we subtract from f a monomial in G4, G¢ of special type, namely we consider
f—cG$GY,  where 4a 4 6b =k,

with a suitable constant ¢ such that the resulting function vanishes at oco. Then divide by A,
getting a function in My _12, and the proof is completed by induction.

We shall also prove that G4, Gg are algebraically independent. Suppose to the contrary that
P(G4,Gg) = 0 for some polynomial P # 0. Modular forms of different weights are linearly inde-
pendent over C, so we may assume P is homogeneous, it then follows that the function G3/G2
would verify a nontrivial algebraic equation with coefficients in C. Thus G /G% would be con-
stant, which is absurd because Gy is zero at p but not Gg, and G3(00)/G2(c0) = 2¢(4)3/¢(6)? =
49/20.

14



Theorem 1.5. The Eisenstein series G4, Gg are algebraically independent and generate the

space of all modular forms, that is

M = C[Gy, Ge).

A modular form f € My is called a cusp form if it vanishes at oo, i.e., its Fourier expansion

has no constant term,

f(z) = Z ane(nz).

n>1

The linear space Sy of cusp forms together with Ey(z)C gives
My, = Ep(2)C P Sy

for even k > 4.

2 Automorphic Forms in General

2.1 The hyperbolic plane

We denote by GL;r (R) the group of 2 x 2 real matrices of positive determinant. Observe that a

linear fractional transformation g determines the matrix

a b
c d

€ GLJ (R)

up to a scalar because the matrices diag{c,a} with a # 0 give the identity transformation.

Dividing by a scalar, we can represent g by a matrix of determinant 1. Note that the action of

a b
c d
coincide with the action of
—a —b
—c —d

The projective special linear group
PSLa(Z) = SLa(2) /{1, -1},

where

15



is identified with the linear fractional transformations.

Let H be the upper half-plane, and G = SLy(R) acts on H by

GxHoH, (g2)gs= ZF0 yg [ ’ € SLy(R), 2 € H
) g, g _CZ+d7 g = e d 2 ) .
Note that
Yy
Im(gz) = —F— ,
(92) |cz—+-d|2

so the action is well-defined. In Euclidean geometry, translations and rotations do not change the
distance between two points; we now aim to define a Riemannian metric on the upper half-plane

H, which is SLy(R)-invariant, that is, p(gz, gw) = p(z, w).

Since
dgz _ alcz+d) —(az +b)c _ 1
dz (cz+d)?  (ecz+d)?’
we obtain
1
|dgz| = — |dz|,
|Jg§2)|2
Im(gz) = ,m(z)y
|Jg(z)|
it follows that
|dgz| |dz|

|dz|
Im(z)

plane. If we write z = x + iy, we get |dz| = v/dx? + dy? and Im(z) = y. Thus, the hyperbolic

Since

is invariant under the transformation, it serves as the natural metric for the hyperbolic

line element is:

d 1
ds = [d2] = —y/dx? + dy?.
Yy

~ Im(2)

This metric is distinct from the Euclidean metric, since

dsg = v/dz? + dy2.

With the metric derived from this differential the upper half-plane becomes a Riemannian man-

ifold. The distance function on H is given by

plew) = min [ @07 +o/ (0 Fyte) e

Given any two points z,w € H, we can always find a g € SLo(R) that maps both points onto
the imaginary axis, such that gz = iy; and gw = iy, for some y1,y2 € RT. Such matrix g can be

obtained by solving a system of algebraic equations. Geometrically, the geodesics (shortest paths)

16



in the hyperbolic plane H are semicircles orthogonal to the real axis, or vertical half-lines (which
can be viewed as semicircles of infinite radius centered at infinity). Since M&bius transformations
map generalized circles to generalized circles and preserve angles, the transformation g maps the
semicircular geodesic passing through z and w precisely onto the vertical geodesic (the imaginary

axis) passing through iy; and iy,. Because the hyperbolic metric ds = y~1, dz is invariant under

/yl dy
Y2 Y .

g, the integral can be computed:

plew) = min [ (@0 + /(0 o(t) 1t =

More explicitly, we have the relation
cosh p(z,w) = 1+ 2u(z,w),
where

|z — wl®

u(z,w) = TTm(2) Tm(w)’

Given an area 2 C H, we have
1
vol(Q2) = / duz = / —dzdy,
Q )
this gives hyperbolic measure.

Let F be the fundamental domain defined in Theorem @

\(F dacdy T
vol(F) = % i Y %m T3

Indeed, if T be a hyperbolic triangle with interior angles «, 3, v, the hyperbolic area of T is given

by (Gauss defect phenomenon)

vol(T)=m—a—58—1.

2.2 The classification of motions

The identity motion (every z € H is a fixed point) forms a class by itself. Any other motion
a b
g= # +1
d

has one or two fixed points in C = CU {oo}. There are three cases:
1. g has one fixed point on R = R U {oc},

2. g has two distinct fixed points on R,
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3. g has one fixed point in H and the complex conjugate fixed point in the lower half-plane.

Accordingly g is called parabolic, hyperbolic, elliptic. By conjugating we can bring g to one
of the following types:

1. z+— z 4+t (translation, fixed point c0),
2. z — pz (dilation, fixed points 0, c0),
3. z+— k(0)z (rotation, fixed point ),

wheret € R, p e R*, # € R and

k(0) = cosf  sinf

—sinf cosf
A parabolic motion moves points along horocycles (circles in H tangent to R) A hyperbolic
motion moves points along hypercycles (the segments in H of circles in C through the fixed points
on R) The geodesic line through the fixed points of a hyperbolic motion is mapped to itself, not
identically. Of the two fixed points one is repelling, the other is attracting. An elliptic motion

moves points along circles centered at its fixed point in H.
The number of fixed points of a rigid motion is invariant under conjugation; therefore the

above classification applies naturally to the conjugacy classes. The same classification can be

also described in terms of trace (which is an algebraic invariant of conjugation), namely if

a b
9= # +1,
c d

then
1. g is parabolic < |a+d| = 2,
2. g is hyperbolic <= |a+d| > 2,
3. g iselliptic <= |a+d| < 2.

Indeed, gz = z implies that az+b = z(cz +d), so cz2 +(d—a)z—b = 0. If ¢ # 0, it is well-known
that
—(d—a) £ VA
2¢ ’
where A = (d — a)? — 4¢(—b) = a® + d* — 2ad + 4bc = (a + d)* — 4. The number of fixed points

212 =

is exactly the number of roots of the quadratic equation. Furthermore, the absolute value of the

trace is an invariant under conjugation, that is, Tr(hgh™!) = Tr(g).
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2.3 Discrete groups — Fuchsian groups

We provide some basic definitions and properties without proof.

The group Ma(R) of 2 x 2 real matrices is a vector space with a norm given by

) a b
lgll = Va2 + b2+ ¢+ d? if g =
c d
Notice that since || — g|| = ||g||, this norm is well-defined on the projective quotient group

PSLa(R) = SLy(R)/{—1, I},

Definition 2.1. A subgroup I' of PSLy(R) is discrete if for arbitrary B > 0,
#{yeT [yl < B} <oo.

Definition 2.2. A subgroup T" of PSLy(R) is said to act discontinuously on the hyperbolic

plane H if every orbit I'z has no limit point on H.
Theorem 2.1 (Poincaré). A subgroup I' C PSLs(R) is discrete iff it acts discontinuously on H.
Example 2.1. SLy(Z) is discrete.

Definition 2.3. A subgroup I' C PSLs(R) acting discontinuously on H is called a Fuchsian
group.

Definition 2.4. A Fuchsian group I' is said to be of the first kind if every point on the
boundary OH = R is a limit (in the C-topology) of some orbit I'z.

In the C-topology, a subset U C C is open if either oo ¢ U and U is open in C, or oo € U

and its complement ® \ U is a compact subset of C.
Proposition 2.1. Every Fuchsian group of the first kind has a finite number of generators.

Definition 2.5. Let I" be a Fuchsian group of the first kind. A set F C H is called a fundamental

domain for T" if
1. F is a domain in H,
2. distinct points in F are not equivalent,
3. any orbit of I' contains a point in the closure F with respect to the @—topology.

Theorem 2.2. Let I' be a Fuchsian group of the first kind, then vol(F) < oco.
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Proposition 2.2. Suppose I is a Fuchsian group of the first kind and w € H is not fixed by
any v € I' other than the identity motion. Then the set

D={zeH:p(z,w) < p(z,yw) for all y e ',y # 1}
is a fundamental domain for I'.
Proof. To begin with we prove D is connected open set. For any v € T', v # 1, define
H,={zeH: p(z,w) < p(z,yw)}.

Then D = (), H,. Note that the function z — p(z,yw) — p(z,w) is continuous, H, is the
complete preimage of (0,+00), so is open.

Since I" acts on H discontinuously, 'w admits no limit point in H. Then for arbitrary compact
KCH #{yeTl:qyw e K} < o0. Set 29 € D and 19 = p(z9,w). Consider the hyperbolic
disk B(z0,70 + 1), there exists finite subset ' C '\ {1} with yw € B(zo, 21 + 2),7 € F since

B(zg,2rg + 2) is compact. We claim that for any v ¢ F, p(z,w) < p(z,yw) holds in some
neighborhood of zp. Indeed, if v ¢ F, we have p(zg, yw) > 2rg + 2. Then for z € B(2o, 1),

p(z,yw) > p(zo,yw) — p(z, 20) > 2ro+2—1=2r¢ + 1,

,O(Z,UJ) < p(Zo,UJ) + p(Z, ZO) <ro+1.

It follows that p(z,w) < rg+1 < 2rg + 1 < p(z,yw), the above claim holds. Therefore,

DN B(z,1) = | (] Hy | NB(20.1)
yEF

is intersection of finitely many open sets, hence open. Since zy € D arbitrary, D is open.

D is nonempty. Indeed, for arbitrary v # 1, p(w,w) = 0 < p(w,yw) since yw # w by
assumption.

Since {z : p(z,w) = p(z,yw} is a geodesic, H, is convex for all v, D = ﬂ,ﬁﬂ H,, as an
intersection of convex subsets, is also convex. It follows that D is connected.

Distinct points in D are not equivalent. Assume conversely, there exists 21,20 € D and

1 #~ €T with 25 = y2;1. Since z; € D, for y~! # 1, we have

p(Z]_,w) < p(2177_1w)'

On the other hand, since z3 = vz,
P(Zl,’y_lw) = P(Vzlaw) < p(7Z177w) = p(zl,w),
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a contradiction. Thus v = 1.

Any orbit of I' admits a representative in D. it suffices to show for arbitrary z € H, there
exists 7o € T such that y9z € D. Define f: I' — Rxq by v + p(vz,w), we claim that there exists
7o € T with f minimal. Note that f(v) = p(yz,w) = p(z,7 tw). Set r = f(1) = p(z,w) and

consider B(z,r), the set
S={yeTl:y'weB(zr)}={yeTl: f(y)<r}

(’Yo

is finite thanks to the discreteness of I'w. Furthermore for arbitrary v ¢ S, f(v) > r
Therefore, there exists g € S such that f(7p) minimal. For 1 # n € I', we have f(yo) < f( Yo
(Y0

)-
0);
nw),

which is precisely voz € D. O

ie., p(02,w) < p(n~'y02,w). Then p(n~'y02z,w) = p(y02,mw), and so p(y0z, w) <

Let I' be a Fuchsian group of the first kind, and let F be a fundamental domain for I". Suppose
that the closed polygon F is not compact. Then F must have a vertex on R=RU {0}, say a.
Such a is called a cusp. Equivalently, a is fixed point of some parabolic element of I'. A point
a € R is a cusp for I iff its stabilizer Iy = {7 € I' : va = a} is an infinite cyclic group consisting
entirely of parabolic transformations (apart from the identity). Such a subgroup is generated by
a single primitive parabolic element.

The stability group Ty is cyclic infinite, say generated by v,. There exists o, € SLo(R) such
that (change v, to —v, if necessary)

—1
0400 = d, Oq YaOa =

We shall call o4 a scaling matrix of the cusp a.
We will make some explanations on the existence of o,. To begin with, we claim SLs(R) acts
transitively on R. It only suffices to show for arbitrary x € R, there exists g € SLy (R) such that

goo = x. If x = oo, we may take identity. Now assume x € R, let
g= )

then

i rz—1
= lim
goo z€o 2+ 0

= X.

Now from the above claim, there exists 7 € SLa(R) with 700 = a. Define 7/ = 77 17,7, we
obtain

7'oo =17 eTo0 = T e =77 a = o0
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This implies that

, a b
v = € SLy(R).
0 d

(This is because a matrix in SLo(R) that fixes co must be upper triangular.) Moreover, Tr(v') =
Tr(v,) = £2 since 7, is a parabolic element. Combine ad —0b = ad = 1, we obtain (a,d) = (1,1)

or (—1,—1). Change v, to v, * if necessary, we have

, 1 b
0 1
with b > 0. If we set
Vb0
6= GSLQ(R),
0 1/Vb
then
1/vVb 0 1 b\ (Vb 0 11

5146 = =
0 Vb \o 1 0 1/vb 0 1

Therefore, let o, = 7§, one may easily verify it is precisely what we want.

2.4 Congruence groups

Let ¢ be a positive integer. Then

10
T(q) = (v €SLa(Z) : v = (mod q)
0 1

is called the principal congruence group of level g.
Theorem 2.3. It is a normal subgroup of the modular group I'(1) = SLa(Z) of index

T T@) = ¢ ] (1 - ;) .

plg

Proof. Consider the exact sequence

1 I'(q) SLy(Z) — SLo(Z/qZ) — 1 .

Note that I'(q) — SLa(Z) is inclusion, and the projection SLy(Z) — SLo(Z/gZ) is defined by
M — M mod q. Then Ker(SL2(Z) — SL2(Z/qZ)) = {M € SLy(Z) : M = I (mod q)}, which is
precisely I'(q).
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The only question is the surjectivity of the residue class map SLy(Z) — SLo(Z/qZ). Note
that an element in ST (Z/gZ) does not necessarily have a preimage in SLy(Z) under the natural

lifting. For example, consider the matrix

€ SLy(Z/67)
2 3

which satisfies 9+ 4 =13 =1 (mod 6), but

-2

¢ SLa(Z).

We claim that
SLa(Z/qZ) = (T,T"),

where

For arbitrary

a b
v = € SLa(Z/qZ),
c d

we have ad — bc = 1 (mod q), so ged(ged(a,c),q) = 1. From the Fundamental Theorem of
Arithmetic, we may write g = Hp‘qprp. For every p | ¢, there exists x, with ged(azy + ¢, p) = 1.
Indeed, we can choose
1 ifple
Ty =

0 ifpte.

Using the Chinese Remainder Theorem, we can find n with
n=x, (modp™), Vp|q.
It follows that ¢; = an + c satisfies ged(c1,q) = 1. Thus there exists n with

n 1 0 a b a b
T ’y = = s
n 1 c d c1 dp
where ged(c1,q) = 1. Hence ¢; is invertible in Z/gZ, there exists k with a + kc; =0 (mod ¢), it

follows that
1 k a b 0 bo

0 1 1 dl C1 dl

Tlen/_y _

(mod q),
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where —bye; =1 (mod g). By applying 77,

1 0 0 b 0 b
T'herrhring — 7l = 2 (mod q).
dicp 1 ¢ dp cg 0
However, note that
0 —ct 1 0\ (1 —¢'Y (1 O
1 0 c1 1 0 1 c 1 7

we have T TR~ € (T, T'),s0+ € (T, T'). Thus SLy(Z/qZ) = (T,T"). Since T, T" € SLy(Z),
the natural projection is surjective.

By the short exact sequence we have
[C(1) : T(g)] = [SL2(Z/qZ)| -

Now we compute |SLy(Z/gZ)|. For every

a b
vy = € SLy(Z/q7Z),
c d

we have ad—bc = 1 (mod ¢), which implies that ged(ged(c, d), q) = 1. First we count the number
of ¢,d with ged(ged(e,d),q) = 1, and then count a,b. From ged(ged(c, d),q) = 1, there exists
x,y € Z with ged(e,d)x + qy = 1, and so there exists z1,y; with (z1¢+ y1d)z =1 — qy. Then

q q q
DD Scdtgedtedrg=1 = Y D > p(r)  (since pxu=1)

c=1d=1 c=1 d=1 r|gcd(gcd(c,d),q)

= 3" u(r) (Q)2 (since #{ce{l,---,q} :r|c} = g)

r

Now we compute #(a, b) with ad —bc =1 (mod q). Note that czix + dy1x + gy = 1 implies that
apd — boc = 1 (mod q), where ap = zy; and by = —z1x. That is, (ag, bo) is a particular solution.
Let (a,b) be arbitrary solution. Set @ = a — ag and 8 = b — by, then ad — Sc =0 (mod q). Let
to = apf — bpa (mod ¢). Then we obtain

ct = apef — bopca = apef — (apd — 1)a = a — ag(cf — da) = a — ap(ad — fe) =« (mod q)
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and
dt = apdf — bodar = (1 + bge) — bodae =  + bo(cf — da) = B — bo(ad — fc) = 8 (mod q).
Therefore, the general solution has the form
a=ap+ct, b=by+dt, tez/qZL.
These solutions are different each other. Indeed, if ct; = cto, dt; = dta (mod g), then
t1 —ta2 = (aod — boc)(t1 —t2) = ao - d(t1 —t2) —bo - c(t1 —12) =0 (mod g).

It the follows that #(a,b) = ¢. Thus

|SL2(Z/qZ)|=CI'CIQZM:§):q3H(1+/;()§))) :q3H<1_1>12>

rlq plg plg

since u(n) is multiplicative. O
Theorem 2.4. The number of inequivalent cusps of I'(q) is

3 if g =2,
hy = 121—[ ) 1 o> 3
- S — i )

plq

Proof. We claim the set of cusps is precisely the I'(¢)-equivalence classes of the projective line
PY(Q) = QU {o0}.

Take a parabolic element of I'(g):

v = €8SLy(Z), a=d=1 (modgq), b=c=0 (modygq), |a+d =2
c d

Let a be fixed point of v. If ¢ = 0, a = c0o € QU {oc}. If ¢ # 0, ya = a implies that
a=—(d—a)/2c € Q. Thus a € QU {oo}. On the other hand, given arbitrary b € Q U {oo}, we

construct an parabolic element in SLo(Z) fixing b. If b = oo, clearly it is fixed point of

1
Yoo =

Now let b = u/v € Q with w,v € Z coprime, then

1—quv qu?
Yo =
—qv? 14 quv
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is a parabolic element of I'(¢) which fixes b. Therefore the set of cusps coincide with Q U {oo}.
Let v € SLy(Z), a = uy/v; and b = ug/ve. If ya = b, there exists A € Q with
u u
o S
(%4 (%)
Write A = r/s with r, s € Z coprime. Let d = ged(vyuy,yv1). Since ged(ug,v1) = 1, there exists
x,y € Z with w1y — vix = 1, then

U U x
det T = det(vy) det ' =1-1=1.

Y1 Y vy
It follows that d? | 1, so d = 1. Since s | yui,yv1, we obtain s = 1, so A = r € Z. However,
ged(Aug, Avg) = |A| = 1 = ged(yuq,yv1), we have A = +1.
Let a = uy/v; and b = uy/vs, then a and b are equivalent (i.e., there exists v € I'(q) such
that ya = b) implies that
v ==
U1 V2

We claim further that a and b are equivalent iff

U U
H=x| (mod q).
(% V2
If a and b are equivalent, then
U U
v =27
U1 V2

take both sides modulo ¢ we obtain

uy Uz
=+ (mod q).
U1 (%)
For the converse, assume that
U U2
=c (mod q)
V1 Vo
holds for some ¢, and let
w1 U2
=¢
w2 V2
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Since ged(ug,v1) = 1, there exists integers x,y with u1y —viz = 1, and set

then det(o) = 1. Now assume

w1 $+qt1
T =

w2 Y+ qto

for some t1,ty € Z satisfying 7 = o (mod ¢), we show that such ¢y, ¢y exists. Note that
det(7) = wi(y + qt2) — wa(z + gt1) = (w1y — waz) + q(wits — waty).
From our assumption,
wiy —war =wy—vnz+q(---)=14+qgk keZ.

We need det(7) = 1+ gk + q(wits — waty1) = 1, so it suffices to show there exists t1,ts € Z such

that wite — woty = —k. Clearly the assertion holds since ged(wq,ws) = 1. Therefore
-1 Ui U2
TO =c ,
V1 (%)

a and b are equivalent.

Thus the number of inequivalent cusps of I'(¢) is precisely the number of orbits

S ={(u,v) € (Z/qZ)* : ged(ged(u,v),q) = 1}

under +1. When ¢ = 2, there exists 3 cusps

1 0 1
o/ \1/ \1
When ¢ > 3, from the proof of Theorem we have h, = %qQ Hp‘q (1 — p%) O

Any subgroup of the modular group which contains I'(¢) is called a congruence subgroup

of level ¢. Here are two examples;

% %
To(q) = 7 €SLa(Z) : v = 0 (mod q) ¢,
3
1 =x
Ti(q) =< v€SLy(Z) : v = 01 (mod q)

The first one is called the Hecke congruence group. It is not a normal subgroup of SLy(Z).
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Theorem 2.5. A set of representatives for T'g(q)\I'o(1) is given by

x ok
€Tp(l) withv|gandu (mod q/v).
u v
Hence the index is
1
=00 To(a)] = [T (14 7)
plg

Proof. First we show, for arbitrary

a b

9= € To(1),

c d

in its coset T'g(g)g there exists a unique representative
x %
€ I'(1)
u v
such that v | ¢ and w is uniquely determined modulo g/v.
Let
a p
h = € To(q),

v 6

note that
a f a b * *
v 0 c d ~ya+d0c b+ dd

Since h € T'y(g), v =0 (mod ¢). Meanwhile, h € SLy(Z) implies that ad —fy=1,s0 ad =1
(mod ¢), and so ged(d,q) = 1. Consequently, ged(yb + dd, q) = ged(dd, q) = ged(d, q). (d,q) is
invariant under left multiplication by T'g(q). Set vg = ged(d, q).

Now we want to find v, with vb 4+ dd = vp, ¢ | v and (v,0) = 1. Let v = g1, the equation
vb + dd = vg becomes gby; + d6 = vo. By dividing vg, (gb/vo)y1 + (d/vg)d = 1. However,
g € To(1) implies that ged(b,d) = 1, so ged(gb,d) = ged(q,d) = vy, so ged(gb/vo,d/vo) = 1.
Bézout’s theorem yields one solution (1\*,5(9)) € Z2. Hence all solutions are given by (y1,0) =
(7§0) + (d/vo)t, 6 — (q/vo)bt), t € Z. We now choose t so that ged(d,q) = 1. First, for every
prime £ | (q/vp), reducing (q/vo)by1 + (d/vp)d = 1 modulo £ gives (d/vg)d = 1 (mod ¢), hence
£14. Therefore ged(d, g/vg) = 1 for every solution. Next let £ | vy with £1 (q/vg). Since £ | vg | d
and ged(b, d) = 1, we have £ 1 b, and thus £ 1 (¢/vo)b. Hence modulo ¢, there is exactly one residue
class of ¢ for which § = §(% — (g/v)bt =0 (mod ¢), namely ¢t = 5 ((q/vo)b)~" (mod ¢). Choose

t avoiding this residue class for every prime ¢ | vy with ¢t (¢/vg). By the Chinese Remainder
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Theorem, such a choice of ¢ exists. For this choice we have ged(d,v9) = 1. Combining the two
parts, we obtain ged(d,q) = 1. Now set v = ¢y1. Then ¢ | 7, and any common divisor of v and &
must divide both ¢ and 4, so ged(v,d) = 1. Therefore there exist «, 8 € Z such that ad — gy =1,

and hence

h=|° o € L'o(q).
v 4
Moreover, vb + dd = qy1b + dd = vy.

u is uniquely determined modulo g/v. Fix v = ged(d, ¢) and consider another pair (v/,¢").
We have v = yb + 6d = v'b+ §'d and ad — be = 1 implies that ged(b,d) = 1, we have (v/,d') =
(v + dt,§ — bt) for integer ¢. For the new matrix to still lie in T'g(g), ¥/ =0 (mod ¢), so dt =0
(mod ¢). This implies that (d/v)t = 0 (mod ¢/v). But note that ged(d/v,q/v) = 1,t =0
(mod q/v). Therefore v’ =~v'a+ §c= (y+ dt)a+ (6§ — bt)c = u + ¢ is unique modulo q/v.

Given (u,v) with v | ¢ and ged(u,v) = 1, there exists z,y € Z such that zv — yu = 1.
Therefore

Y e sLy@).

u v

We have established a one-to-one correspondence between a set of representatives for I'o(¢)\I'o(1)

and

* %
€Dp(l) withov|gand u (mod gq/v).
u v

Consequently,

vg = [Lo(1) : To(q)] = Z Z L.

vlg w (mod q/v)
|q ged(u,v)=1

We claim that v, is multiplicative. That is, (¢1,¢2) = 1 implies that vy, 4, = Vg, Vg, From the

proof of Theorem natural homomorphism SLs(Z) — SLo(Z/qZ) is surjective. Let

Bl = [ ") estaz/az)
0 d

Then TI'y(g) is the complete preimage of B(g) under the natural homomorphism. So v, =
[To(1) : Tolq)] = [SL2(Z/qZ) : B(q)]. Thanks to the Chinese Remainder Theorem, we have
SLo(Z/q1q2Z) =2 SLo(Z/q1Z) x SLa(Z/q2Z). Under this isomorphism, B(g1g2) = B(q1) X B(gz).
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So

Varge = [SL2(Z/q1427Z) : B(q142)]
= [SLa(Z/q1Z) x SLa(Z/q2Z) : B(q1) % B(q2)]

= [SLa(Z/q1Z) : B(q1)] - [SL2(Z/q2Z) : B(g2)]

= Vg, Vqs-

So let ¢ = p® and we compute v,. If v =1, p®/1 = p* and ged(u, 1) = 1 holds for all w, the
number is p®; if v = p* where 1 < k < a —1, p®/p* = p*~* and ged(u, p¥) = 1 iff (u,p) = 1, the

number is precisely ¢(p® %) = p*~k — p@=F=1.if v = p@, clearly the number is 1. Now sum over

allk=0,1,-- , a,

a o — o — o ].
Vpo ="+ (0 =) ek (0 =) L= <1+p).

It follows that for ¢ general,

I

p*|lg plg

Decompose T'o(g) into a disjoint union of cosets,

Lo(g)\I' = {5 I'= Ufo(q)5i} ;

then

vol(To()\H) = [o(1) : To(a)] vol(T\E) = Zq ]| (1 . ;) ,

plg

Theorem 2.6. The cusps uj/vi,us/va € QU {oo}, given in lowest terms, are equivalent
under To(q) iff there exists v | ¢ such that ged(q,v1) = ged(q,v2) = v and uv; = ugvy

(mod ged(q, v?)). Hence the number of inequivalent cusps is

h=">" ¢(ged(v,w)).

vw=q

Proof. Fixing arbitrary elements

up v Uy U
1 U1 7 2 U2 € STa(Z)

U1 U V2 U2
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(the existence of uy, Dy (resp. Uz, v3) is from ged(uq, v1) = ged(ug, v2) = 1). We need to examine

the statement

up V1 Uz V2
Iy e To(q) : 00 =1 0.
v1 U1 v Uz
This is clearly
—1
1 n up U1 Uy U2
< Iyely(g):IneZ: = vy
0 1 U1 Ul Vg Uz
-1
up U1 1 n Uz Vg
s Inez: € To(q)
V1 U1 0 1 Vg U2
u; U1 +nu U —Ug
= neZ:| = ! 2 2 e To(q)
V1 U+ nuy —vU2 Uy

< In€Z:uv —uwy —nvve =0 (mod q)
< dm,n € Z : Ugv1 — UV = q¢M + nuvs

< Wu =Uv2  (mod ged(q,v1v2)).

Let us examine the last condition. Observe that by ged (ur, v1) = ged (uz, v2) = 1 the congruence
forces ged(q,v1) | v and ged(q, v2) | vy, i.e., ged(q, v1) = ged(q, v2). Denoting this common value
by v and writing ¢ = vw, the congruence becomes uzv; /v = Uyve /v (mod ged(w,vive/v)). Note
that ged(vy /v, q/v) = ged(vi, q)/v = 1 and ged(va /v, q/v) = ged(ve, q)/v = 1, i.e., both vy /v
and vy /v are coprime to w. In particular, v1ve/v = v(vy/v)(va/v) shows that ged(w,vive/v) =
ged(w, v) and the congruence further simplifies to Uzv1 /v = Uyva/v (mod ged(w,v)). Note also
that w7 and usuz are = 1 (mod v), hence the congruence is equivalent to ujvy /v = ugve /v
(mod ged(w,v)). Multiplying this by v we obtain the congruence in the theorem.

For any decomposition ¢ = vw and any reduced residue class v’ mod ged(v, w) we pick some
u € Z such that ged(u,v) = 1 and u = v’ (mod ged(v,w)). This exists by the Chinese Remainder
Theorem, e.g., we can take u € Z such that u = 1 (mod p) for any prime p | v with p t w and also
u=1u' (mod ged(v,w)). By the above discussion, the resulting rational numbers u/v represent

the I'g(g)-orbits of QU {oo}, and their number equals > _ , ¢(ged(v, w)). O

2.5 Double coset decomposition

Throughout I' is a Fuchsian group of the first kind which contains parabolic motions. Select

a complete set of inequivalent cusps for I', say a,b,---, and the corresponding scaling matrices
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Oa,0p,- -+ in SLa(R). Recall that o ta = 0;1[1 =...=oc0and 0,40, = U[lFbab =...=DB,

where

1 n
B=<+ ‘neZ
1

Theorem 2.7. For any pair of cusps a, b for I' the set o, 1oy is partitioned into disjoint double
cosets
L x %
o 'Toy =6wBU| ) |J B B
c>0d (mod c) c d
where 6, B = B if a = b or else it is the empty set, and the union is taken over ¢ > 0 and d

(mod ¢) such that

* %

c d

€ O'a_lFO'b.

Proof. Define

Qoo = {w € 0, Ty : woo = 00}

Assume that Q4 is non-empty. For arbitrary w € Q, i.e., there exists v € I’ with w = o, 1y0p.
Since woo = 0o, we have (o, 1y0p)00 = o0, and so y(p00) = 7400. But 0400 = a and op00 = b,
so vb = a. This implies that the cusps a,b are equivalent; hence a = b, so ya = a and then
v € Ty. Clearly Qo = {w € 0,40, : woo = 0} = 07 Tq0, = B if a = b. On the other hand
if a # b, vb = a leads to a contradiction of our assumption a «¢ b, hence Q. = 0.

Now consider elements in o Top \ Qoo. Let

a x

c d

-1
€ o, Loy,

since w does not fix oo, ¢ # 0, without loss of generality we may assume ¢ > 0. Take arbitrary

1 m 1 n

b E B’
0 1 0 1
the relation
1 m a * 1 n a+cm *
0 1 c d 0 1 c d+cn
shows that the double coset
* %
B B
c d

determines ¢ uniquely and d modulo integral multiples of c.
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Assume there exists another matrix
w co IFO'
- a b

where d’ = d (mod ¢), we claim that w’ € BwB. Indeed there exists n € Z with d' = d + ¢n,
then

we obtain w’ € Bw C BwB.
Every w € o, 1Ty either fix oo or do not fix co. If w does not fix co, by multiplying if
necessary, we have ¢ > 0. So every w belongs to one of these cosets. Clearly two different cosets

do not meet. We finish the proof. O

Put
* % L
Cla,b) =¢c>0: co; Toy
c *
Let ¢(a, b) denote the smallest element of C(a, b), and put ¢(a) = ¢(a, a). Define ¢qp = max{c(a), c(b)}.

Theorem 2.8. For any X > 0 we have

1 *oox 1 1
Z ¢ #¢d (modc): coy, Top p <cgy X.
0<e<X c d

Hence for any ¢ € C(a, b) we have

d (mode): [~ ) €oriToy p <cgle?
# (mod ¢) : ; co; oy p <cpc”.
c

Proof. Without loss of generality we may assume c(a) > ¢(b). In o, 'I'op, choose arbitrary two

matrices with 0 < ¢, < X:

Moreover we may assume 0 < d < ¢,0 < d' < ¢. Let w” = w'w™ € (07 T0y)(0y 'Toa) =

o 1To,. Then

Set ¢/ = ¢/d — cd’. From the definition of ¢(a), |¢”| > ¢(a).
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If =0, w” € B, so

This implies that ¢ = ¢ and d’ = d + mc, thus m = 0. We obtain c=¢ and d = d'.
If " #£0,|cdd—cd| > c(a). It follows that

U
d d S c(a) S c(a).
¢ ¢l o T X
since ¢ < X. Let {ry,rs,...,rn} be the set of fractions d/c corresponding to the elements

in 0, Top with 0 < ¢ < X, such that 0 < r; < rp < .-+ < ry < 1. The length of the
interval [0,1) is 1. By summing the gaps between successive points (and treating ry41 = r1+ 1),
Zi\;l(riﬂ —71;) =ryg1 — 71 = 1. Applying the bound from (2.37) to each gap (ri11 —7i) >

c(a)/ (e X):

N N
c c 1
ZZ(E});}Z

=1

RN

which gives

%

Noyooox
2w

The sum > 1/¢; is exactly the sum over ¢ of ¢~! times the number of d (mod ¢). Thus

Z Z # d (mod c): " € o, 'Toy

CG  gle=x © c d
Consequently
x % X
Z c'#{d (modc): €o;'Toy p < —— =c; X.
0<e<X c d c(a)
For a fixed ¢, taking X = ¢ and considering only the term for that c,

1 * % * %
—-#<d (modc): €o,'Toy p < Z t7'#{d (modt): €o,'Tap p <c e
¢ c d 0<t<c t d
Multiplying by c yields the assertion. O

Theorem 2.9. Let a be acusp forI', 2 € H and Y > 0. We have

10

#{r €T Im(o192) > V< 1+ e
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Proof. We only prove when I' = SLy(Z).

Let IV = 0 'T'o,. In this case, the cusp is @’ = oo, the scaling matrix is 0 = I and I}, = B.
If we set S' = {7 € B\I" : Im(I"'4/2') > y}, we show that #S’ = #S where S = {y €
L \I : Im(o;1y2) > Y} and ¢(a) = c(a’). For arbitrary v € T, let f(y) = o, 1y0, =+ € T.
Since o, € SLy(R) admits an inverse, f is a group isomorphism. Two elements 7y;,72 € T
belongs to one left coset iff y17, 1 € Ty. Tt follows that o, (1175 )oa € 04lw0qa = B, so
(o7lm104) (07 204) "t € B, ie., ¥i(74)~! € B. That is, 7, and ~5 belongs to the same left
coset in I”, we obtain a bijection between I',\I' and B\I'. On the other hand, let 2’ = o'z,
72 = (o7 y04) (07 2) = o7 yz. Thus Im(y'2') = Im(o; 1y2), #S = #5’. Moreover, from the

definition,

* % .
cla)=<¢>0: €oy Tog p,
c *

and

* *
c(a)=<ec>0: el 'r'r=1'y,

we obtain c(a) = c¢(a’) since I" = o To,.
Consequently, we may assume a = 00, 04 = [ and I'y = B. Then the strip P = {z € H :
0 < Re(z) < 1,Im(z) > 0} is a fundamental domain of I'y = B. Indeed, clearly P is a domain.

Assume there exists z1, zo € P with 25 = 7,21 for some non-trivial «,, € B, here

Yn = bon € B.
0 1
Let z1 = z1 +iy; and z3 = =9 + iys, then y1 = y2 and x1 + n = x2, which contradicts to
0 < z1,79 < 1. The closure of P is P = {z € H: 0 < Re(z) < 1,Im(z) > 0}. For arbitrary
z = x + iy € H, there exists unique integer m = [z] with m < z < m + 1. It follows that
Y_mz € P. That is, every orbit admits a representative in P. Let D = {z € H : —1/2 <
Re(z) < 1/2,]z] > 1} be the standard polygon of ', then D C P. For any w € T, we have
#{Bv € B\T' : Im(ywz) > Y} = #{Bvy € B\I' : Im(yz) > Y} since w is invertible. When
counting in B\I', replacing z with another point on the I'-orbit does not change the total count;

therefore we may assume z € D. Note that

Im(2)

From the proof of Theorem Im(yz) <Im(z), |cz +d| > 1 holds for any v € T.
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Assume z = x +iy. Im(yz) > Y implies that Y < y/|cz + d|*> < y. Since |cz + d|*> =
(cx 4+ d)? + (cy)?, we obtain

(c9)? < (cx+d)* + (ey)? < & = e < ()72

and
1/2
2 < 2 2 Y ¥
(cx +d)* < (cx + d)* + (cy) <Y=>\cx—|—d|<(y)

Assume that C' < ¢ < 2C, then |cz + d| < (y/Y)/? implies that

+d <1(y>1/2< 1 <y>1/2
v c c \Y - C\Y '

Thanks to the proof of Theorem when the denominators less or equal to 2C' the dis-
tance between any two distinct fractions dy/c; and da/cq is bounded below 6 = ¢(a)/(c1c2) >
c(a)/(2C)? = c(a)/4C?. In an interval of length L, the number of points with distance at least
d is at most 1+ L/§. We estimate that

2 1/2 1/2
cly/Y)/= 8C ry\Y
SO _1+d®<Y) '
4C?2

Note that y > Y implies that (y/Y)? > 1 and 2C > ¢(a), we obtain 2C/c(a) > 1. Adding
these bounds for C' = 27 (yY)~/2 with n > 1, we get
10277 (yY) "2 sy \1/2 10 . 10
> () =qarX?’=

n>1 C(Cl) n>1

When ¢ =0, v € B, so By = B is trivial coset. Finally adding 1 to account for I',, we finish the
proof. O

2.6 Multiplier systems

For a complex number z # 0 we choose its argument in (—7, 7]. We denote the principal branch

of the logarithm by log z, so its real for positive z and
logz = log|z| +iargz if 2 € C*.

For any transformation matrix

a b
A= € SLy(R),
c d

we define the factor of automorphy as j(4,z) = cz +d.
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If

a b a b
A= , B= ,
c d d d
then
_az4 b
cdz+d’
Hence
. az+b cla'z+b)+d(dz+d)
A, Bz) = d= .
i(4, B2) Cc’z+d’+ cdz+d

Multiplying by j(B,z) = ¢z + d’, we get
j(A,B2)j(B,z) =c(d'z +b)+d(dz+d).

On the other hand,
aa’ +bc  ab + bd’
AB =
ca' +dc b +dd
S0

J(AB,z) = (ca’ +dc’)z + (b + dd').

Therefore

J(AB,2) =c(d'z + V) +d(dz+d") = j(A, Bz) j(B, 2).

This proves the chain rule

Define
2nw(A,B) = —arg j(AB, z) + arg j(A, Bz) + arg j(B, 2).

The chain rule implies that
arg j(AB, z) = argj(A, Bz) + arg j(B, z) (mod 27)
That is, w(A, B) € Z. On the other hand, for arbitrary

* *
M = € SLy(R),
c d

we have j(M, z) = cz+d by definition. It follows that Im(j(M, z)) = cy. If ¢ > 0, j(M, z) € H for
all z € H, so z — arg(j(M, z)) is continuous on H; similarly for ¢ < 0, z — arg(j(M, z)) is con-
tinuous on H; if ¢ =0, j(M, z) =d # 0 since ad = 1. Thus z — —arg j(AB, z) + arg j(A, Bz) +
arg j(B, z) is continuous, which forces —arg j(AB, z) + arg j(A, Bz) + arg j(B, z) is a constant.
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This definition is note depend on the choice of z € H. Moreover arg j(A, Bz),arg j(B, z),arg j(AB, z) €
(—m, ], we obtain 2rw(A, B) € (=3, 37), but note that w(A, B) € Z, there must be w(A, B) €
{~1,0,1}.

For any real number k& we define the factor system of weight & by setting
w(A,B) =e(kw(A, B)).

Note that w(A, B) depends on & (mod 1) and w(A, B) = 1 if k is an integer.
Let ' C SLo(R) be a discrete subgroup. A multiplier system of weight k for T is a
function ¥: I' — C such that

W) =1
I(m1y2) = w(y1,72)0(71)9(r2)-

Since w(—1,—1I) = e(k), the above properties imply that if —T belongs to I, then ¢(—1) =
+e(—k/2). Throughout we shall require that

9(—1) = e(—k/2) it —I €T,

which is called the consistency condition (the other choice yields the zero automorphic form

only).

2.7 Automorphic forms

Let k € Z. For a function f : H — C, we define the slash operator, denoted as f|4, by:

fia(e) = (4,2 A 542) = ez + )+ (EE0)

Clearly fiap = (fja)- For

a b
v = € Lo(q),
c d

we define x () := x(d), where x is Dirichlet character modulo gq.

Definition 2.6 (automorphic form). A holomorphic function f : H — C is called a modular
form of weight k, level I'4(¢), and nebentypus (or character) y if it is holomorphic at

the cusps (we will introduce the definition of holomorphic at the cusps later) and satisfies

S (2) =x(f(2), Vv eTo(g)

The space of such modular forms is denoted by My (To(q), x)-
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Remark 2.1. In general we consider k € R. The slash operator is defined by

fa(z) =4(A,2) 7" f(Az),
where
(A, 2) 7% = exp (—klog(j(4, 2))) -

One may verify that
w(A, B)j(AB, 2)" = j(A, B2)*j(B, 2)",

and
flap = w(A, B)(fia)5-

The general automorphic form is defined by replacing x to general 1. But most of the time we

only consider case w = 1, ¥ = x be Dirichlet character modulo g and I' = T'y(q).

Since —I € T'y(q), we can apply the slash operator definition

fi-1(2) =5(=1,2) 7 f(2) = (=) 7 f(2) = (=) f(2).

On the other hand, applying the transformation law with the nebentypus gives

fi-1(2) = x(=1)f(2).

Equating the two expressions yields

For a non-zero modular form f, this implies that (—1)* = y(—1). Consequently, if the weight k is
even (resp. odd), x must be an even (resp. odd) character, i.e., x(—1) =1 (resp. x(—1) = —1).

When a modular form f € My (To(q), x) admits a non-trivial character x, the strict period-1
translation symmetry is broken at the cusps. Let a be a cusp of the group T' = T'y(¢) and let

o4 € SLa(R) be the scaling matrix that maps oo to a. Let

39



represent the translation z — z + 1. Therefore
fioaz+1) = fio,(82)
= j(0q, Bz)_kf(aaﬁz)

Jlo

) f(ya0az) (since U;l’yada =)
j(oa, B2)” k]('Yaan )kX('Ya)f(UuZ)
X(Va) floq (2)-

(74
(

Let X(7a) = €(ka), where 0 < kg < 1. We define g(z) = e(—#q42)flo, (2). Then we can easily
verify that g(z) is strictly periodic with period 1:

g(z+1) = e(—ka(z+ 1)) flo. (2 + 1)
= e(—raz)e(—ka) (e(ka) fio, (2))
= e(—ka2) flo, (2)
=9(2).

We say that f is holomorphic at a if g(z) is holomorphic at co. In this case, g(z) admits a

standard Fourier series expansion in terms of ¢ = e(z):

= Z ane(nz)
n=0

We obtain the generalized Fourier expansion for f at the cusp a:

fioo(2) = e(Kaz Z ane(nz) i ane((n+ Kq)2).
n=0

3 The Eisenstein and the Poincaré Series

3.1 Poincaré series

Set a = 00, s0 04 = I and I’y = ', = B. Moreover set I' = T'y(q) be the Hecke congruence

group. Given p: H — C be a holomorphic function which is periodic of period 1, we can define
m: ' x H— C by

(7,2) = x(Vdy (2)*p(72).
It is T'oo-invariant. Indeed, let n € I's and v € I'. We have j,,(2) = j,(72)j(2). For

n== ;
0 1
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we have j,(w) = 0-w 41 = £1 for arbitrary w € C, it follows that j,(v2) ™% = (£1)7% = (£1)*.

By definition x(nv) = x(n)x(7). If

we have x(n) = x(1) = 1; if

we have x (1) = x(—1I) = (—1)* (this is standard condition of ). Thus x(n) = (1)¥. Moreover,
nw = (fw +n)/+1=w+n for arbitrary w, so p(nyz) = p(vz +n) = p(yz) since p is of period

1. Consequently we have

(77, 2) = X(1)dny (2) " *p(v2)
= (@) (ED 5()7) plr2)
= (£1)*Xx()i4(2) *p(y2)

=1 Tr(’)’a Z)

By averaging over I'o,\I', we define
Pz)= > w(v.2), k>2.
YEL o\
It is called the Poincaré series associated with the cusp oo at the generating function
.
If p(z) is bounded, we have
_ Im(z)~*/2
. k _
P(2)| < Z 14, (2)] 7" = Z Tm(r2) 2 — yk/2 Z Im(yz)*/2.
€T \T €T o \T v €T \T
Now we claim that Im(yz) admits an upper bound. Fix z = = + iy € H, we have Im(vyz) =

y/ |cz + d|? for arbitrary

a b
¥ = erl.
c d
If v € T, 72 = z + n implies that Im(yz) = y. If v ¢ 'y, we have |c| > c¢(oco) > 0 from
the definition of c(o0). Hence |cz + d|?> > (Im(cz + d))? = (cy)?, so Im(yz) = y/|cz + d|* <

y/(c(20)*y?) = 1/(c(20)?y). Consequently,

Im(y2) < max {y c(oi)Qy}
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holds for all v € T'. That is, there exists a constant M (z) > 0 such that 0 < Im(yz) < M(z) for

all v € I'. For every ~ fixed, we have

k Im(vyz)
Im(yz)k/? = 5 / Yk/2-1qy,
0

SO
ko [Im0z) k(M)
> Im(y2)? = 5/ Yk/2-1qy = 5/ #{y € Too\I' : Im(yz) > Y}YVF/271qy.
YET o\ YET o\ 0 0

Thanks to Theorem [2.9

10
#{y €T \I': Im(y2) > Y} <1+ NG

then

k M(z) 1 k M(z) k M(z)
Z Im(yz)*/? < */ <1 + 0 > yk/2-1qy = ,/ yk/2-1qy + 5 / yk/2=2qy
YET o \T 2 Jo c(00)Y 2 Jo c(00) Jo

When k > 2 the two integers converge, so

> In2)] < oo

YEL o \I'

That is, P(z) converges absolutely.

Proposition 3.1. P(z) is an automorphic form. That is,
1. Py (=) = x(1)P(2),
2. P(z) is holomorphic at every cusp.

Proof of (1). We have

P, (2) = j-(2)*P(r2)

- Z X(Niyr—1(12) Fp(y72) (et vy =477 ).

YEL o \I'

= j-(2)

1

172)j,-1(72) = jy(2)j,-1(72). On the other hand, I = 777

Note that j,,.-1(72) = jy (7~

implies that 1 = j;(2) = jr-1,(2) = jr-1(72)j-(2), 0 jr-1(72) = j-(2)~". Then j,,-1(72) =

k

~1 = x(7) since

j(2)j-(2)71, and hence j,,-1(72)7% = j,(2) %4, (2)k. Moreover x(77!) = x(7)

|x(7)| = 1, we obtain

Pi(2) =4 (2)7F > x(x()iy(2)Fir(2) p(v2)
YET o \I'

=x(m) > x(Miy(z)Fply2)

YET o \T

= x(1)P(2).
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3.2 Fourier expansion of Poincaré series

Recall we have double coset decomposition

Lo(g) =T U U I L.

>0 d (mod c) c d
c=0 (mod q) gcd(d,c)=1

It follows that

P(z) = x(Dir(2) *p(z) + > > X(0)iye(2) Fp(r72)

T#VET o \I'/T oo TEN

=p)+ > Z><<d><cz+6"+d>’“p(i ﬁ

>0 d (mod ¢) neZ
¢=0 (mod ¢) gecd(d,c)=1

=p)+ Y ) MZ(CZ+Cn+d)_kp(Z_C(chrlercl)

c>0 d (mod c) nez
c¢=0 (mod q) gecd(d,c)=1

Say precisely, let

a b 1

n
v = (¢>0,q]ceged(c,d)=1) and 7= €T,
c d 0 1
we have
a an+b a(z+n)+b a 1
Tz = B e e T —
c en+d c(z+n)+d ¢ clecz+en+d)

Moreover, x(y7) = x(cn + d) = x(d) since ¢ | c.

Now we compute

nez

)
)

= (cz+en+d) e (m (Z — W)) (Take p(z) = e(mz))

nez

=e (?) Z(cz +cn+d) e <—MM>

neZ
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We can apply the Poisson summation formula to f, hence

I,Y(z)e(T)%A(c<x+v+i>+ciy)ke<02 (m+vnjri+iy)>e(ﬁv)dv
;/}R(c(v—i—iy))ke(—M—ﬁ(v—x—i))dv <Letvn—>v—x—i>

Il Il
o) QO
~—~
) s
o[§ <5
N——— N— N—
a
7 N
3
g
Jr
3
“‘&
N——
T
—~
(o)
—~
<
_|_
<
S~—
S~—
x>
()
/l—\
o
[V}
<
+|3
&
N—
|
N
S
N——
oL
(4

S (m + ’Zd> e (fiy) /R(c(v +ig))te (-Cg(ﬁly) (o + iy)) dv
o+ iy)) dv
(7z) e (W) /R(c(v +iy)) e (_@(Qﬁly) v+ iy)) dv

- e(ﬁz)e(m) /+Oo+iy(cv)ke (—ﬁ—m) do.

—oo+iy

I
4
=
)
+
&
N—
S—
9}
VRS
)
3
o+
N
.
N——
T
—
(o)
—
)
+
S
x>
D
/|\
o
[V}
D
ME
S

Il
o

Since k € Z, the function

(cv) e (—ﬂ — nv)

c2v
is holomorphic on the upper half-plane H. Hence for any y;,y2 > 0, Cauchy’s Theorem applied
to the rectangle with vertices £R + iy;, £ R + iy gives
R+iy: R+iya
/ (cv)Fe (—g - nv) dv—/ (cv)Fe (—g — nv) dv = —/ (cv)Fe (—g - m)) dv.
— R+iy1 c7v — R+iy2 c*v vertical sides c*v

Since
—k m )‘ —k
cv el————n )| K v
‘( ) ( c2v [

uniformly on the vertical sides, the right-hand side tends to 0 as R — co. Therefore

R+iyq R+iya
—ke (20 _ - —he (20
/ (cv)~"e ( 2y nv) dv / (cv)~"e ( =y nv) do.

—R+iyy —R+iy2

That is, J.(m,n) does not depend on the choice of y.
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We claim that if n <0, J.(m,n) = 0. Indeed, if n = 0, we have

‘ /*“*“«’ (cv)¥e (= - — o) dv| = | lim / T oyt (=2 —mw) v

c2v Y00

—oo+iy —oo+iy
+oo+iy
= | lim / (cv) e (—%) dv
Y= J_ oo tiy )
e m
< li T [ U (—— Letv—a+i
_ygrolo 7N|C($+1y)| 6( Cz(x_,'_iy))‘dx (Let v =2 +1iy)
5 e ck 2mmy d
= lim ————exp| ————— | dx
v Jo (@ 122 TP T 202 1R
° 1
< 1l s
<Jim [t s
oo
1
— Vi =k 1—k _
= yler;Oc y /_Oo a +t2)k/2dt (Let x = yt)
=0
since k > 2. For case n < 0, similarly
+oo+iy o)
—k m ) . .\ —k m .
cv) el ——— —nv)dv| < lim clex +1 el —————— e(—n(z +1iy))|dz
[ et (<5 < i [ et il e (- s ) letnte + o)

= lim 2™k - ;dx
i O

which clearly equals to 0. Hence J.(m,n) =0 for all n <0.

For n > 0, if m > 0, we have

+oo+iy
Te(m,n) = / (cv)~Fe (—% - nv) dv

—oo+iy
+oo+iy m
= / (cv)Fexp (—271'17 — 27rim)) dv
—oo+iy (o))
1 472
=(—=1)"c " (2min e w Vexp | w— Tmn w et w = —2winv
1)*e™* (2min)* ¥ : dw (L 27i
2min Re(w)=2mny cw
2mny+ioco 4 2
= (—1)kc_k(27rin)k_1/ wFexp (w - 7T2mn) dw
2mny—ioco ccw
2mny+ico 2 2 4 2
= (—1)kc_k(2ﬂ'in)k_1/ wFexp (w— ) dw Let £ = 200
2mny—ioco 4w 4 c?

k-1
= (—1)*c*(2rin)* 1 - 27i (i) Jr—1(z)

2 o\ (k=1)/2 4m\/mn
N )
ife \m c

where Jy_1(z) is the Bessel J-function. If m = 0, let © — 0 in the above equation we obtain

—2mi)*
J.(0,n) = (I‘(i:)c)’“ nF=1 (n>0).
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Consequently,

P(z) = e(mz) + Z Z WZ e(nz)e <am—|—nd> Je(m,n)

c>0 d (mod c) n>0 ¢
c¢=0 (mod q) gcd(d,c)=1

=e(mz) + Z e(nz) Z Z me (md—i—nd) Te(m,n)

n>1 c>0 d (mod ¢) ¢

c¢=0 (mod q) ged(d,c)=1

=e(mz) + Z e(nz) Z Sy (m,n; ¢)Je(m, n).
n>1 >0
- c¢=0 (mod q)

Indeed, v € T'y(q) implies that ad — bc = 1, so ad = 1 (mod ¢), and so a = d (mod c), where d

is the inverse of d modulo ¢. Furthermore,

P(2) = e(mz) 4 2mi " Z (%)(k_l)/g Z Mjk_l (4%@) e(nz)

n>1 c>0
- ¢=0 (mod q)

for m > 0. We know P(%) is holomorphic at a = co.

Example 3.1. Let p(z) = e(mz). If m =0,

E(z)= Y x(i(2)7"

YET\T

is called the Eisenstein series of weight k. We have

a\F pk-1
E(z)=1+ Z e(nz) Z Sy (0,m;¢) <21) 0

n>1 c>0
- c=0 (mod q)

om\ ¥ k-1 Sy (0,m;c
S (F) i T e

n>1 c>0
- c¢=0 (mod q)

— 143 n(n)e(nz),

here

c>0
¢=0 (mod q)

If m > 0, we have

Pu(z)= D x(0)j(2) Fe(mrz)
YET o\
= e(mz) + Z e(nz) Z Sy (m, n; 0)121(77; <%> (k—1)/2 Ty (47.‘.{%)
n>1 c>0

c¢=0 (mod q)

= Z (n)(lcfl)/2 e(nz) | Spmn + 2w " Z Mﬁil (‘h&/ﬁ)

C C

n>1 c>0
- c=0 (mod q)
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Note that if m > 1, the Fourier expansion of P,,(z) has no constant term. Hence:

Proposition 3.2. For m > 1, the Poincaré series is a cusp form.

3.3 The Hilbert space of cusp forms

Let f,g € My(To(q), x) be automorphic forms, then

fin(2) = 35(2) " F(v2) = x(0) £ (2),

91 (2) = o (2) Fg(vz) = x(7)g(2).

We show that Im(2)* f(2)g(z) is T-invariant. Indeed, given arbitrary

a b
V= € T'o(q),
c d
we have
tiy2)* 12050 = (g d|2> X(d@)(ez + ) F (2 X(@) ez + D)
<|cz—|—d|2 x(@(ez + (D e +d)g(2)
— Im(2)* x(d) X(d)fzjijék(cz—i-d) Bre)
= Tm(2)" /(=) =)
Define
— dzd
o) = [ e @), ) = 5

Since du(z) is T-invariant, the integral is well-defined. If f is a cusp form, it has exponential
decay at cusps. Moreover, after removing the neighborhoods of the cusps, the fundamental

domain reduces to a compact set K C H, and the integral is finite on K. Hence

17112 = (f. ) = / Im(2)*|£(2)2du(z) < oo.
T\H

Now,

<f,g>:/ Im(Z)’“f(Z)ﬁdu(Z):/ Im(z)*g(2) f(z)du(z) = (g, f),
Y\H Y\H

so (, ) satisfies conjugate symmetry, and the linearity is clear. It follows that the Petersson
inner product is well-defined. Therefore, Si(T'0(q), x) equipped with (, ) is a finite dimension
Hilbert space since dime Sk (To(q), x) < oo.
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Let’s consider the projection of f € M (Ty(q), x) on Py,.

(. Po) = / \HIm(Z)’“f(Z) S Xy (2)Fe(myz)du(z)

YET\T

- / D RO ONOIE 7@ "elmrzdu(z)

YEL\T

/F\H Z Im(yz)* |4, (2 (2)|** 3 (2) kx(fy)f(z)mdﬂ(z)

YEL\T

/F\H > Im(y2)*5, () x(0) f(2)e(myz)du(z)

YEL\T

-/ O O NG

YEL\T
- / Tm(y2)* f (v2)e(mmy)du(z)
yera\r/D\E
:/ Im(2)" f(2)e(mz)du(z) (Unfold)
Do \H

/ / y f dxdy

| /Zf )

n>0
/ Z f 727r(n+m)y (/ 27ri(nm)zdx> d7?24
n>0 Yy
—army 4Y
= [ oty
0 Yy
— fm) [y ety
0
s L(k—1) <y sdy
Then we obtain
Theorem 3.1.
Lk-1) ;
([, Pm) = Wf(m)-

Corollary 3.1. The space of cusp forms S;(I'o(g), x) is spanned by {P, }m>1.

Proof. Let M = span{P,,(2)}m>1 C Sk(I'o(q), x). If f L M, we have (f,P,,) =0, so f(m) -
for all m > 1. Thus f = 37, -, f(m)e(mz) = 0. That is, M+ = {0}. Since Sx(To(q), x) =
Mo ML7 we obtain M = S;(To(q), X)- -
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Let F be an orthonormal basis of Si(T'o(g), ). Since for m > 1 we have P, € Sk.(T'9(q), x),

we have

On the other hand, recall that

P..(z) = Z (%)(kil)/2 e(nz) | S + 2w "k Z

n>1 c>0
- c=0 (mod q)

Hence

Theorem 3.2 (Petersson Trace Formula).

(ﬁ)(kfl)ﬂ St 2mick Z SX(WZ n;c) Jeos (4#{%) _ Z L_kl) A(m)f(n)

m £ (4rrm)k—1
=0 <(>rn00d ) fer

Example 3.2. Consider I = I'y(1) = SLy(Z), and x be trivial character. Recall that
A(z) = (2m)%e(2) [] (1 = e(n2))*
n>1

= (2m)!? Z T(n)e(nz),

n>1

where 7(n) is called Ramanujan 7-function. Since P, (z) € Si2, so we can assume P,,(z) =

c¢(m)A(z). Recall that

_ I(k—-1) ,
(f,Pp) = (@rm)FT (m),
then
CmIAIP = (A, cm)A) = (A, Pr) = U om)t2r(m),
> e(m) = 27T (1) 7(m) 1
o (emt A
Then
T(m) A(z)

Pon(2) = (20T A
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For
AR 20)7(n)
&) = Jat = 1]

e(nz).
n>1

Applying Petersson Trace Formula (Theorem ,

L) (2m)27(m) (27)*27(n) - S(m,n;c) dm\/mn
(4my/mn)tt Al A ot 2 T ( ¢ )

c>0

Therefore

All? 11/2 m,n;c) 4\/mn
(m)() = yap >/<mn+zwz i ( F))

c>0
Let
NG
47137(11)°
we have
47/
7(m)7(n) = v(mn)t/? ( +27TZ S(m, i) ( T Cmn)) .
c>0

In particular for n > 1 we have

4mw\/n
= 27wn!1/? E S(1,n;¢)J .
7(n) Ton n;c)Ji -

c>0

Theorem 3.3 (Ramanujan—Petersson bound for 7(n), proved by Deligne).

I7(n)| < n''/2d(n).

4 Kloosterman Sums

4.1 The classical Kloosterman sums
The classical Kloosterman sum is defined as

o £ () ()

d  (mod c) d (mod c)
ged(d,c)=1

where dd = 1 (mod c). Note that

S(mymie)= > e<mdc+”d>=d > e<mdc+”d):5(n,m;c).

d (mod c) (mod c)
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Moreover

d (mod c) ¢
B * (m(—d) + n(—d))
B c
d (mod c)
= Z* e (m(—)—i—n(—d)) (since ged(—d,c) =1)
d (mod c) ¢
_ ) e<md+”d> (—d — d)
d (mod c) ¢
= S(m,n;c).

That is, S(m,n;c) € R. If ged(a, ¢) = 1 we also have

* md + and
S(m,an;c) = Z e (c)

d (mod c)

* d ad
Z e (W> (d — ad, which is bijective since a is invertible)

c
d (mod c)
* (amd + nd)
= Z e _—
c
d (mod c)
= S(am,n;c).

We have the Selberg identity

S(m,n;c) = Z dS(mnd=21,cd™").

d|ged(c,m,n)

Lemma 4.1 (orthogonality of additive characters). Let ¢ be a positive integer. For each n € Z,

1 (na) 1 ifg|n,
Ly o(m)-
q ) q

a (mod ¢ 0 1fq)(n

we have

Proof. If q | n, i.e., n = gk, then for every a we have

e (2“) = e(ka) = 1.

It follows that



If g1 n,let ( =e(n/q). Since g { n, we have { # 1 but (2 =1. So

1 a1 1-¢7
qz)(q> ZCQ—CO'

a (mod ¢
O
Proof of the Selberg identity. From Lemma [£.1]it follows that
S(m,n;c) = S(n,m;c)
* (mx + na:)
S RIC
c
z (mod c)
rm + ny
= Z € f : ]-a:yzl (mod c¢)
z,y (mod c)
B xm+ny\ 1 a(zy — 1)
= Y ()L Y (M
z,y (mod c) a (mod c)
1 m+ay)+ny —a
Y Ty (fmr
a (mod c)z,y (mod c)
SN S W s
dlc @ (modc/d) gy (mod c) ¢
ged(a,c/d)=1
We evaluate the x-sum by orthogonality, getting
ny — ad
Smo =Y X X (™)
dle o (mod ¢/d) y  (mod c)
ged(a,c/d)=1 ady=—m (mod c)
since
Z (x(m—l—ady)) ¢ ifm+ady=0 (mod c),
e _— =
z (mod c) ¢ 0 else,
from above Lemma.
Since ady = —m (mod ¢), necessarily d | m, so we can set d | ged(m,c). Then ady =

—m (mod ¢) implies that ady = —d(m/d) (mod d - (¢/d)), so ay = —(m/d) (mod ¢/d). Since
ged(a, ¢/d) = 1, we have y = —a(m/d) (mod ¢/d). All the solutions of y = —a(m/d) (mod ¢/d)
have the form y = —a(m/d) 4 t(c/d) where t (mod d). Thus

£, (), § (e

y  (mod ¢) t (mod d)

ady=—m (mod c)
[ —na(m/d) —da nt
(), 2o G)

t (mod d)
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Note that

nt d ifd|n,
> <(i)-

t (mod d) 0 ldeR,

we can also set d | n. That is, d | ged(m,n, ¢).

We thus have

Stmomie)= D) > (™)

d|ged(m,n,c) a (mod c/d) y (mod ¢)
ged(a,c/d)=1 y=—am/d (mod c/d)

> odo > e(_(m/d)(://dd)a+a)

a (mod ¢/d)
d|ged(m,n,c) o )

S RISt (L IOCET R

(mod c/d)
d|ged(m,n,c) ch(aﬁ‘;/;):l

Z dS(mnd=2,1;cd ™).
d|ged(m,n,c)

This establishes the Selberg identity for Kloosterman sums. O
In particular, if ged(c,m,n) = 1, then
S(m,n;c) = S(mn,1,c).

If ¢ = gr and ged(gq,r) = 1, then by the Chinese Remainder Theorem, we have twisted multi-
plicativity
S(m,n,qr) =S (gm,qn;r) S (Fm,7n;q) .

Indeed, since ¢ = qr and ged(q,r) = 1, we have Z/(qr)Z = Z/qZ x Z]rZ, and (Z/(qr)Z)* =
(Z/qZ)* x(Z]rZ)*. Consequently, each invertible residue class d modulo gr uniquely corresponds
to a pair of (dg,d,), where dg, € (Z/qZ)*, d, € (Z/rZ)*, and d = d; (mod ¢), d = d, (mod r).
Moreover d = d, (mod ¢), d = d, (mod r). Note that for arbitrary integral x, we have z =

2(r7) + 2(qq) (mod gr) for gg =1 (mod r) and 7 =1 (mod ¢), then z/(qr) = (qz)/r + (Fx)/q
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(mod 1). Tt follows that

Smngr) = Y

qr
d (mod qr)
B Z* e( (md—l—nd))e( (md—i—nd))
d (mod qr) " q
B Z* (qmdr +gnd, ) . (rmdq +7nd, )
= " .
d (mod gr)

I
*
M*
@

N

<

3
|

3

Y+
Y

S

1SN

3

——
N

<

3

Q&.

+

3

S

SN
——

B ?mdfl +7nd, * gmd, +qnd,
- ) L F

(mod q) » (mod r)
= S (gm,gn;r) S (Tm,Tn;q) .
This allows one to reduce the problem of evaluating S(m,n;c) for any ¢ to that for prime
power moduli.

Lemma 4.2. If ¢ = p?® with a > 1 and ged(c,2n) = 1, then
2 —2
S(n,nic) = c'/? <6 (n) e (”)) '
c c

o * nd + nd
S(n,n;p*®) = Z e( pen >

d (mod p2)

Proof. From definition

Given a (mod p?*) and b (mod p®) and consider a(1 + bp®). Since 1 + bp® admits an inverse
modulo p?®, the equation a(1 + bp®) = d (mod p*>*) has a unique solution a = d(1 + bp*)~*
(mod p?%) for fixed d (mod p*>*) and b (mod p®). Moreover ged(d, p>*) = ged(d, p) = 1 implies
that ged(a,p) = 1. Consequently, there exists p® many solutions a (mod p?*) and b (mod p®)
with d = a(1 + bp®) (mod p2*) for every d (mod p**). Hence

Sn,mip*) =p=* Y R (na(l + bp®) —Zf—ana(l - bpa)>

b (mod p®) a (mod p2e)
ged(a,p)=1

v 5 ) 5 ()

a (mod p2«) b (mod p¥)
* n(a+a
= Z e ((;—)> . (Orthogonality of additive characters)
2a p “
a (mod p4%)
a=a (mod p%)

Note that @ = @ (mod p®) iff a®> = 1 (mod p®) iff (a — 1)(a + 1) = 0 (mod p®). That is,
p* | (a—1)(a+1). However p t ged(a—1,a+1), otherwise p = 2, contrary to ged(p>®,2n) = 1. So
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p*|la—Tlorp®|a+1. If p* | a—1, then a = 14tp® with ¢ (mod p®), it follows that @ = 1 —tp®
(mod p?®); if p* | a + 1, then a = —1 + tp® with ¢ (mod p®), it follows that @ = —1 — tp®

(mod p?®). Hence

Snp*) = Y e(”(1+fp“+1—tp“)>+t (Z e(n(—u—tpa_1_151,@))

2c 2c
t (mod p®) p p

o 2n —2n

=P\l ) Tel e
((8)+<(=)
=vclel — | +e| — .
c c
Lemma 4.3. If ¢ = p?*™! with « > 1 and ged(c, 2n) = 1, then

s =2(2) 2 me (e (2).
()

is the Legendre—Jacobi symbol and €, = 1,4 according to whether ¢ =1 or —1 (mod 4).

mod p*)

where

Proof. From definition we have

* nd + nd
S(nmie)= Y e (W)
d (mod p2atl)

For arbitrary b (mod p®), 1 + bp®*! is invertible modulo p?**!. Thus for every d (mod p?**1)
there exists a unique @ (mod p?>**1) with d = a(1+bp**!) (mod p?**1). Moreover ged(a,p) = 1
since ged(d, p?**!) = ged(d,p) = 1. Thus the exists p® many a (mod p?>**1) and b (mod p®)
such that d = a(1 + bp**!) (mod p?**+!) for every d. Then

_ * na(l + bp®t1) + na(l — bpot+!
St =yt $ 0y (M)

b (mod p*)a (mod p2at?l)

e 3 ), T )

a (mod p2atl) mod p*

= Z* e (W) . (Orthogonality of additive characters)
p

a (mod p2a+l)
a=a (mod p®)

Now a = @ (mod p%) iff p® | (a — 1)(a + 1), either p® [ a—1 or p® | a+ 1. If a = 1+ tp®
(mod p?**t1), so @ = 1 — tp® + t2p>* (mod p?**1); if a = —1 + tp* (mod p?**1), so@ = —1 —
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tp® — t2p?® (mod p2**1). Hence
2041y n(2 +t*p°*) n(—2 — t*p>*)
S(n,n;p ) = Z € ( pat + Z € p2otl
—92n —nt?
e<p2a+1> Z e( P )
(mod pa+1)
o 2n nt? o —2n —nt?
=P e(p2a+1> Z e(p>+p e(p2a+1) Z e( » )
) t (mod p)
ol T 1/2 —2n
b ) () e ()
2 -1 —2
~(5)e (e ()« (5) e ()
P c D c
(3 (e (%
p

We put the Lemma [£:2] and Lemma [£.3]in a unified form

Proposition 4.1. If ¢ = p® with 8 > 2 and ged(c,2n) = 1, then

Stn.nic) =2 () /2 Re (ace (i”)) .

More generally, if ¢ = p® with 8 > 2 and ged(c, 2mn) = 1, then S(m,n;c) = 0 unless m = (*n

(mod ¢). For m = ¢?>n (mod c), we have

2
S(m,n;c) = S(€*n,n;c) = S(fn, tn;c) = 2 (En) c'/?Re (856 <€n)>
¢ c

by ged (¢, ¢) =1 and Proposition

In any case we conclude

Corollary 4.1. If ¢ = p” with 8 > 2 and ged(c, 2mn) = 1, then
|S(m,n;e)| < 2eM2

Proposition 4.2. Let ¢ = 2% with 8 > 2, and assume ged(c,mn) = 1. If 8 = 2 with a > 1,
then
Somn =2 YoM

s (mod 2%)

s odd
ms?’=n  (mod 2%)
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If 8 =2a+1 with a > 1, then

.92a+1\ _ ga+l ms + ns
S(m,n,2 )—2 Z €<220{+1>

s (mod 2%)
s odd
ms?=n+2°  (mod 2%T1)

Consequently,
|1S(m,n;2%)| < 42072,

In 1948 A. Weil proved the Riemann hypothesis for curves over finite fields, from which he
deduced that
1S(1,m;p)| < 2p/2.

Theorem 4.1. For any ¢ > 1, m,n we have
|S(m,n;c)| < gcd(m,n,c)l/zcl/zT(c)

where 7(c¢) denotes the divisor function.

The estimate |S(m,n;p)| < p'~? is historically motivated by Kloosterman’s study of repre-
sentation numbers of positive definite diagonal quaternary quadratic forms; in fact, Kloosterman

introduced these sums in his 1926 work on the circle method for az? + by? + cz? + dt?.

4.2 Power-moments of Kloosterman sums

Define
Vi) = > SMaLip).
a (mod p)
Then
p-DVilp)= > > S%a,1;p)
b (mod p)a (mod p)
= Y7 Y sfap)

o
8
o
a

p)a (mod p)

S Sk, absp)

od p)a (mod p)

ST SMabip)

mod p)a (mod p)

= Y SMabip) - SH0,00) — > SHa,0p)— > SM(abip).

od p)a (mod p) a (mod p) b (mod p)

Il
!

=
el

|
!

=
—

=
£l
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Note that

S(0,0;p) = Z* 1=p-1

a (mod p)

and
* d * d d
S(a,0;p) = Z e<a)= Z e<a>= Z e<a>—1:0—1:—17
d (mod p) p d (mod p) p P
it follows that

p—DVilp) = > > SMabip) - (p— DF —2(-D)F(p—1)

a (mod p)b (mod p)

Since )
S(a,b’p): Z* e(ad—&-bd)’
d (mod p) p
we have
S*(a,b;p) = Z* Z* e(a(x1+...+xn)—;b(x1+...+xk)>.

z1 (mod p) zr  (mod p)
It follows that

Z Z Sk(a,b;p)

a (mod p)b (mod p)

DY DI DU S e<a<w1+~-~+xn>+b(m+-~-+xk))

a (mod p)b (mod p)zi (mod p) zr,  (mod p) p

z1 (mod p) zr (mod p) \a (mod p) p

= p°vi(p),

where

vi(p) = # {1, 2 € (Z/pL)" sy + -+ 2p = 0,71 + - + 75, = 0},

form the orthogonality of additive characters.

If k=1, we have 1 =0 (mod p) and T1 = 0 (mod p). Such z; does not exist, so v1(p) = 0.
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Thus (p — 1)Vi(p) = p — 1, it follows that Vi(p) = 1. Indeed, one may compute directly

Vi(p) = Z S(a, 1;p)
a (mod p)
B * - ad +d
-z E (5)

a (mod p)d (mod p)

205,

d (mod p) a (mod p)
()
-y e
d (mod p) p

=1.

If k =2, we have 1 +22 = 0 (mod p) and T1 +7z = 0 (mod p). That is, zo = —2; (mod p),
so va(p) = p — 1. Hence Va(p) = p*> —p — 1.

If k = 3, we have 21 + 29 + 23 = 0 (mod p) and T7 + Tz + T3 = 0 (mod p). Then from the
first equation (by multiplying z1zex3) 3 = —21 — 22 (mod p), from the second equation xyxzs +
x3(x1 +x2) =0 (mod p). It follows that x122 — (r1 +22)? =0 (mod p), then z2 + 23 +z122 = 0

(mod p). Consequently,
1+ xo+23=0 (mod p) x3 = —(x1 + x2) (mod p)
T1+Z2+7Z3=0 (mod p) 2?2 + 25+ 2122 =0 (mod p)

Note that z} + 23 4+ 2122 = 0 (mod p) iff 23 (1 + (2277) + (2271)%) = 0 (mod p) iff (z277)% +

(z2Z1) + 1 =0 (mod p). Therefore

r3=—(v1 +2) (mod p)
1+ 23+x3=0 (mod p)
— y =71 (mod p)
TI+ T2 +T3=0 (mod p)
y?+y+1=0 (mod p)

The number of solutions of y € (Z/pZ)* satisfying y> +y+ 1 =0 (mod p) is
)
1+ (=),
p

vs(p) = #21 - #y = (p— 1) (1 - (f))

where A = —3. Hence

implies that

-3
Va(p) = (p) p? +2p+ 1.
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For k = 4, we obtain

1+ 23+ x3+24=0 (modp) 21+ 23 =u (mod p)
TI+To+T5+T3=0 (modp) TI+ T3 =v (mod p)

where u = —x3 — x4 (mod p) and v = —Z3 — Tz (mod p), with u,v € Z/pZ. Let n(u,v) denote
the number of solutions (z1,z3) € ((Z/pZ)X)2 to the system on the right-hand side, for given
u,v € Z/pZ.

Note that if (z1,x2) is a solution counted by 7(u,v), then (x3,x4) is a solution counted by
n(—u, —v). Conversely, if (z1,x2) is a solution for n(u, v) and (z3,z4) is a solution for n(—u, —v),
then (x1,x9, x3,x4) satisfies x1 + x9 + 23+ x4 =0 (mod p) and T7 + T3 + T3 + T4 = 0 (mod p).

Hence

Vy (P) = Z Z 77(“7 U) 77(—% —7))

v (mod p)u (mod p)

= 2 ) v

v (mod p)u (mod p)
since the map (z,y) — (—z, —y) establishes a bijection between the solution sets of n(u,v) and
n(—u, —v).

If u=0, 1 + 22 = 0 (mod p) implies that Z17 + 72 = 0 (mod p), i.e., v =0 (mod p). For
the converse given arbitrary x; € Z/pZ, one may choose zo = —z1 and then obtain a solution.
Therefore n(0,0) = p — 1 and 7(0,v) = 0 if v # 0. Similarly n(u,0) = 0 if u # 0. If u,v # 0, we
have T1 + T2 = v (mod p), then (z1 + z2)T1Z2 = v (mod p). So x129 = uv (mod p). Therefore,

2

n(u,v) is the number of roots of equation z# — ux + wv = 0 (mod p), which is precisely

1+ (1 _p4m’> . (w0 #0).

Consequently,

PR Z* <1+(1—p4uv)>2
=p-12+m-1) > )(H (1;4t>)2

t (mod p

since for arbitrary fixed t € (Z/pZ)* there exists p — 1 ordered pairs (u,v) with wv = ¢, u,v

(mod p). Note that t — 1 — 4t admits inverse ¢ — 4(1 —t), it is a bijection from (Z/pZ)* to
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(z/pZ) \ {1}. Thus

np)=p-172+0m-1) > (”@)2

t (mod p) p
t£1

=(p-1*+@-1| Y 1+2 Y (;>+ 2 (;)2

t (mod p) t (mod p) t (mod p)
t£1 t£1 t£1
=(p-12+@-D((p-1)+(-2)+(»-2)

=3p—-1)(p—2).

Then
Vi(p) = 2p° — 3p* — 3p— 1.

For arbitrary a # 0 we have |S(a, 1;p)|* < Vi(p) < 16p3, so |S(a, 1;p)| < 2p3/*. If p | 2mn,
we then obtain |S(m,n;p)| = |S(mn, 1;p)| < 2p3/4.
Note that
Vi(p) _ 20° —3p* —3p—1 o1 2p+2
Va(p) pPP-p-1 pPP-p-1
holds for p > 5. Assume that M = max,.o|S(a, 1;p)|?, then for every a we have |S(a,1;p)[* <

M|S(a, 1;p)|?, it follows that

>2p—2

Va(p) = _1S(a, p)[* < M [S(a, 1;p)[> = MVa(p).
Therefore, there exists a with

Va(p)
S(a, ;)2 > —= >2p—2,
|S(a, 1; p)| W) P

ie., |S(a,1;p)| > (2p—2)'/2. This shows that the constant 2 in Weil’s bound cannot be replaced
by any number < /2.

From Weil’s bound,
‘ S(a,1;p)

VP 'SQ’

we then have

pil/zS(a, 1;p) = 2cosbp(a),

where 0 < 6,(a) < 7 is called the Kloosterman sum angle. Chebyshev polynomials are defined
recursively by

Us(z) =1, Ui(z)==z, zUk(z)="Ug-1(x)~+ Uksi(x).

61



One can show that

() (k=0 s
U@ = D e
0<0<k/2

Another way of defining the polynomials Ug(z) is by

_ sin(k+1)0
Uk(QCOSH) - W
The generating series of Uy (x) is
o0
D Uk = (1 —ay+y*) "
k=0

Theorem 4.2 (N. Katz). For k > 1 and p > 2 we have

3 Un(2cosby(a)) g%(k+1)p1/2.

a (mod p)

The key feature of the Katz estimate lies in the fact that the Tchebyshev polynomials Uy (x)

form an orthonormal basis in £2([0, 7], 1) with respect to the Sato-Tate measure
p =271 (sin §)2d6.

Thus Theorem implies that the Kloosterman angles 6,(a) are asymptotically equidistributed
for the Sato—Tate measure as a ranges over the primitive classes (mod p) and p — co. In other

words, for any continuous function f on [0, 7] we have
lim — > fOp(a) = g/ﬂ £(6)(sin 0)%d0
1 P o ™ Jo ’

A much harder question is, how is the Kloosterman sum angle distributed with respect to the

modulus?

Conjecture. For a fixed a # 0 the Kloosterman angles 6,(a) are asymptotically equidistributed

for the Sato—Tate measure as p ranges over primes, i.e.,

i ! _2 ' sin 0)?
Jim =S 0 @) = = [ 5O smopan,

p<z

4.3 The Salié sums

Define the Salié sum by

Temme) = 3 (i) ¢ (’"dj”d> .

d (mod c)
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Let

Lemma 4.4. If ged(c,2n) = 1, then

g(n,c) = (%) e.ct/?,

where
1 ifec=1 (mod4),
€ =
i ife=-1 (mod4).
Proof. Write ¢ = qr?, where ¢ square-free, then

gln,e)= Y e (”i)

t (mod ¢r2) ar

Z Z e <n(x+qry)2> (t =2+ gry where z  (mod ¢r) and y (mod 7))
)

qr?
z (mod gr)y (modr

SRR

z (mod qr) y (mod r)
nz? . .
=r Z el —5 (Orthogonality of additive characters)
e (moaan NIT

— Z e<m2) (r = r2)

z (mod q) q

=rg(n,q).

Tt suffices to consider g(n,q) where ¢ is square-free. In this case,

= ()

z (mod q) q

3 e(’”;y)-#{x (mod ) : s> =y (mod g)}.

y (mod q)

g(n,q)

Thanks to the Chinese Remainder Theorem, let ¢ = py - - - ps, then

#{x (modq):2°=y (modq)}= H#{x (mod p;) : 22 =y (mod p;)}
i=1

()
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It follows that

o= ("II(1+ (%))

y (mod q) 4 plg
ny Y
R e P 6)
y (mod q) dlg

-y ¥ e("y

d
dlq Yy (IIlOd q)

T 5 L)) e

dlg £ (mod g/d)t (mod d)

x x @), 2, G

dlg t (mod d) £ (mod q/d)

N—

t t
= Z Z () e (n) (Orthogonality of additive characters)
d q
dla ¢t (mod d)
(a/d)In
t nt . .
= Z <> e () . (ged(g,2n) = 1 implies ged(g,n) =1, so ¢ =d)
' q q
(mod q)
Recall that we have
na — a
> x@e(") 3w X e ().
a (mod q) a (mod q)

since ged(g,n) = 1. Say precisely, the number na runs through a complete residue system mod g

with a. Also, |x(n)]? = x(n)x(n) =1, so

Therefore
) (mZOd q)X(a)e (ZLL) = Wa (mZOd q)X(na)e (T;a> = ma (mZOd q)x(a)e (Z) .

Note that the Legendre-Jacobi symbol is a Dirichlet character, so

sw0=(), 2 (€)= (oo

t (mod q)
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Consequently,

Suppose ged(e,2n) = 1. Let us consider
* d md + ndz?
F(z) = - _— h d c).
(x) d(z:d)(c>e( . ), where (mod ¢)

Note that F'(1) = T'(m,n;c). By the Fourier inversion,

z (mod c) d (mod ¢) z (mod c)
Complete the square,

. (ndx2 _ xy) ., (nd (1;2 —2-2ndxy + (Qndy)2>) e (—nd4 (nd)2y2>

c Cc

(nd (z — 2ndy) ? > ( —4dndy? )
=e e .
c c

It follows that

- 5 () (), £ () emem

d (mod c) Z (mod c)

- ¥ (‘j) e (””f) e (_42‘@2) g(nd, c).

d (mod c)

Since



we have

=, 5 (2 () (52 (Yoo

d (mod ¢)

NS e((‘*”m‘yz)d) 4(n,0). (Tnd > d)

c
d (mod c)

The Ramanujan sum can be computed as follows:

=), 5,5

d (mod ¢) d (mod ¢ l|ged(d,c)
nd
=Su ¥ (™)
e a (Z:zd )

tc

(c/8)|n
S ILTCIEN G
rlged(n,c)
SO
Py)=gne) > du(5).
d|ged(4mn—y? c)
Then

=l S w(S)amae()

y (mod c) d|ged(dnm—y?,c)

ST () T o)

d|c y (mod c)
d|(4nm—y2)

Let y = ¢d + %' with ¥/ (mod d) and ¢ (mod c/d), d | 4nm — y? iff 4> = 4nm (mod d). So

SERTCO D SR DR Lt

(mod c) / mo
dy|(4nm—dy2) y/2Ey4TLTT<’L ?mdo>d d) ¢ (mod c/d)
xy) xl
= el — e
S o) ()
y  (mod d) ¢ (mod c/d)
y2=4nm (mod d)
c Ty . .-
== E e (—) . (Orthogonality of additive characters)
d c
y (mod d)
y>=4mn (mod d)
(c/d)|=
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If ged(z, ¢) = 1, then (¢/d) | = implies that d = ¢, it follows that

Po= 10 ()

y (mod c)

y2=4mn (mod ¢)
n 2xy
~()ao X (). wrw
y (mod ¢)
y2=mn (mod c)

Set x = 1, we obtain

Lemma 4.5. If ged(c, 2n) = 1, we have

T(m,n;c) = (%) eve Y e (iy) .

vy (mod c)

y2=mn (mod c)

Corollary 4.2. If ged(c,2mn) = 1 we have
|T(m,n;c)| < 271 (c).
Proof. Let ¢ = p{* -+ p%=, then

Tommol=ve| 3 (2y)

y  (mod c)
2

y“=mn (mod c)
<+e > 1
y (mod ¢)
y2=mn (mod c)

= Ve[ #{y (mod ) sy? =mn (mod pi)}
=1

thanks to the Chinese Remainder Theorem. Since ged(c,2mn) = 1, p; | ¢ implies that p; f mn. In
F,, a quadratic equation has at most two roots, so #{y (mod p) : y> =mn (mod p)} < 2. If p |
y, then p | y? implies that p | mn, a contradiction, hence p { y. For the polynomial f(y) = y?—mn,
we have f’(y) = 2y # 0 (mod p). By Hensel’s Lemma, # {y (mod p{"*) : ¥ = mn (mod p$*)} =
#{y (mod p) : y> = mn (mod p)} < 2. Consequently,

T(m,m0)] < ve[[ 2 < ve[J(a + 1) = ver(o).
=1 i=1

Corollary 4.3. If ged(c, 2n) = 1 we have

Tmie)= (2)g(le) 3 e <2n (Z - Z)) 7

ab=c
ged(a,b)=1

here bb =1 (mod a) and aa@ = 1 (mod b).
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Proof. From Lemma 4.5

T(n,n;c) = (%) ae) Y e (2cy> .

y  (mod ¢)
y2=n2 (mod ¢)

> @) o)

y (mod ¢)

y2=n2 (mod ¢) y2=1 (mod c)

Since we have

by y — ny since ged(e,n) = 1. Write ¢ = p{* - - - p%=, then by the Chinese Remainder Theorem,

solutions to y> = 1 (mod c) is precisely solutions to
y>’=1 (mod p{),
y?=1 (mod p%).

The equation y? = 1 (mod p$*) is equivalent to (y—1)(y+1) =0 (mod p$*). From ged(c,2) =1
and ged(y—1,y+1) | 2, we obtain p; { ged(y —1, y+1), which implies that min{vy, (y—1), vp, (y+
(y_ 1)(y+1) iff Up; (y_ 1) +Up, (y+1) 2> .

1)} = 0, where vy, is p;-adic valuation. Moreover p;

Thus p;* (y + 1). Hence the solutions of y> = 1 (mod p{*) are y = 1 mod pS*

(y—1) or pi*
or y = —1 mod p;". Write b = [[,.; p;"* where i € I such that y =1 mod p;** and a = Hjer?j
where 7 € J is such that y = —1 mod p?j. By the Chinese Remainder Theorem, for every
decomposition ¢ = ab with ged(a,b) = 1, there exists unique residue class modulo ¢ satsifying
y = —1 (mod a) and y = 1 (mod b), and such y can be written as y = aa(1) + bb(—1) mod c.

Therefore,

|l
\
Q| o
N———
N————

3 e<2’c‘y> > e<iZ(aabb)) 3 e(2n<

ab=c
y2=1 (mod ¢) ged(a,b)=1 ged(a,b)=1

5 Bounds for the Fourier Coefficients of Cusp Forms

5.1 General estimates

Let f be a cusp form for T' with respect to ¥. (In particular, we may consider I' = T'g(q) and

¥ = x, where x is Dirichlet character modulo ¢.) Then at oo, f admits Fourier expansion

f(z) = Z a(n)e(nz) = Z a(n)n*=Y/2¢(nz).

n>1 n>1
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Claim 5.1. F(z) = (Im(z2))*/?|f(z)| is bounded on H.

Proof. Indeed, F is I'-invariant.
F(v2) = (Im(y2)*?| f (72)|

_ M o 1 z k z
~(G08s)  welePse

= (Im(2))*/?f(2)]
= F(z2).
Therefore it only suffices to show F'is bounded in a fundamental domain F. Write F = K |J, U,

where K compact and U, is a neighborhood of cusp a. Clearly F(z) = (Im(2))*/?|f(z)| is

continuous, so it is bounded in K. Given a cusp a and let o, be the scaling matrix. Then

fa(2) = (00, 2) * f(0az) =D aa(n)e(nz)

n>1

since f is a cusp form. It follows that fa(z) = €*™*hg (¢*™%) for some hq which is holomorphic

at 0. Thus |fq| = |62”iz| |chl (eQ”iz)‘ < e 2™ where z = z + iy. Hence
F(042) = (Tm(042))"? | f(02)]

(e N
_< |2) (0w DL fal2)]

li(0a, 2)
= (Im(2))"?| fa(2)]
< yk/26—27ry (Z =4 ly)
< 1.
Thus F' is bounded at the neighborhood of cusp a. We finish the proof. O

Claim 5.2. Let f be a modular form with multiplier ¥. If F(z) is bounded, then f is a cusp

form.

Proof. Let a be arbitrary cusp, and o, be the scaling matrix. Define fq(z) = j(0q,2) ¥ f(0q42).

Since

1 1
T= co, Tqoq,
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there exists v, € I'y such that 0,7 = v4,0,4, then

fa(z +1) = fa(Tz)
= j(0a,T2) " f(0aT2)
= j(0a,T2) 7" f(a0a2)
300, T2) " 9(Va) (Vas 0a2)" f(0a2)
= (j(0a, T2)J(T, 2)) ""9(7a) (i (00, 2) "5 (YaTas 2))* f(0aT2)
§(0aT,2)"9(a) ((0a, 2) "' j (00T, 2))" f(0aT2)
(V)i (0a,2) " f(0aTz)
I(va) fa(2).

Since [¥(vq)| = 1, we can write 3(yq) = e(kq) with 0 < k4 < 1. It follows that e(—rq2)fa(2) has

period 1. Thus e(—kq42) fa(2) admits Fourier expansion at the cusp oo

e(—kaz) fa(z) = Z aq(n)e(nz),

n>0
then

fa(z) = Z aq(n)e((n + Kkq)2).

n>0

Therefore F' is bounded implies that there exists C' > 0 such that y*/2|f.(2)| < C for all
z=1x+iy € H. Then |fq(2)| < Cy=F/2, 50 fuo(z) = 0 as y — oo. If k4 # 0, then

fa(2) = aa(n)e((n + kq)z)

n>0

has no constant term; if Kk, = 0,
fa= Z aq(n)e(nz),
n>0

here

laa(0)] = /0 Fal + iy)de

1
< / falz + iy)|dz

1
< / Cy~F2dx
0

=Cy %250
as y — 0o. Thus |a,(0)] = 0. Consequently f is a cusp form. O
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Now,

1 , 1
/0 |f(2)] dx:/O ¥a(n)e(nz) Z a(m)e(mz) | da

n>1 m>1
1
_ Z a(n) Z m (/ e27ri(nm)a:dx> e 2™y o —27my
n>1 m>1 0
= 3 fan)zem
n>1
Z | ( |2 747rny+ Z | |2 —4nny
n<N n>N
<y

from Claim 5.1l Therefore

Z ‘a |2 —4nNy < Z |a |2 —4nny <y k’ VN > 1.
n<N n<N

Choose y = 1/N, we obtain

Theorem 5.1. For any N > 1 we have

where the implied constant depends on f.

In addition,

> la(n)|* < N.

n<N

Indeed, from |a(n)|* = |a(n)[2/n*~1, we have

> Jatmf? = 3 4l

n<N n<N
1 2 N 1 2
= NF 1 Z la(n)|” + (k —1) * ZM”)\ de
n<N 1 n<t
N}e N tk
< N

by Abel summation. That is, on average a(n) is of size 1. Later we will find that

3 P = eV +0 (39°)

n<N
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due to Bingrong Huang. The error term was later improved further by him. See [Hua21], [Hua24].
By Cauchy—Schwarz,
1/2 1/2

Sl < (X lamP] [ 31] < NNV < N2

We have the following estimate:
Corollary 5.1. For any N > 1 we have
Z la(n)] < N*+D/2,
n<N
Theorem 5.2. For any real o and N > 1 we have
Z a(n)e(an) < N*/?1og 2N.
n<N

where the implied constant depends only on f (not on «).
This is equivalent to

Z a(n)e(an) < N'?1og 2N.

n<N

where the implied constant depends only on f (not on «).

Proof. Note that

n>1
where )
a(n) = | f(z)e(—nz)dz
0
Then
Z a(n)e(an) = 1 (2) Z e(—nz)e(an)dz
n<N n<N
-«
:/ fz+a) Z e(—nz)dz (z— 2+ a)
—a n<N
B 1o e(=Nz)—1
[, et
Since
6(—NZ) 1 _ e2mNyo—2miNz _ |627my6727fiNr| +1 27Ny
e i e e c ke
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we have

3" an)e(an) /l_alf( [
a(n)e(an) K zZ+ )| ———dx
2 . = ()
< yh/227N /1 b4
o [1—e(2)]

1

since & — |1 — e(z +iy)|~" is of period 1.

Now

I1—e(z+iy)]> = (1 —e ™ cos(27m:))2 + (e7?mY sin(27rx))2

=(1- 672”74)2 + 4e 2™ sin? (7).

Note that when 0 < y < 1, we have 1 —e ™2™ =< y and |sin(rz)| < ||x||, where ||z|| is the distance

between z and the nearest integer. Then |1 — e(x +iy)|? < y? + ||z/|%. It follows that

/1 dx <</1 dx
o [1—e(x+iy) o Vy?+ |z

/1 dz

<

o Y+l

_2/1/2 dx
0 Y+

< log(2+y™1).

Therefore we have
Z a(n)e(an) < y~*/2e*™Nv1og(2 4+ y~1).
n<N

—k/2

If y is too small, then y is too large; if y is too large, then eV is too large. It is natural

to take Ny < 1, i.e., y = 1/N, then

Z a(n)e(an) < N*/?log 2N.
n<N

Now we prove the equivalence of the two assertions. First from

Z a(n)e(an) < N*/?log 2N
n<N
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and a(n) = a(n)n~*=1/2 we have

Z a(n)e(an) = Z a(n)n=* =1/ 2¢(an)

n<N n<N

- Z a(n)e(an) — /N Za(n)e(an) de—(k=1/2
N(k-1)/2 = 1

n<t

N
< NF/2)og2N - N—(=1)/2 +/ th/2log 2t - t~(kH1/2 4
1

N
= N'/? log2N+/ t~ 12 log 2tdt
1

< N'Y210g2N + NY?log 2N
< N/? log2N.
On the other hand, if the assertion
Z a(n)e(an) < NY?log 2N
n<N
holds, we have

Z a(n)e(an) = Z a(n)n*=Y/2e(an)

n<N n<N

N
= NGk-1)/2 Z a(n)e(an) —/1 Zd(n)e(an) dek=1/2

n<N n<t
N
< NV2?)og2N - N(=1/2 +/ t*/2= 1 og 2tdt
1

< N¥/210g2N.

Remark 5.1. It’s not true

Z a(n)e(an) = O (Nk/Q”’) (n>0).

n<N

Otherwise, we will deduce that

which implies that

aln)? = ' a(n)e(an a = 1—2n
RSZN|<>| /OZ()( )| da=o(N120),

n<N
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contradiction to

> fam)P = ;N +0 («*777).

n<N
Corollary 5.2. For any ¢ > 1 and a (mod ¢) we have
Z a(n) < N*2log2N
n<N
n=a (mod q)
where the implied constant depends only on f.
Equivalently,
Z a(n) < N'/2log2N

n<N
n=a (mod q)

where the implied constant depends only on f.

Proof.

> aiuza oty = Y alw); Y e(b(n_a))

n<N n<N 4y, (mod q)
1 (—ab) (bn)
= Z el — Z a(n)e | —
b (mod q) q n<N q

q
1
< - Z N*/210g 2N
a b
(mod q)

< N¥/21og 2N.

Theorem 5.3. For any complex numbers (o), (85), we have

Y ambBualn —m) < N*2||a||]

m<n<N

where |||, ||8]| denote the ¢3-norms of o = (cvy,) and 8 = (5,,) respectively, i.e.,

lafl = 1/Zlozzl2 18I = ZIBZI2

respectively.

Proof. Note that

(0]



and

aln —m) = /0 f(z)e(—(n —m)z)dz.

If n—m <0, let a(n —m) =0, then

1
Z Z QU Bra(n —m) :/0 f(2) Z ame(msz) Z Bre(—nz)dx

mIN n<N

1
< / 1)

< NFk/2

m<N

n<N

Z ame(msz)

m<N

Z |am |26747rmy

Z |am|2e—47rm/N

m<N

< N¥/? (Z |t 2

1/2

m<N n

The assertion

Z Bne(—nz)| dx
n<N
Z Bre(—nz)|dx
n<N
5 1/2 9 1/2
1
dx / Zﬂne(fnz) dz
0 <N
1/2 1/2
Z |ﬁn|2e47rny
n<N
1/2 1/2
Z |5n|2€4wn/N
n<N

1/2

> 18l

<N

Z a(n)e(an) < NY?1og2N

n<N

is called the Wilton’s bound. Note that

am)? < > la(n)* < N

n<N

implies that |@(n)| < n'/2. The pointwise bound obtained by Wilton’s method is

a(n)| < n'/?

which improve the trivial estimate |a(n)| < n'/2.
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5.2 Estimates by Kloosterman sums

Recall the Poincaré series is defined by

Po()= 3 XD (2) Felmy2),

YET o \I

it admits Fourier expansion

7n E pmn ’I’LZ

n>1
since the Poincaré series is a cusp form. In Corollary we proved that Si(To(g), x) is spanned

by {P,.}m>1. We wish to improve |a(n)| < n'/2. From the Petersson trace formula (Theorem

£,

C

n\ (k—1)/2 . Sy(m,n;c dmy/mn
p(m,n) = (*) Sy + 2mi P Z Mjkq ( t c )

c>0
c¢=0 (mod q)

Meanwhile,

p(myn) = 3 (F(’“‘” Fm) fn),

4rm)k—1
feFr

where F is an orthonormal basis of Sk(T'g(gq), x). Note that

(451’71) )1 fn )‘ SJ;(4ET”) )1 fn )‘ = p(n,n),
then
f(n)]2 < %p(n,n).
Now
p(n,n) =1+ 2xi 3 Sx(”;nyc) Jes (47:”0)
Note that e

Jr—1(x) < min{z*1 z71/2},

Consequently, for arbitrary 1/2 < § < 1, we have
J—1(z) < 2271 (2 >0).
Suppose

c>0
c=0 (mod q)

7



it follows that

Sy (n,n; 4 -
p(n,n) < 1+ Z mfncﬂh,l < 7;”) < p2-lte.

c>0
c¢=0 (mod q)

Thus
2
‘ < nkilp(n,n) < plt20-2te,

f(n)

That is,

Proposition 5.1. Let k > 2, and suppose that for some 1/2 < § < 1 one has

Sy(n,n;c .
>y |15 ( )|

2 <Ln.

c>0
c=0 (mod q)

Then for every f € Sp(I'0(q), X),

f(n)‘ < nk/2—1+6+5.
Equivalently, from a(n) = f(n)n~*-1/2,
la(n)| < n®~ 12t

Indeed, this Proposition holds for general I and .

5.3 Fourier coefficients of cusp forms of half integer weight
Let f be a cusp form in Sg(To(NV), ) with
2% a b 1 ifd=1 (mod4),
I(r) = <§ (E)) , T= €lo(4), ea=
c d i ifd=3 (mod4).

Then f admits Fourier expansion

f(z) = Za(n)e(nz).

n>1
By using the Weil bound of Salié sums (Corollary ,
|T(n,n;¢)| < /7 (e).
Combining with Proposition (take 6 = 3/4 4+ n where 7 is sufficiently small), we obtain

CL(TL) < nk/2—1/4+s.
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Remark 5.2. If n = m?, a(n) < nk/2=1/4 is best possible. For example, let y modulo 4 be a
Dirichlet character, x(—1) = —1. Let

o0

0(z,4) = Z x(m)me(m?z), z¢€H.
m=-—oo
6 is a cusp form for T'g(8) of weight k = 3/2. If n is not square, a(n) = 0; if n is a square, say
n =m?, then a(n) = a(m?) = 2x(m)m, so |a(m?)| = m = \/n, and so a(n) = n*/2=1/4,

Theorem 5.4. Let k >5/2, 4| N, f € Sg(To(N), ). Then for n square-free,
a(n) < nkF/2=YVA=12220(n) Jog .

where the implied constant depends on f.

Conjecture (Ramanujan Conjecture).
a(n) < ntk=D/2+e,

Proof of Theorem. Let p be any prime. Note that I'o(N) D T'g(pN), we have S,(I'o(N),?) C
Sk(To(pN), ). Let ||| (vesp. |- |lpn) be the norm in Si(To(N),d) (resp. Sk(To(pN),?)). Given
flz)= Za(n)e(nz) € Sk(To(N), ).

n>1
To normalize f to have norm 1, let f,n = f/||f|lpn. Take an orthonormal basis F of Si(T'o(pN), V)
containing f,n. From the Petersson Trace Formula (Theorem ,

W Z |gp/\1\/(n)|2 =1+27i " Z c1S(n,n;ye) 1 (47;71) .

., c>0
gpNEF ¢=0 (mod pN)

Note that

L(k—1) la(m)* _ T(k-1)

(rn)F =L fll3y  (dmn)st

fnt)| < ZEZL S gl

(47n) it

since the Fourier coefficient f/.p]\\[(n) of fpn is of the form a(n)/| f||p~. On the other hand, thanks
to Theorem

[FO(N) : Fo(PN)} = [Fo(l) : FO(pN)] = (pN) HEIPN (1 - %) = (1 + 1) =p+1

[F()(].) : Fo(N)] B NH€|N (1 + %)
(Later we will choose P such that N(logn)? < P < n'/6, this implies that p { N, so [[o(N) :
Po(pN)] = p+ 1 holds.) Then [[fl2y = [Co(N) : To(pM]IFI = (p + DILfI1%. Consequently,
P(k—1) la(n)? -1 <47m)
<1427k cSn,n;e)dg_1 | — | .
(=" o+ DIfIP 2 N

c¢=0 (mod pN)
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Choose P such that N(logn)? < P < n'/S. It follows that

I'k-1 a(n)|? = S(n,n;c
S 08 s e < o oerari 3 D | Sy

p~P p~P _e>0 p~P
ptn pin ¢=0 (mod N) p)[n
ple
where ZPNP denotes the sum over primes P < p < 2P. Let
w(c) =Y logp,

p~P

pin

ple
and

S(n,n;c) 4mn
S = — 2 Zwe)Je_1 | — .
¢=0 (mod N)

From Mertens Theorem,
1
S 182 e

p<P
we have
lo
L
p~FP p
since
Zlogp<logP logn 710gn< 1
~ p P logP P logn’
pln
)
I'(k—1) la(n)]? la(n)* < logp _ la(n)[?
(log p) — > — > ——.
; (@dmn)P=t (p+ D[fI? — bt ;p+1 nk=1
ptn ptn

On the other hand, Chebyshev Theorem gives

Zlogp = x,

p<z

which implies that

Z logp < Zlogp < P.

p~P p~P
pin

Therefore

la(n)| < n*—1/2 <P1/2 + |S|1/2) _
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Now we claim: the key range in the c-sum in S is n'™° = C < ¢ < D = n!*9, Write
S = 5"+ 5%+ S*, where S (resp. S*, S*) denote the sum over ¢ < C (resp. ¢ > D,C < ¢ < D).
Recall that we have Weil bound of Kloosterman sum (Theorem [4.1)

|S(n,n; ¢)| < ged(n, ¢)'/2c! 27 (c),

and
| Je—1(2)| < min{zF~1, 2712} « min{z%/2, 71/}
where k > 5/2. Moreover, if we write ¢ = p{* - - - p%=, then
) < Zlogp Zlogp1 <logec.
plc
Thus,
1/2,.1/2 -1/2
S <« Z ged(n, e)2ct /21 (c) log (ﬁ)
c c
c<C
< n~1/? Z ged(n, ¢)?7(c) log ¢
c<C
< nil/zz Zdl/z c¢)loge
c<C d|n
dle
—n_1/22d1/2z c¢)loge
din c<C

dle

=n1/2 Z d\/? Z (dm)log(dm) (Write ¢ = dm)
d|n m<C/d

< n Y207 (n)(logn)? Z d=1/?

d|n

since 7(dm) < 7(d)T(m) < 7(n)7(m), log(dm) < logn and > 7(m) < zlogz. Then

m<:v

S” < n~2Cr(n)(logn)® [[(1+p~/?)

pln

< n~'2Cr(n)(logn)*r(n) L+p /2 <2, and 7(n) = [ ] 2

pln

=n!/27% (7(n) log n)2 (C= nl_é)
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Similarly,

5% < n3/? Z ged(n, ¢)?7(c)logc - ¢ 2

c>D
< n/? Zd1/2 Z 7(c)logc-c?
din e>D

dle

— 302 Zd_3/2 Z 7(dm) log(dm) - (dm)~2 (Write ¢ = dm)

d|n m>D/d
< n®%1(n) Z d=3/? Z 7(m) log(dm)m™2.
d|n m>D/d

Using the estimate

Z 7(m) < zlogz,

m<zx

for j =0,1,2,--- we have
rm)< > 7(m) < (271 D/d)log (21 D/d) .
29D /d<m<2it1D/d m<2i+1D/d
It follows that
Z 7(m)log(dm)m™2 < (2jD/d)72 log (27*'D) (2*'D/d) log (2'*'D/d)
2iD/d<m<2i+1D/d

= 2*]% log (2771 D) log (2 ' D/d) .

Consequently

d

_ _j ; 2
Z 7(m) log(dm)m ™2 < D ZQ 7 (log(2't' D))
m>D/d §>0

d 2 —j —j( 2
< 5 | (log D) Zz 7+22 i(j+1)
j=0 j=0

d
< 5(log D)?,
which implies that

5% < n*2D7 17 (n)(logn)? Zd_l/z < D7'n%%(7(n) logn)?.
d|n
It only suffices to estimate

s = Y w(@e S (‘“:‘)

C<c<D
c¢=0 (mod N)
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Write ¢ = gr, where ¢ denotes the largest factor of ¢ coprime with nN, so 4 | N | r and
r | (nN)* (that is, every prime factor of r divides nN). Here ¢ is good factor and r is bad

factor. It follows that

St= >t > w(e)g S, nigr) i (‘Z:”‘)

I q
r|(nN)*> C<qr<D
Nir ged(g,nN)=1

From the definition

wie) = Y logp,

p~P
pin
ple

but the prime factor of r are all from nN, and p{ N by p > P > N, we then obtain w(c) = w(q).
Let

4mn
T, = w(q)q~"S(n,n; qr)Jy— () :
> el Smmian i (3
C<qr<D
ged(g,nN)=1

then S* =3 r~'7T,.

20 Indeed, assume r > R. Since

We claim: it only suffices to treat r at r < R = n
r | (nN)* and ged(g,nN) = 1, immediately we have ged(q,r) = 1, ged(n, gr) = ged(n,r) and

7(qr) = 7(¢)7(r). Recall that the Weil bound of Kloosterman sum (Theorem [4.1)) gives
S(n,n;qr) < (qr)Y*7(qr) ged(n, qr)'/2.

Then

It follows that

T, < 7(r)ged(n,r)"/>rt2 N~ g7 %1 (g)logq

|S(n,m;qr)| < ged(n, r)1/2q1/2r1/27(q)7(7‘).
q
C<qr<D

4m™n
i ()
qr
ged(g,nN)=1

—1/2 3/2
d 1/2,.1/2 ~1/2 1 . n n
<7l med(n )30 g (g logqming () (2

q
C<qr<D
ged(g,nN)=1

1/2 3/2
< 7(r)ged(n,r)/?r? 3" 7(q)loggmin { (%) ; qZ'r?’/z } :

q
C<qr<D
ged(g,nN)=1

r\1/2 n3/2
(ﬁ) T 2
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implies that ¢ = n/r. It follows that

1/2 n3/2 1
T, < 7(r) ged(n,r)"/>r!/? (%) S r(@)logq+ 7 3 L;gq
q<n/r q>n/r q
C<qr<D C<qr<D
ged(g,nN)=1 ged(g,nN)=1
1/2 3 10
vz [ (1 g4
< 7(r)ged(n, r)*/“r (n) Z 7(q)log q + 7 Z p
q<n/r qg>n/r
From the fact
Z 7(m)logm < z(logz)?
m<zx
and
7(m)logm . )

Z ———— <1 (log)*,

m>x m
we have

IT,.| < 7(r) ged(n, )20t/ 2 (log n)?.

For the case r > n, ¢ > n/r always holds. So for all ¢ > 1 we have

. r\1/2  p3/2 n3/2

min { (ﬁ) C 22 } = TR
So
3/2 lo 3/2

1T < 70 e, )22 5 T () e, )2 < () e ) V21,

q=>1

Consequently, whether r < n or r > n, we always have
IT,.| < 7(r) ged(n, ) ?n'/2(log n)?.

Hence,

Z YT, < n'/2(logn)? Z 7(r) ged(n, r) /20,
r>R 1|%(<ZV<)EO

since C < gr < D and ¢ > 1 implies » < D. Note that

Z 7(r) ged(n,r)!/?r~t < R7V/? Z 7(r) ged(n, r)/2r=1/2,

1/2

Since r =[], ,,x P and r +— 7(r) ged(n, r) r~1/2 is multiplicative,

Z 7(r) ged(n, r) /212 = H Z ) ged(n, p¥) Y 2pv/2,

r[(nN)=> plnN v>0
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If p| N, since N is fixed,

HZ Y) ged(n, p” )1/2]37”/2 <y 1

p|N v>0

If p| n and pt N, since n is square-free, gcd(n,p”) = p where v > 1. Tt follows that

> r(p?) ged(n, p") 22 = 14> (w4 1)p 2 <4

v>0 v>1
as p > 19. Thus
H Z “Yeged(n, p” ) 2p/? <y 4% = 1(n)2.

pln v>0
ptN

Consequently

Z r~UT,| < R™Y2n2(log n)?r(n)?.
r>R

Hence it remains to treat r with » < R. We suppress the r-dependence in the notation (formally,
one may think of r as fixed, or r = 1 after renormalizing the notation).
Note that r | (nN)* and ged(¢q,nN) = 1 implies that ged(q,r) = 1, the twisted multiplica-

tivity of Kloosterman sum gives

- = [ 47n
T, = Z w(q)q 1S (ng, ng;r) T (n7,nT; q) Jx—1 <qr)
C<qqr<D
ged(g,nN)=1
’ 47n
= =3 = _1T _ _. - 4mn
Z S (n3,ns;7) Z w(q)q (nT, 0T q) Jo—1 -
s (mod r) g=s (mod r)
C<qr<D
ged(g,nN)=1

* 4mn
5,15; T (n7,n75q) Jpor | —
< (z:d )\S(ns,ns,r)\ ) z(: ) )w(q)q (nT,n7;q) Jp—1 o
S mo T q=s mo T

C<qr<D
ged(g,nN)=1

* 4mn
1 -
< E r E w(q)q T (nT,nT;q) Jp—1 <qr ) .
s (modr) |g=s (modr)

C<qr<D
ged(g,nN)=1

From Corollary [£.3]

T (nF,nF;q) = &4 <TZ> q'? Z e <2m’<

ab=q
ged(a,b)=1

)

(SRS
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If ged(a, b) = 1, there exists @, b such that aa@ = 1 (mod b) and bb =1 (mod a), then aa+bb = 1
(mod a) and aa@ + bb = 1 (mod b), and so a@ + bb = 1 (mod ab). That is, 1/(ab) = b/a +a/b

(mod 1). Therefore ~
1 b a
() =< () (3)

Using ged(a,b) = 1 and ged(r, ¢) = 1, we have ged(ar, b) = 1, similarly

(Z)=(5)-(&)

So
ar br ar br ar br
S oe(F-7)- S (=(T-0) T (=(T-%))
ab=gq a<b a>b
ged(a,b)=1 ab=q ab=q
ged(a,b)=1 ged(a,b)=1
b br 2n ar a 2n
= —_—— — —_— 2 — — [ —
Z e(zn(ar a>+abr>+ Z e<n<b+br> abr)
a<b a>b
ab=q ab=q
ged(a,b)=1 ged(a,b)=1
b br 2n b br 2n
- Y e(m(T-T)m)r X e(n(prr)- )
a<b a<b
ab=q ab=q
ged(a,b)=1 ged(a,b)=1
b br 2n
=2R 2n— ——— .
¢ Z e<nar+2na abr)
a<b
ab=q
ged(a,b)=1
(¢ = 1 gives no contribution since w(1) = 0.) Consequently,
41
Z w(Q)g ™ T (nF,n7F; q) Jp_1 ( >
qr
g=s (mod r)
C<qr<D
ged(g,nN)=1
nr 1 2nb  2nbr 2n 47
2wy (1) Re (1) (a2 (220 4 207 20 (e
Z “ab \ab Re <w(a )ab(a) “Car + a abr ) FNabr
a<b,C<abr<D

ab=s (mod r)
ged(a,b)=1,gcd(ab,nN)=1

1/2 - — 1/2
T 2r n 2nb  2nbr 2n —2n 4mn
=< (5) (n) Re 2 “<“b)(ab)@<aﬁ a )(b) e(am)”ﬂl (b>

a<b,C<abr<D

ab=s (mod )
ged(a,b)=1,gcd(ab,nN)=1

O 2, e (E)

a<b,C<abr<D

ab=s (mod r)
ged(a,b)=1,gcd(ab,nN)=1

(2 (20N (22 (A
T\ aor ) =~ \abr abr = Cabr )
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that is,
j(z) = 2 %e(—x) Jy_1(2m2).

Indeed, for the third equality, from ged(ab,nN) = 1 and 4 | N we have 2  ab. On the other

hand ab = s (mod r) and 4 | r, we obtain ab = s (mod 4), then €4, = €, and

(@)= G @) = (@) ()

47n
> el T () s ()

qr
g=s (mod r)

C<qr<D
ged(g,nN)=1

<" X @) r s ()e(marml)i(2)
a<A=(D/r)1/? a<b<D/(ar)

ab=s (mod )
C<abr

1/2 b 9
= (f) E (E> E w(ab) (ﬁ)e 2n(1+717)— ) 4 ).
n a b ar abr
a<A max{a,C/(ar)}<b<D/(ar)
ab=s (mod r)
Summation by parts,

7\ 1/2 n b 2n

L L D) (%) e(2n(4mm)-2) 5 (0
(n) Z (a) Z w(ab) b e< n( +TT)CL7‘)] <ab7“)

aca "4 mmstegronizizeren

1/2 D/(ar) on ) -
B (7 /ax{a C/(ar)} (afr) d Z w(ab) (3) e <2n(1 + W)ar>

max{a,C/(ar)}<b<¢
ab=s (mod r)

We have

D/(ar) m i B
Naer )¢ b) () e(2n(14r7)—
£ (L5, e

max{a,C/(ar)}<b<¢

ab=s (mod r)

_ 3 w(ab) (%) e <2n(1 + rr)cf;) j (aiﬁ:r)

max{a,C/(ar)}<b<D/(ar)
ab=s (mod r)

/D/(ar) > w(ab) (%) <2n(1+7’r) b)(,fg <5§) d¢

max{a,C/(ar)} max{a,c/(ar)}<b<t
2n b/(ar) 0 2n
] + — ||d€ ).
/ <G£T> /mdx{a C/(ar) ’6£ (afr)‘ f

ab=s (mod r)

< max > w(ab) (%) e (2n(1 + Tr)i) (

max{a C/(ar)}<b<B
)

ab=s mod r
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The chain rule gives

D2 2l (22) (=2 ) < | (2
8{‘] a&r - a&r aré? J aér
Using the estimate j'(z) < 1,

D/(ar) b m ) ‘ n D/(ar) n n
—j|—)|d¢ < —/ e < <=
[nax{a,C/(ar)} ’ 65 (afr ar Jmax{a,C/(ar)} ar max{a’a C’/(ar)} ¢

Moreover max{a,C/(ar)} > C/(ar) and |j(2n/D)| < 1. Combine with n/C = n® > 1 we get

|7(2n/D)| < n/C. It follows that
b/(ar) 0 2n n
L e
/max{a,C/(a'r)} ’8£ agr C

)

> wlQq T (nF,nTs5q) Jra <4m)

qr

n
ar€?’

Therefore,

g=s (mod r)
C<qr<D
ged(g,nN)=1

b
<C7 )2 N max > w(ab) (%) e <2n(1+rr)> :
ar
aliiim | meaClasten

ged(a,b)=1,gcd(b,nN)=1

By ged(a,b) = 1, w(ab) = w(a) + w(b), define

n b
V, = Z w(b) (E) e <2n(1 + T?“)W>
max{a,C/(ar)}<b<B
ab=s (mod )

ged(a,b)=1,gcd(b,nN)=1

and B
b
V) = Z (%) e <2n(1 + TT)ar) .
max{a,C/(ar)}<b<B
ab=s (mod r)
ged(a,b)=1,gcd(b,nN)=1
Consequently,
-1 i — dmn -1 1/2 /
Z w(q)q~ T (nF,nT;q) Jp—1 o < C™ (nr) Z (Vo] + w(a)|Vy]) .
=s (mod r a<A
7 C<q(r<D ) ged(a,nr)=1
ged(g,nN)=1

First we estimate V,. Write b = p/, then

n n _pl
V, = E (logp) () E (Z) e (2n(1 + T’T)CW> .
p~P p max{a,C/(ar)}/p<L<B/p
pfanN apl=s (mod r)

ged(a,l)=1,gcd(¢,nN)=1
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If a < P. For fixed p, note that ged(a,b) = 1, p | b, ged(ab,nN) = 1 and = | (nN)* implies
that ged(a,r) = 1 and ged(p,r) = 1, then ap is invertible modulo r. So apl = s (mod r) iff
¢ = sap (mod r). Since s is invertible modulo r, we have ged({p,7) = 1. Since N | r, if £ = £
(mod r), immediately we have ged(¢, N) = 1. Next we deal with ged(a,f) = 1. Fix £ = 4
(mod 7). Since ged(a,r) = 1, there exist a residue classes modulo ar satisfying A = £y (mod 7).
Set Agp = {A (mod ar) : A = £y (mod 7),ged(A,a) = 1}, clearly we have #A,, < a. On the
other hand if ¢ belongs to some fixed residue class £ = X (mod ar), then e (2n(1 + r7)pl/(ar))
is fixed. Consequently

> (D)= ¥ e (20+m2 >

1 ar ar )
max{a,C/(ar)}/p<t<B/p AEAq p max{a,C/(ar)}/p<L<B/p
apl=s (mod r) ¢=X (mod ar)

ged(a,l)=1,gcd(¢,nN)=1

Now we only need to estimate

> (7)
/)
max{a,C/(ar)}/p<L<B/p
i

=X mod ar
Write £ = A + arm. From ged(a,n) = 1 and 7 | (nN)®°, all of the common prime factors come
from r. Here we only consider 7 < R = n?’ where § < 1 and n square-free, then r < n for
n sufficiently large, and so r cannot be divided by all of the prime factors of n, it follows that
n/ ged(n,r) > 1. In the residue class £ = A (mod ar), the Polya—Vinogradov inequality gives
Z (%) < nl/? logn.

max{(z,c/(a‘V')}/P<€<B/p

=X (mod ar)
Hence o
12
Z (%) e <2n(1 + rr)p> < an*’?logn.

ar

max{a,C/(ar)}/p<L<B/p

apl=s (mod r)
ged(a,l)=1,gcd(¢,nN)=1
Moreover

> (logp) <> logp < P

p~P ~P
ptanN p

implies that
V, < aPn'?logn (a < P).

If P < a < Aweregard V, as a bilinear form in £ and p. Let L = B/P, P; = max{P,max{a,C/(ar)}/¢}
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and P, = min{2P, B/{}. Since P < p < 2P and ¢ < B/p, we have { < L. Then
2

Va2 =3 (%) S (logp) (Z) e <2n(1 + Tr)Zf)

L<L P1<p<P3
apl=s (mod r)

< <212> >I(F) X teen) <Z>e(2”(1+”)§f>

{<L {<L P1<p<Pj
apt=s (mod r)

AN (10gp)<2)e<2n(1+7"7")§f)

L<L P1<p<P2
apl=s (mod r)

2

<ty Y (ogp) (Z) e (2n(1 + rr)Zf>

L<L P1<p<P3
apl=s (mod r)

S Y (logp)(logp) (Z) (;) e <2n(1 + rr)if) e <2n(1 +17)

L<L P <p<Py Py <p/<Py
apl=s (mod r) ap/f=s (mod r)

From apl = s (mod r) and ap’l = s (mod r), we have al(p—p’) = 0 (mod r). Since ged(ab,nN) =

1, b=pl and r | (nN)>°, then ged(a,r) = ged(¢,r) = 1. Consequently al(p — p') = 0 (mod r)

implies that p = p’ (mod r). That is, ap{ = s (mod r) and ap’¢ = s (mod r) are equivalent

under condition p = p’ (mod r). Let

max{a,C/(ar)}
p

max{a,C/(ar)}
p/

<tl<

<tl<

Tlws W

I(p,p) =<1
».7) apl =s (mod ),

ged(l,ar) =1,

ged(a, pl) = ged(a, p'l) = 1.

Therefore

Val? < L(log P)* Z Z e <2n(1 _’_TT)(pp’)f> .

ar
P<p,p’<2P Le](p,p’)
p=p’ (mod )

When p=p',p—p =0, so

Val* < Llog P)* Y 1< LlogP)? Y L<L*P(logP)*.

P<p.p'<2P |L€](p,p’) P<p,p/<2P
p=p’/ p=p’
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When p # p/, from p = p’ (mod r) we have r | p — p’ Clearly p = (p' — p)pp’ (mod ar), so

-7
e <2n(1 —i—rr)(p_pl)g> —e (271(1 e )(P —p pp%) ( p W -p pp/g>

ar T a

From ged(a,nr) = 1, we have ged(a,n) = ged(a,7) = 1. On the other hand ged(a,b) = 1 and
b = pl implies that ged(p,a) = ged(p’,a) = 1. Therefore pp’ is invertible modulo a. Note that
1477 = 2 (mod a) (since 77 = 1 (mod a)) and 4 | N, ged(a,nN) = 1 implies that 2 1 a, it

follows that 1 + r7 is invertible modulo a. Hence

/

/oy —
ged <2n(1 + r?)upp’, a> = ged <p p’ a> = ged(p’ — p,a).
r r

Now we estimate

' — p) pp'l
Z e (271(1 + TF)L P) e > )
r a
Lel(p,p’)

From apl = s (mod r) and ged(ap,r) = 1, all £ satisfying this congruence lie in a fixed residue
class modulo r. Let £ vary in the interval given by I(p,p’). The length of this interval < L, since
p,p’ > P, and the upper bounds are at most B/P = L. Divide this interval into several complete
intervals of length ar, and at most two endpoint intervals of length less than ar. First consider
a complete interval. Since ged(a,r) = 1, in such a complete interval, the integers ¢ satisfying
¢ = sap (mod r), each residue class modulo a appearing exactly once. Therefore, when we add
the condition ged(¢,a) = 1 in such a complete interval, £ mod a runs exactly once through all
invertible residue classes modulo a. Hence the sum over the complete interval equals

* <2n(1 + 77) plTppp’x> * <2n(1 + 77) plrppp’x>
E e = E e
a a

z (mod a) z (mod a)

a p(a)

gcd(a,2n(1+r?)L;pW) <,0< a ))
e

ged (a,2n(l+r7‘) L 2p

= |u

v(a)

a
¥ (gcd(a,2n(1+rr) p,;pW) )

IN

Write

a=][a" - — =™
q

ged (a, 2n(1 + r?)%pp’) q
it follows that

/

ele) ~ 1AL < [Tgme# = gea (a, on(1+ 1)
o ( ) eld) — 4
gcd(a 2n(1+7?”)p Pp)
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Moreover

o<l

Lel(p,p’)
implies that
- Y o« ( S 1") > 1) <ged(p—p,a)a”' L < ged(p—p',a)a” ' Llog L.
@ z (mod a) “ Lel(p,p’)

Next we estimate the endpoint intervals. Take arbitrary endpoint interval with length < ar and
only consider ¢ with ¢ = sap (mod r). Since length of the interval < ar, there exists at most a

many such ¢. By the orthogonality of additive characters,

')
Z e <2n(1 +77T) L P) ppe >
£ in the endpoint interval T a

{=sap (mod r)
ged(€,a)=1

_ 5 Z . <2n(1+r72”'rpmx> % T (frn(l'a—())

£ in the endpoint interval \z (mod a) m  (mod a)
{=sap (mod r)
ged(€,a)=1

:é 5 Z* . <2n(1+r7")p5ppp'x+mx> > . (_nf)

m (mod a) \z (mod a) £ in El;es%dp?l::dh]:)erval

For m = 0, the Ramanujan sum gives

B ey
Z e <2n(1 + rr)@rmng> < ged(p' — p,a)?a'?7(a) log a.

£ in the endpoint interval
{=sap (mod r)
ged(£,a)=1

For m # 0, the Weil bound of Kloosterman sum (Theorem [4.1)) gives

Z* <2n(1 + ) EZRppT + ma
e
a

> < ged(p —p/, a)l/zal/zr(a).

z (mod a)

On the other hand, when —a/2 <'m < a/2, we have

me
Z)e(—a> < > 1<

Lel(p,p’ Lel(p,p’)

Also, all of the ¢ in the interval satisfies £ = sap (mod ) forms a finite arithmetic series,

ml 1 a a
Z ¢ <a> < |1 —e(—mr/a)]  2|sin(rmr/a)| < W

Lel(p,p’)
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implies that

s (-2 cmnfnt )

Lel(p,p’)
So

l
§ § e <_m> < E min {L, a} < aloga.
a Im|
m (med ) [Le1(p.p!) 1<|m|<a/2

Note that there are at most two endpoint intervals,

é S v 6<2n(1+TT)Tpp’x+mx> 5 e(_n;g>

m  (mod a) \z (mod a) £ in zges%dpfz;;r:)erval

< ged(p —p',a)?a'?7(a) log a.
Hence

Z e <2n(1 + Tr)(paf)> < ged(p —p',a)a” Llog L+ ged(p — p', a)?a*/?7(a) log a.
Lel(p,p’)
Consequently here
[Va|? < L(log P)? Z (gcd(p —p',a)a ' Llog L 4 ged(p — p', a)*/%a/?7(a) log a) .
P<p,p’<2P

p#p’

Now

Yo oedlp-pa)< Y Y d

P<p,p'<2P P<p,p’<2P dla
p#p’ p#p’ d|(p—p’)
<Y d#{P <pp <2P:p#p.,p=p (modd)}.
dla

Fix p prime where P < p < 2P and we count p’ with P < p’ < 2P and p’ = p (mod d). From
p’ = p (mod d), p’ belongs to one fixed residue class modulo d, In any interval of length P, the
number of integers in a fixed residue class modulo d is at most P/d + 1. Therefore, for each
fixed p, the number of p’ satisfying the condition is at most < P/d + 1. On the other hand

#{P < p < 2P} < P. Hence
P2
#{P<pp <2P:p#p,p=p (modd)} <#{P<p,p <2P:p=p (modd)} < 7+P.

It follows that
2

Z ged(p—p',a) < Z d <Z + P> < P%*1(a).

P<p,p’'<2P dla
p#p’ d<P
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Similarly

P2
E ged(p—p',a)/? < g a2 (d + P) < P%1r(a).
P<p,p’<2P dla
p#p’ a<p

Thus
Va|? < a ' L2P27(a)(log P)? log L+a/?LP?7(a)?(log P)*loga < (LQP +a 'L2P? + al/QLP2) (7(a)logn)?,
then

V, < (LP1/2 +aV2Lp 4 a1/4L1/2P) (a)logn

< (Lpl/2 + a1/4L1/2P> (a)logn (P < a implies that a=/2LP < LP1/2)
B
- (BP‘1/2 + a1/4Bl/2P1/2> 7(a) logn. <L - P>

The same estimate holds true for V] by similar arguments.
Recall that we have proved:

T« Y rCT @)Y Y (Val +w(@)VD),

s (mod r a<A
( ) ged(a,nr)=1

From the above discussion,

Yo Wal+w@Vah= > Val+w@Vih+ > (Val +w(@Vy])

a<A a<P P<a<A
ged(a,nr)=1 ged(a,nr)=1 ged(a,nr)=1
< Z aPn'/?(logn)? + Z logn - an'/?logn + (DP_I/2 + D7/SP1/2) (logn)?
a<lP a<lP

< n'/2P3(logn)? + (Dp—l/z JrD?/zspl/2> (log n)?.
Hence

T, | < Z* rC~  (nr)'/? (n1/2P3 +DP71/2 ¢ D7/8P1/2> (logn)?

s (mod r)

< 20 ()2 (n1/2P3 L ppY/2 4 D7/8P1/2) (log n)2.

Now, choose C' = nil0/111 D — pl12/11 4nq P = /11 Tt follows that nl/2P3 = pl95/222

n210/222 — pp=1/2 Thus

IT,| < r5/2C1 (DP—1/2 + D7/8P1/2) n/2(logn)?,
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and so

Z YT, < O (DP71/2_|_D7/8P1/2) n1/2(logn)2 Z r3/2

r<R r<R
r|(nN)o® rl(nN)>®
<! (DP*I/Q JrD7/8P1/2> n/2(log n)2 R Z 12
r<R
7| (nN)>®

< R*c™! (DPfl/2 + D7/8P1/2) n2(r(n)logn)?.

Indeed we claim that

Write r = lenN p¥?, then

— —v, —v 1
> e [ = T (S0 ) = T

r|(nN)> vp >0 plnN plnN \v>0 p|lnN

On the one hand
1
|
1—p-1/2
pIN P
since the left-hand side depends only on N. On the other hand,

1 1 win
Hl_p—1/2SH1_2—1/2<H4S4 ( )'

p|n pln pln
ptN ptN ptN

Since n is square-free, 44" = 7(n)2. Consequently

Z r~Y2% <« T(n)2.

rl(nN)
Combining with
S” <« Cn~Y2(r(n)logn)?,
S* <« D72 (7(n)logn)?,

> r T < R0 2 (1(n) log n)?,
r>R

we have

S <K (C'n_l/2 + D7 'n¥2 4 R7Y/2p1/2 4 R2C? (DP_l/2 + D7/8P1/2> n1/2) (7(n)logn)?.

2/111

Furthermore choose R =n , immediately we have

S < n1/2—1/111(7_(n) logn)2.
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From

la(n)] < =D/ (P12 4 |5]1/2),

we obtain

la(n)| < n*/2=V4=1/2220(n) log .

5.4 Spectral analysis of the diagonal symbol

Note that either k is even or else the space Sk(T'o(q)) is zero. For notational convenience we put
¢ =k — 1. Recall that the Petersson Trace Formula (Theorem ,

Z r(m = 8pp + 27 F Z c1S8(m,n;c)Jp_1 (W)

feF ¢=0 (mod gq)
where F is an orthonormal basis in S;(I'g(q)) and 9 ;(n) are the normalized Fourier coefficients
given by v¢(n) = (D(k — 1)/(4mn)*=1)""? f(n).

We count Ay(m,n) with weight g(¢). It is of interest to average separately over k = 0 (mod 4)

or k = 2 (mod 4). This implies that £ = 3 (mod 4) and ¢ = 1 (mod 4), so it only need to set
a € {1,3} and consider

> g(O)A(m,n).

{=a (mod 4)

Note that
S s0Mmm) =b Y ater Y 2D S g n )
) mn c ,Nn).
{=a (mod 4) {=n (mod 4) ¢c=0 (mod q) {=a (mod 4)
since i7¢~1 =i72"1 = i%*1 We are led to studying the Neumann series
Ga)y= > gO)Ji(x).
{=a (mod 4)
Applying
1/2 o
Jg(l’) :/ e(gt)e_msm%rtdt.
—-1/2
Then
1/2
Zg Oéf JZ ) / —1151n27rtzg t+a )d
(€7, —1/2 (€7,

1/2 o
= Z / G(t 4+ o+ u)e 524t (Poisson summation formula)

UEZL —-1/2

_ / G(t)eiwsm2m(i—a) gy (t—=t+a+u)
R
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From orthogonality of additive characters,

L€z d=1

4

1 ad dl
= i Ze (4> g(é)e <4> Jz($)
d=1 L€
Let o = d/4,
1o ad iz sin 27 (d/4—t)
G x :/g t - e (_ > 1T S1n 27 — dt

That is

16() = [ gle)e(oy,

R

where

=

4
d _—
C(t) — § :6 (_a;l> 61151n27r(d/47t)dt
d=1

=1~ “2isin(z cos(2nt)) — 2isin(z sin(27t)).
For t small, using Taylor
sin 27t = 27t + O(Jt[®),
cos 2rt = 1 — 21%t2 + O(|t*).
Then
c(t) = —2isin (2rtz + O(z[t|*)) + 21" *sin (z — 20°t2z + O(=|t|*))

= —2isin2ntx + O(z|t|*) + 2i*~“sin(z — 27%t%2) + O(z|t|*)

= —2isin 27tz + O(z|t]*) + 2i*~ *sin(x — 27%tx).
We then obtain

4G(x) = 2i1_“/

gsin(z — 2m2xt?)dt — 21/
R

R

§(t) sin(2mat)dt + O (x /]R B |t3dt> .

First, —2isin(2nxt) = e(—x) — e(xt) implies that

% /R () sin(2rat)dt = /R ()e(—at)dt — / ()e(zt)dt

R
= g(z) — g(-=)

= g().
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Next, note that sin(x — 2722t?) = Im (e””e’g’T ‘“2) It follows that

/g(t)e—2ﬂ'2izt2dt :/g(f) (/ e27ri£te—27r2iwt2dt> df
R R R
. 2. 2
/g<£) <elf/(2a:)/627r iz(t—&/(27x)) >d£
R R

i(€%/(22)— W/4)d§

\/ 2rx

By multiplying e and take imaginary part,

sm(z+§27r>d§

sm<x+£21)d§

T 2
<m>sm<x+y4>j% (-£)

2/ §(t) sin(z — 2n%xt?)dt =
R

1
o\

Conclusion,

Lemma 5.1. Suppose g is a smooth, real function compactly supported on Rt and a = +1.
Then
4G(z) = g(z) +i—° /oog (\/@) sin (q; ty— E) LT ( /OO 19(6)] |t|3dt) .
0 4/ /Ty —oo

The treatment above of the Bessel-type Neumann series arising from the weighted Peters-
son kernel, in particular the use of Poisson summation to obtain the corresponding oscillatory
integral, is closely related to the method in [ILS00]. Similar analyses of the Petersson kernel in
Rankin—Selberg problems and related weight-aspect averages can be found in [LLY06]. Related
spectral averaging techniques also appear in [BK17a], [BK17b].

6 Hecke Operators

6.1 Introduction

Hecke operators are averaging operators over a suitable finite collection of double cosets with
respect to a group.

Let k € Z and A € GLJ (R), the group of 2 x 2 real matrices of positive determinant. Recall
that the slash operator is defined by

f‘A(z):det(A)k/sz(z)*kf(Az), A= “ i , Ja(z) =~yz+0.
Y
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For 0 # a € R, we have

a k
flaa = <> fla-
|a

Indeed, note that det(aA) = a?det(A) and j,4(2) = a(yz + §) and (aA)(z) = Az. Thus

flaa(z) = det(aA)*?joa(2) 7" f((ad)2)

a\*
(3
|al
The slash operation is associative: fiap = (fja)|p- Let g = f|a, then
(91)(2) = det(B)*/?jp(2)""g(Bz

)
= det B)k/QjB(Z)_k(f\A)
)

B)¥/2j5(2)7* det(A)*/2j4(B2)"* f(AB2)

( )
( (B2)
= det(
= det(AB)*?(ja(Bz2)jp(2)) " f(ABz)
= det(AB)**(jap(2) " f(ABz)
= f\AB(Z)-

6.2 Hecke operators T,

Let I' = SLy(Z) and n € Z*. Define

a b
G, = ca,be,d € Z,ad—bc=mn p.
c d

Immediately we have G; =T and G,, =T'G,, = G,,I".

Lemma 6.1. The collection

a b
A, = rad=n,0<b<d
0 d

forms a complete set of right coset representatives of GG,, modulo T, i.e., we have the disjoint

partition

G, = U Tp.

PEA,

Proof. Clearly G,, D UPEAn I'p, need to prove G,, C UpEAn I'p. That is to prove, for arbitrary

a b
A= e G,
c d
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we have A € TA,,. Let v = ¢/ ged(a, ¢) and 6 = —a/ ged(a, ¢). Then ya+ dc = 0 and ged(y,d) =

1, and so there exists 7 € I such that

* %
T =
v 6
It follows that
% % a b a v
TA = =
v 6 c d 0 d

Here a/d’ = det(7A) = n and we can also assume d’ > 0 by replacing 7 by —7 if necessary. By

choosing u with 0 <V —ud' < d',

1 —u a v a b —ud

0 1 0 d 0 d
implies that

a v 1 u a' b —ud

0 d 0 1 0 d

Therefore

Now we prove the partition is disjoint. For p, p’ € A, and p # p/, this is to prove I'p'NTp = 0.
So it only suffices to show 7/p’ # 7p for all 7,7 € T, i.e., there exists no 79 € I" such that p’ = mp.

Assume conversely, let

a f a b , a b
T0O = erl, p= , p=
v 6 0 d 0 d
If Top = p’, then
a B a b aa ob+ Ad a v
v 6/ \0 d vya b+ dd 0 d

~va = 0 implies that v = 0 since we have ad = n. From aa = o’ and vb + dd = dd = d’ we obtain
n=ad = adad = adn, so o« = § = +1. By a,d,a’,d >0, a =06 =1,thena=d and d =d'.
Now ab + 8d = b’ implies that b+ 3d = b'. Since b+ 3d = b’ and b = V', we have Sd = 0, hence
£ = 0, which implies that

To = )

p = p’, a contradiction. O
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Note that A,, is a finite set with the number of elements

n) = Z d.
d|n

From Lemma for any p € A,,7 € T there exist unique 7/ € I',p’ € A, such that

pT = 7'p’. But the converse is false. For example, if we consider

, 1 0 , 1 0
T = ) p = b
0 1 0 n
set
1 0 1 0
P11 = , T1 = )
0 n 0 1
1 1 1 -1
p2 = , T2 = )
0 n 0 1

where n > 1, then pomo = p111 = 7'p’.

Let x: Z — C be any function. This yields a function on GL2(Z) by setting

Define the operator T}, on functions f: H — C by

k/? 1 Z f\p

pEA,
Let
a b
p= )
c d
then

( f) k/2 ! Z f\p

PEAL
— /21 kj2g-kp (0210
n Z Z x(a)n™“d f( g
ad=n 0<b<d
1 ) az+b
~ LS e Y f( - )
ad=n 0<b<d
which implies that
1 a b
T, =— Z x(a)a® Z
" ad=n o<b<d \0 d



6.3 The Hecke operators on periodic functions

From now on we assume that y(1) = 1 and x(—1) = (=1)*. Let
1 wu
I'no=<¢=% u€Zy,

then fi, = x(7)f for any 7 € I'o. That is to say, f is periodic of period 1, i.e., f(z +1) = f(2).

Theorem 6.1. The operator T}, maps periodic functions to periodic functions, i.e.,
Ty: Mk(roo; X) — Mk(roov X)'

Proof. Tt only suffices to show (T}, f)(z + 1) = (T5,f)(z). Indeed,

(Tof)(z + 1) Z > x (’Hl)l’)

ad n 0<b<d

d
=% > > xla)dr <Ez)>
Y

ad=n 0<b<d

—2 Y T et (1Y)

ad=n 0<b'<d

= (Tnf)(2)-

Proposition 6.1. Suppose f is given by the series

o0
:Za(memz

m=0
which converges absolutely in H. Then T, f is given by the series

oo

(Tnf)(z) = Y an(m)e(mz)

m=0
whose coefficients are

an(m) = Z x(d)d*ta(mnd=?).

d|ged(m,n)

Proof. We have

TN =5 X et ¥ ()

ad=n 0<b<d

1 +b
=LY @t Y atmge ().

ad=n 0<b<d m=0
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From

by letting m = df we have

(Tuf)(2) = = > a(dt) 3 x(@ae(atz)d
=0 ad=n
= a(de) Y x(a)a*'e(alz)
=0 ad=n

= e(mz) | Y x(a)a*"a(dl) (al = m)

m=0 iz
= i e(mz) Z x(d)d*ta (%)
m=0 d|ged(m,n)

Corollary 6.1. For n > 1 we have

an(0) = o—1(n, x)a(0)

where

os(n,x) = Y x(d)d".

d|n

Corollary 6.2. For m,n > 1 we have
an(m) = am(n).

From now on we assume that y is completely multiplicative, i.e. x(aja2) = x(a1)x(az) if

ay, a € 7.

Theorem 6.2. For any m,n > 1 we have

Tan = Z X(d)dkilendfz-

d|ged(m,n)
Proof. We have
k a1 b1 k ag bQ
mnTpTo= 3, >, xleay > > xaa
aidi=mb; (mod dy) 0 d azd2=nby (mod d2) 0 dy
a1a9 a1b2 + b1d2
= > x(mas)(aa)® Y
ayjd;=m by (mod dy) 0 dldQ
agdo=n by (mod dg)
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Let aiby + bids = b, § = ged(aq,ds). Then a1 = a}d and dy = dhé with ged(af,dy) = 1. Also
let ' = a)by + bidl, then b = db’. Moreover set ajas = a and didjy = d, then x(ajas)(ajaz)* =
x(6)x(a)d*a* and

ajas aiby + bids da O a b

0 dids 0 dd 0 d

Since § = ged(ay,ds) and ay | m, da | n, it follows that § | ged(m,n). Moreover ad = mn/§>.

We claim,

2 X = >

ardi=m azda=n  §|ged(m,n) ad=mn/5?

From above discussion, given (ai,as,dy,ds) we obtain (d,a,d) satisfying § | ged(m,n) and
ad = mn/§?. For the converse, fix § | ged(m,n) and ad = mn/d?, let d; = ged(m/§,d),a} =
m/(8dy),ds = d/dy and as = n/(8d}), then ged(a),dy) = 1 and a1dy = m, asds = n. Next, we
claim,

by (%;d d1) ba (%o:d ds) b (modzd)étimes

Indeed, by (mod dg) implies that by (mod dj) 0 times. From ged(a},d,) = 1, we have a)bs
(mod d}) ¢ times. When b; (mod dy) and x (mod d5), x + b1ds (mod did}) since every integer
0,---,di1dy, — 1 can be uniquely written as x 4 b1dj where 0 < x < d, and 0 < b; < dy. So ¥/

(mod d1d}) 6 times. Renaming b’ as b, we obtain,

a b

mnT,, T, = Z Z x(0)x(a)dkak - 6 Z
8|lged(m,n) ad=mn /62 b (mod d) 0 d
k+1 k a b

= 2 x0T 3T et Y]
dlged(m,n) ad=mn/§2 b (mod d) 0 d

Note that
a b

mn5_2Tmn6_2 = Z X(a’)a’k Z )

ad=mmnd—?2 b (mod d) 0 d

we conclude

T, T, = Z X(8)0F T s
élged(m,n)

Corollary 6.3. The Hecke operators commute:

T.T, =T, Tn.
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Now

Tonydlnja = Z XM T a2
rlged(m/d,n/d)

It follows that

S (@A g Ta = Y wldx(@d T () T T (a2
d|ged(m,n) d|ged(m,n) rlged(m/d,n/d)

- Z Z M(d)x(dr)(dr)k_l/fm.n/(dr)z~

d|ged(m,n) r|ged(m/d,n/d)
From pxu = I, for fixed dr,
1 ifdr=1,

> uld) =
d|dr 0 ifdr>1.
It follows that

> S wd)X(dr)(dr) T ary = T

dlged(m,n) r|ged(m/d,n/d)
That is,

Ton = Z /’L(d)X(d)dk_le/dTn/d
d|ged(m,n)

Hence in particular ged(m, n) = 1, Tynp = T Ty Now take m = p¥ and n = p, from ged(p”, p) =
p we obtain

Tyep = p(D)x (I T T + w(p) X (0)" T 15 Ty s

that is,
Tpo1 =TT}, — x(p)pk_lpr_l.

Since Hecke operators commute,

Tposr =TTy — X(P)p" T

Immediately,

(1-T,X +x(p)p" ' X?) (Z TpVX”> =N T X =3 T T XY () T X = 1,
v=0 v=0 v=0 v=0

S0
ZTPVXV =(1-T,X + x(p)pkilXQ)f1 .
v=0

S

In particular take X = p~%,

N Tpp = (1—Tpp* + x(p)p" %) .
v=0
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When x =1,
Tporr = TyTpe — p* T,
We prove
pu(l—k)/QTpV —U, <p(1—k)/2Tp)

by induction. For v = 0, 1, the assertion holds clearly. Now assume the assertion holds for v and
v — 1, from

Uptr(z) = 2Uy(z) — Up—1(2),

set = pU'=F)/2T), we obtain

_ p(1—k)/sz .py(l—k)/szu _ ]0(1/—1)(1—1@/2%%1

= DR

We’re done.
Let T denote the algebra over C generated by all T, (called the Hecke algebra). By the
above properties we conclude that 7 is a commutative algebra generated by the operators T}, for

primes p.

6.4 The Hecke operators for the modular group

Next we consider the Hecke operators T, on the linear space My (I") of modular forms of weight
k, where I' = SLy(Z). Then fi_; = f implies that (=1)*f = f, we assume that k is an even
integer. Since f € My(T), for 7 € T' we have fj; = f, it follows that fi;, = (fi-), = fi,-
Consequently,

Tnf:nk/Q—l Z f\p

pel\G,,
Theorem 6.3. The Hecke operator T,, maps a modular form to a modular form and a cusp

form to a cusp form:

Ty My(l) — My (),
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Proof. By the correspondence pr = 7/p’, we have

(Tnf)\’r = nk/Q_l Z f\p

pPEA,

=" N (fo))

PEAL

:nk/Z—l Z f|pT

PEA,

— pk/2-1 Z Firry

pEA,

=¥ S ()

prEA,

= nk/271 Z f‘pz

pEA,

|7

So T, f satisfies the modular transformation law. Clearly f|, is holomorphic for every p, so T, f
holomorphic. Thanks to Proposition [6.1} 7}, f is holomorphic at every cusp.
If f is a cusp form, the Fourier coefficients of T}, f is given by a,(0) = or_1(n)a(0) = 0, so

T, f is a cusp form. O

Recall that S(T') is spanned by {Py,}m>1 when k > 2, where

P,(z) = Z jr(2) Fe(mr2).
TET \I'
Therefore T, P, is a linear combination of various Poincaré series (not unique).
Theorem 6.4. For k£ > 2, m >0 and n > 1 we have
ToPn= Y (n/d)" Py
d|ged(m,n)

Proof. We have

it follows that

TPy (2) = nk/271 Z Z e(m)|, = pk/2-1 Z Z e(m)|zp-

pEA, \TEL\T I PEA, TETL\T
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Let H be any set of right representatives of I';,\I', G be any set of right representatives of T'\G,,

(note that one can choose G = A,,). Then HA,, is a set of right coset representative of I'oo\G,

G, = U r,= U UFooTp.

pEN, pEN, TEH

Moreover A, H is a set of right coset representative of I'oo\G,, (This claim will be proved later).

Hence
T, Po(2) =271 3" N ", (2) Fe(mprz)
pEA, TEH
=nM2ENT NN (p(r2)d (2)) " e(mpr).
ad=nb (mod d)TEH
From
a b
Jp(12) =d, where p = )
0 d
we have

ToP(z) =00 30 S dhje) e (m™2) YD e(’”z)

ad=nTEH b (mod d)
=nk! Z di=* Z jr(z)"Fe (%mﬁ)
ad=n (mod d)|m TEH
Z (n)’“—l Z i (2)*e (nm z)
= — r T
d J 2
d|ged(m,n) TEH
k—1
= Z (Z) Pmnd*Q(Z)‘
d|ged(m,n)

Now we prove: A,H is a set of right coset representative of I'oo\G,,. Let

a; b az by
p1 = , P2 = €A,
0 d1 0 d2

and 71,70 € H. Assume p171 € ['oop2Ts, it follows that for some u € Z,

1 wu as by az by + uds
pP1T1 = T2 = 2.
1 O dg O d2

Therefore

1 [dy —by—ud b
— ? 2T “ ! =T27’1_1 ESLQ(Z).
n 0 ag 0 d1
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That is,

1 —bs—wuds a; b a1 by _ di(b2tuds)
LHS = [ *2 " =% @ " € Sk, (Z)
U 0 d 0 @
2 2

So ay | a1, d2 | d1. By a1dy = asdy = n and ajas > 0, we obtain a; = ay = a and d; = dy = d.

Now
ag b1 7172 —ud
az a e 1—\00 ,
0 d
do

SO Tngl € I's, and so 71 ~ T2, we have 71 = 7 since 71, 75 € H. Consequently,

a b a by + ud
0 d 0 d

By 0 < by < d, we have 0 < by + uds < d, by = by and u = 0. So for different pair (p1,71) #
(p2,72), p171 & Toopate. Now we prove for arbitrary 7 € H and p € A,,, there exists 7 € H and

p € A, such that 7p € T p'7’. We have Tp = py79, where

ag bo
Po = )
0 do

where agdg = n (not necessarily 0 < by < dy) and 79 € SL2(Z). Let 79 = Yoo7’, Where o € I'o
and 7' € H since 79 € I' = SLy(Z). Assume that

ao b/

7p = (povee) ™’ = 7
0 dy
for some b, there exists v makes 0 < b := b’ — vdy < dg. Therefore
1 v ag b’
TP = ‘ 7 €Top'7.

0 1 0 do

We're done. O

For m = 0 we get the Eisenstein series

B= Y e t=g Y et

TET\T ged(e,d)=1
Then

na k-1
T.Ey = Z (3) By, = op—1(n)E.
d|n

E}, is an eigenfunction of all the Hecke operators T,, with eigenvalue of_1(n).
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Corollary 6.4. For m,n > 1 we have
mF T, Py, = nF 1T, Py,
Proof. We have

m* 1T, P, = mF! Z (n/d)* 1P, g2

d|ged(m,n)
= nk_l Z (’rn/d)k_lprrm,d*2
d|ged(m,n)
=nF 1T, P,.
[
Recall that Theorem [3.1]
rk-1) ;
P, =—= .
<f, m> (47Tm)k71 (m)
Then
 T(k-1)
(Tof, Pr) = W&z@”%
I'k—1
(T f. Py = 0D

W(Lm(n)

Proposition 6.2. For m,n > 1 and f € My(T') we have
m* T f, Pr) = 0 (T f, Pr) -

Let S be a finite dimensional Hilbert space over C. Any linear operator T: S — S has the
adjoint operator T*: § — S defined by

(Tf,g)={f,T"g).

T is said to be normal if it commutes with T%. If T'=T* then T is said to be self-adjoint.

Theorem 6.5. The Hecke operators T;, acting on the space of cusp forms for the modular group
are self-adjoint, i.e.

<Tnf7 g> = <f7 Tng> for all fag S Sk(r)

Proof. Si(T') is spanned by the Poincaré series, so it is enough to prove (T}, Py, Py} = (P, T Pr).
Thanks to Proposition [6.2] and Corollary [6.4]
k—1 nk—1 pk—1 k=1 ph—1 k=1

n m
<TanaPZ> - %7_1<T£Pm7pn> = TmPfaPn> - Kk_l mk,_l nk_l

(k=1 mk—-1 <
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On the other hand, note that the Fourier coeflicients of Poincaré series, and so the inner prod-
ucts, are real, we have (T, P, Pp,) = (P, Ty Pr). Immediately we conclude that (T, Py, Py) =
<Pm7 TTLP€> D

Proposition 6.3. Let S be a finite dimensional Hilbert space over C and let 7 be a commuting
family of normal operators T: S — §. Then there exists an orthonormal basis F of S which

consists of common eigenfunctions of all the operators in 7T .

Theorem 6.6 (Hecke). the space Si(T") of cusp forms for the modular group there exists an

orthonormal basis F which consists of eigenfunctions of all the Hecke operators T;,.

Proof. Applying Proposition by § = S(') and T = {T,}. Recall the commutativity of
Hecke operators has been proved in Corollary [6.3] O

Let f € S(I') be a Hecke eigenform,
Tof=An)f forn=1,2,3,---

Suppose f has Fourier expansion

f(z) = Z a(m)e(mz).

m=1

Recall Proposition [6.1]

an(m) = Z d*1a (%) .

dlged(n,m)

The m-th Fourier coefficient of T,, f is

> (),

d|ged(n,m)

and the m-th Fourier coefficient of A(n)f is
A(n)a(m),
we obtain

A(n)a(m) = Z d*1a (%) .

d|ged(n,m)

For m =1 gives

Hence a(1) # 0, as otherwise f would vanish identically. Therefore the Fourier coefficients of a

Hecke cusp form are proportional to the eigenvalues of the Hecke operators.
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As an example, consider the space S12(I"), which is one-dimensionally spanned by A(z);

therefore A(z) is automatically a simultaneous eigenfunction of all the Hecke operators, namely
TonA(z) = T(n)A(2),

where 7(n) is the Ramanujan function.

6.5 The Hecke operators with a character

Let

a B
To(q) = el:y=0 (mod q)
vy 0

be the Hecke congruence subgroup, and x be a Dirichlet character modulo g. It follows that

T.f =20 Y X =1 S X

pEA, PGA;ZL
where
a b
Al = €A, :ged(a,q) =1
0 d
Recall given
a B
p= eAl 1= € To(g),
0 d )
there exists
a/ b/ a/ /
p = €N, T = P € SLy(Z)
0 d A
such that pr = 7/p’. Tt follows that
aa+vb a’a *
~d od ~a AV +§d

We have o’ = ged(aa + vb,vd) and v = vd/ ged(aa + vb,yd). Since v = 0 (mod ¢), we have
g | vd. On the other hand aa + vb = aa (mod ¢q). From ad = 1 (mod q), ged(e,q) = 1,
combining with ged(a,q) = 1 get ged(aa,q) = 1. Hence ged(aa + b, q) = 1. Tt follows that
ged(ged(aa 4+ vb,vd), q) = 1. We have ¢ | 7v/. Now /'8’ — 'y = 1 implies /¢’ = 1 (mod q),
then ged(o/,q) = 1. Since o’a’ = aa (mod ¢q), we have ged(a’,q) = 1. That is, p’ € AZ and
7' € To(q). Moreover, aa = o’a’ (mod ¢q) implies that x(p)x(7) = x(7")x(p") if pr = 7/p’ for
(p,7) € AL x Ty(q).

As before we require that the character x (mod ¢) satisfies the consistency condition x(—1) =

(—1)*; otherwise My (I'o(q), x) = 0.
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Theorem 6.7. The Hecke operator T,, = TX maps automorphic forms to automorphic forms

and cusp forms to cusp forms:

Ty: Mi(To(q), x) — Mir(To(q), x),
T Sk(Tolq),x) — Sk(To(q), x)-

Proof. By the correspondence pr = 7/p’, we have

(Tnf)h': n/21 Z f\p

pEAT,

nk/2-1 Z f|p7’

pEAYL

W2 S X i

p eAT

2 T X (T) fi

/GAQ

— pk/2-1 Z flp

preEA]

X(T)(Tn f)-

|7

So Ty, f satisfies the modular transformation law. Clearly f|, is holomorphic for every p, so T, f
holomorphic. Thanks to Proposition [6.1} 7}, f is holomorphic at every cusp.

Now assume f admits Fourier expansion

We have

T f(2) =270 3 XG0 [ 32 atm)e(ms)

pEAL m>0 o
B - az+b
D DI X(“)“k/2dkza(m)€(m q )
gedtayzy 0 (mod d) m>0
4 b
S e S (X ()]
gcf(i,:r;)z:l m20 b (mod d)
R )
ad=n WLZO

ged(a,q)=1,d|m
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Let m = df, then

T.f(2) = Z x(a)n*tdt=* Z a(dl)e(alz).

ad=n £>0
ged(a,q)=1 -

Therefore
an(0)= Y x(anf'd"Fa(0) =a0) Y x(a)a*.

ged(a,q)=1 ged(a,q)=1

Consequently a(0) = 0 implies that a,,(0) = 0. T,, sends a cusp form to a cusp form.

By definition,
T,f ="' > X(0) -

pEA]
Given
a b
p= € Af,
0 d

we have ad = p and @ > 0, which implies that (a,d) = (1,p) or (p,1). If

1 b
p= ;
0 p

then x(p) =1, and

p
If
b
p= :
0 1
we have
fio(2) = p* f(p2).
Consequently,
1 1 b . [p O
T,=- Y +x(p)p*!
p b (mod p) 0 p 0 1
If p | q, this expression reduces to
1 1 b
T, = -
p

Moreover from Theorem [6.2] we have



Theorem 6.8. Suppose k > 2 and x(—1) = (—=1)*. For all m > 0 and n > 1 we have
ny /ny\k-1
TP, = Z X (E) (E) Pmnd*Z-
d|ged(m,n)
For m = 0 we see that the Eisenstein series
Ey(z)= >, x(Mi-(x)7*
TEFQO\FQ((])
is an eigenfunction of all T,, with eigenvalue
op-1(n, x) = ZX(d)dk_l-
d|n
If n | ¢*°, then x(n/d) = 0 unless n = d. So T,P,, vanishes unless n | m, in which case
TnPm = Pryyn. If ged(n, q) = 1, we can write
T,P,, = x(n)n*~1 Z x(@)d* F Py g2
d|ged(m,n)
Hence

Corollary 6.5. If m,n > 1 and ged(mn, ¢) = 1, then
X(m)mkilTnP’m = X(n)nkilTnLPn~

Our next aim is to find the adjoint of T,,. We use the concept of absolute inner product.

Recall that
(f,9)(2) = 4" f(2)g(2)dpz.
Let ¢ be a multiplier system of weight k for a group T' (here T' is arbitrary). If f,g € Si(T, 9),

then (f, g)(z) is a I'-invariant measure, and the inner product is just the volume of a fundamental

domain for this measure,
)= [ (r.90.
T\H

Given

a b
o= € GLJ (R),
c d

we have

(fio 910)(2) = ((det 0)*2(cz + d)* f(02), (det o)/ ? (ez + d)*kg(UZ))

= y*(det 0)*|cz + d| "% f(02)g(0z)duz.
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From
deto -y

Im(az) = m,

and du(oz) = duz, we obtain
(fio:910)(2) = Im(02)" f(02)g(0z)du(0z) = (f, 9)(02).

Therefore, if D C H is measurable, then

[ s = [ (roe = [ 9

by replacing oz — 2. For any subgroup I'" C T of finite index, we have

1
] o G

For computational convenience we wish to have I sufficiently small so that the multiplier

(fr9) =

¥: T’ = C becomes trivial on I", i.e., f, g € Sg(I"). This is certainly possible if T is a congruence
group and ¥ is a character (take Kerd = {y € T' : ¥(y) = 1}). Furthermore, for any given
o € GL (Q) one can choose IV small enough, but of finite index, such that the o-slash operator

maps Si(T', ) into Si(TV), i.e.,
f|g S Sk(F,) if fe Sk(l‘,ﬁ).
Say precisely, for o € GL (Q) and v € T we have

(f\d)h = floy = (f|070*1)|0'

Hence if we have oyo~! € T and 9¥(oyo~1) = 1, then floyo—1 = d(oyo~ ) f = f. That is,
(f\a)\y = flo» flo is invariant under the action of I"-slash operators. Thus we can choose
I"co Y (I'NKerd)o.

For example, recall that

10
I'(q) =< v€SLa(Z): v = (mod q)
0 1

is the principal congruence subgroup. If o € G,, and I" = T'y(q), then IV = T'(ng) is the group
to take. Indeed the Dirichlet character is trivial on I'(¢). Take arbitrary v € I'(ng), write
v = I+ nqgA where A € My(Z). Since o € G,,, we have 0~! = 1/nadj(c), then

ofyo_l = U(I + nqA)J_l =1+ CI(UA adj(O’)).
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1

That is, oyo~! € T'(¢) C T'o(gq). Consequently

(f\o)‘,y = f\a'y = (f\a'y(r*l)la - 19(0—’70—71).}0\0 = f\ov

which implies that f|, € S(I'(ng)).
Proposition 6.4. Let T’ be a congruence group and o € GL3 (Q). Then the o-slash operator is

an isometry of S(T',9) with respect to the absolute inner product, i.e.,

<f\aag|6> = <f7 g> for all fag € Sk(F7Q9)

Proof. Let I'" be a sufficiently small subgroup of I' of finite index such that f, € Sp(I") if
f € 8k(T,9), and let D’ C H denote the fundamental domain of IV. Then

(fio90) = [, o102
SR SRCARIE
= [ (o).

Now we claim: oD’ is the fundamental domian for the conjugate group I'V = o¢I”o~!. Note
that 'z = (cI'o™') (0z). Given w € H and let z = o~ 'w, since D’ is the fundamental domain
of I/, there exists v € I such that vz € D'. It follows that (oyo ') (cw) = o(vz) € oD’. So
every orbit of I admits a representative in oD’. If wy,ws € oD’ belongs to the same I'-orbit,
there exists 6 € IV with wy = odo " w;. Write w; = 02, and wy = 02,, we obtain zo = 62,
which implies that z; = 25, SO w1 = ws.

Choose I" small enough that I C T, from vol(cD") = vol(D’)

vol(I"\H) _ vol(I"\H)
vol(T\H) _ vol(T\H)

C:17"] = =[l:T].

Hence

(fimrge) =007 [ (1))

SO TE
=(f.9).

Replace g by g,-1 we obtain
<f|o’>g> = <fa g|o*1> .
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Let 00’ = det(0)], gjo-1 = g|(det o)1 = Y|o’, Which yields
<f\aag> = <fag|o">-
Theorem 6.9. If ged(n,q) = 1 and f, g € Sk(T'o(q), x), then

<Tnf> g> - X(TL) <f> Tng> :

In other words, the adjoint of T, is T,y = x(n)Ty; thus T;, is normal while X(n)l/QTn is self-
adjoint.

Proof. Given
a b

p= € A,
0 d
we have ad = n, then a | n. By assumption ged(n, q) = 1, so ged(a,q) = 1. Therefore AL = A,,.
Consequently

<Tnf7g>_< k(21 Z f\pa >

pEAY

_ k/21z< f\p,>

pPEA,

k/2 1 Z fvg|p>

pEA,

— pk/2—1 Z < )g\p>

PEA,

where pp’ = nl. For any 7,7" € ['g(q), set p” = 7'p'7~1, then
X(T/)g\p’ = (g|‘r’)|p’ =4Air'p = Ylp'r = (g\p”)\r = X(T)g|p“a

it follows that g, = x(7)x(7")g|,». On the other hand x(p”)x(7) = x(7")x(p’) implies that
X(Px(T)x () = x(p"), s0 x(p")g),r = Xx(p")g)p- Therefore,

(£ XPg10) = (S X g1 ) -

If p" = p,
(Tuf.g) =027 3 x(m) (£ x(0)g1,) = X(n) (£. Tug)

PEAL

We need to construct 7, 7" € T'g(q) such that p = p” = 7/p'77 L. Let

a B ) o B
qg 0 qg ¢
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Then p" = 7/p/'77 1 iff

a b a B) o p d —b
0 d q ¢ B q ¢ 0 a)
that is,
aa+bg aB + bd B o'd —ba' +af
dg dé - dqg —bg+ ad’

From det 7 = det 7/ = 1, only need to determine «, d,a’,§’. From above equation, ac + bg = o'd
implies that o' = (aa + bq)/d, d6 = —bq + ad’ implies that 6’ = (dd + bg)/a. Moreover we
need ad = 1 (mod ¢) and /8’ = n~t(adad + bg(aa + dé + bq)) = ad + bg(aa + d + bg)/n = 1
(mod q). Note that if ad = 1 (mod ¢q) and (ac + dé + bg)/n € Z holds, then immediately we

obtain o/¢’ =1 (mod ¢). Consequently, we want

aa+dd+bg=0 (mod n),
ax+bg=0 (mod d),
dé+bg=0 (mod a),

ad=1 (mod q).

Moreover a,d | n, so ac+dd+bg =0 (mod n) implies that ac+bg =0 (mod d) and dd+bg =0
(mod a). So these conditions hold iff

aa+dé+bg=0 (mod n),
ad=1 (mod q).
If n is square-free, ad = n implies that ged(a,d) = 1. So there exists «,d’ € Z such that
ac+d§’ = —bq. Note that all the solutions has the form o = ag +td, since ged(d, q) = 1, we can

choose t = d~*(1 — ag) (mod ¢) such that « = 1 (mod g¢), i.e., a is invertible modulo ¢. Since

ged(n, q) = 1, from the Chinese Remainder Theorem, one can find § satisfying

0=0" (modn),
d=a"! (mod q).
Therefore,

aa+di+bg=0 (mod n),

ad=1 (mod q).
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If n is not square-free, the algebra of Hecke operators is commutative and generated by T,,. We

use induction to prove T, = x(p")T},-. Assume the assertion holds for » — 2 and r — 1. Since
Tyr = TpTyr-1 — X(p)p" T2,

we have

Now let n = pi* -+ -pl», then T, = Tpl‘l o Tyrny 50 Ty = T;‘T1 . ~T1;"m, we finish the proof. O
! 5

Theorem 6.10. In S;(T'o(q), x), there exists an orthonormal basis F which consists of eigen-

functions of all the Hecke operators T}, with ged(n,q) = 1.
Proof. Clearly from Corllary [6.3} Proposition [6.3] and Theorem O
Set ged(n, q) = 1. If T, f = Af(n)f, then
M) () = M) fo ) = (T f) = x(0) (£, Tu f) = x(n) (f: Ap(0).f) = x(m)As () (. ) -

That is,

6.6 An overview of newforms

Let f € 8;(To(q), x) be a Hecke eigencuspform, i.e., a cuspform which is a common eigenfunction

of all T;, with ged(n,q) = 1. Say
T.f = Xn)f if ged(n,q) = 1.

Suppose f has the Fourier expansion

f(z)= Z a(m)e(mz).

m=1
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Recall that the m-th Fourier coefficient of T, f satisfies

_ mn
an(m)= > x(@da ("), sedlng) = 1.
d|ged(m,n)
Hence,
_ mn
Ama(m) = Y x(@)da (), sed(ng) = 1.
d|ged(m,n)
Let m =1,

A(n)a(l) = a(n), ged(n,q) =1

However, we cannot deduce that a(1) # 0, because the condition ged(n, g) = 1 does not allow us
to control all the coefficients a(m). In fact there exist Hecke eigencuspforms f # 0 with a(1) = 0.

One can consider
A(z) =Y 7(n)e(nz),
n=1
it follows that

A(2z) = Z T(n)e(2nz) = Z a(m)e(mz),

n=1 m=1
where
7(m/2) if 2 |m,
a(m) =
0 if 2t m.
In particular a(1) = 0.
Let ¢* denote the conductor of x. Take any positive integers ¢/, d such that ¢* | ¢’ and ¢'d | q.

Let ¥’ (mod ¢') be the character induced by x. Then

f(z) € Sk(To(d), x") = f(dz) € Sk(To(q), x)-

More precisely, let

d 0
Odq =
0 1
then g(z) == f(dz) = f(04z). Note that
d 0 a f |« Bd d 0
0o 1/ \y o ~d 5 ) \o 1)
and let
@ « d
T= ’ €lo(q), 7= o € To(q)
v 9 v/d b
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It follows that

dk/zgl‘r = (f\ad)h' = fT/G'd = (f|7—’)|ad = XI(T/)f\ad = X(T)f|ad = X(T)dk/29~

Since z +— dz is holomorphic, g(z) is holomorphic on H. Moreover, if

f(z) = a(m)e(mz),

n=1
then

fldz) = i a(m)e(mdz) = Z a (%) e(mz),

m=1 m=0 (mod d)
which implies that f(dz) has the first Fourier coefficient zero if d # 1.

We denote by S,z (To(q), x), the linear subspace of Sx(T'o(q), x) spanned by all forms of type
f(dz) where d | ¢ and f € Si(To(q’), x’) for some ¢’ < g such that ¢'d | ¢. Here x’ (mod ¢’) is
the character which is induced by x (mod ¢). Then we define Sg (To(g), x) the linear subspace
of Sk(T'o(q), x) orthogonal to S;(To(g), x) with respect to the inner product. Thus we have the

orthogonal decomposition

Sk(To(a), x) = S2(To(a), x) @ SE(To(a), x).
Proposition 6.5. The subspace S,bc, S,g are stable under the Hecke operators with ged(n,q) = 1.
Proof. For S, let g(2) = f(dz) = dak/Qf‘adU (2), where f € Sp(T'o(q),X’), ¢'do | ¢ and

dy 0
0 1

Udo =

Then

T, (f|gd0> =n*2"1 N " (o) (f|ad0)

pPEA,

— pk/2-1 Z Z X(a)f|0do(8g)

ad=nb (mod d)

_ ok/2-1 .
n >y )X(a)f’(gdgb)ado

ad=nb (mod d

lp

Since dy | ¢, d | n and ged(n, ) = 1, we have ged(dp, d) = 1, so dpb (mod d) as b (mod d). Hence
Ty (f|0d0) = (T0f)|og,- From f € Sk(I'o(q'), X"), we have T, f € S(I'o(¢’), x'). Thus

Thg="1T, (dakmf‘adg) = dgk/2Tn (f|gd0) = dak/Q(Tnf)de = (T f)(dp2).
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For arbitrary g € S}, g = > c;g; where g;(2) = f;(d;z), which implies that T},g € Sj.
For h € Sf and g € S, then

(Twh,g) = x(n) (h, Tng) = x(n)0 = 0.
Therefore T, h € Sg since T,h € Sp(To(q’), X'). O

The Hecke eigencuspforms in the space S}i(Fo(q), x) are called newforms.

The multiplicity-one principle holds true in the space S}i(l"o(q), X). That is, for each sequence
{A(")}ged(n,q)=1 there is at most one cuspform f # 0 (up to a scalar) which is an eigenfunction
of T,, with prescribed numbers A(n) for ged(n, q) = 1 as eigenvalues. Recall that T, T,,, = T,, Ty,
use this for ged(n,q) = 1 and for all m,

Tn(Tmf) = Tm(Tnf) = Tm()‘<n)f) = )‘(n)(Tmf>'

That is, T;,f and f have the same eigenvalue A(n) for all T,, with ged(n,q) = 1. By the
multiplicity-one principle, Ty, f = A(m) f for some A(m). This equation holds for all m.

Proposition 6.6. Suppose [ is a newform, then T, f = A(n)f holds for all n with ged(n,q) = 1.
The first coefficient in the Fourier expansion does not vanish, so one can normalize f by setting
a(l) = 1. In this case

a(n) = A(n) for all n.

Proof. Immediately from the fact

A(n)a(l) = a(n), ged(n,q) =1

6.7 Hecke eigencuspforms for a primitive character

Now consider case x (mod ¢) is a primitive character. Thus in this case S,‘; is zero and S}i is the
whole space Si(T0(q), Xx)-
For any d, the operator Ay defined by

acts on the Fourier series



by selecting the terms with m =0 (mod d), i.e., we have

e =5 X 1(:+5)

b (mod d)

=~ zm: a(m)e(mz)e (mZ)

mod d)

—_

<
—~

= a(m)e(mz).
m=0 (mod d)

Hence the sifting operator .S, defined by
Sq = Z p(d)Aa
acts on the Fourier series by selecting the terms with ged(m, ¢) = 1, i.e., we have

(Sef)(z) =D _uld) Y a(m)e(mz)
d|q m=0 (mod d)

(oo}

=Y almle(mz) Y p(d)

m=1 dlged(m.q)

= Z a(m)e(mz).

ged(m,q)=1
Remark. One can show that S,: Sk(To(q),x) = Sk(To(gq1), x), where ¢; is the product of
prime factors of q.

Proof. For d | q squarefree, we have

1 1 b
Ty =~

b (mod d) 0 d

Therefore,

T =5 X Catme (m*5?)

b (modd) m

- ¥ a(m)e(%z).

m=0 (mod d)
Let (Vaf)(z) = f(dz), then Ay = V4T,4. Indeed,
(VaTa) )(2) = Va(Taf))(z) = (Tuf)d2) = Y alm)e(mz) = (Aaf)(2).

m=0 (mod d)
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We claim Vy: Si(To(q), x) = Sk(To(gd), x). Let g(z) = f(dz), for arbitrary

a b
v = ( ) € To(dg).
c h

Then dg | ¢, which implies that ¢ | ¢/d. Moreover

az+b adz+bd
cz+h  cz+h

a bd
v = ( ) € To(q)
c/d h

, _adz+bd
~'(dz) = o th = dyz.

Since f(y'dz) = x(h)((¢/d)(dz) + h)* f(dz), we have g(yz) = f(dyz) = x(h)(cz + h)Fg(2).
Moreover, f(dz) is clearly holomorphic. If

dyz=d

On the other hand,

satisfies

then

9(z) = f(d2) = ) a(m)e(mdz)

m>1
also has no nonzero constant term. That is, ¢ € Si(To(¢d),x). Now Ty: Sk(To(q),x) —
Sk(To(q),x) and Vi: Sk(To(q), x) = Sk(To(qd), x), we have Aq: Sk(Lo(q), x) = Sk(Lo(qd), x) C
Sk(To(gq1), x), we finish the proof. O

Lemma 6.2. If f € S;(T'o(q), x) has the Fourier coefficients a(n) = 0 for all n with ged(n, q¢) =1,

then f = 0. In other words, the sifting operator S, has zero kernel.

a b
T = ( ) € T'o(q),
c d

from the relation f, = x(7)f written at the point (2 —d)/c, we get

o (Z - Clz) — (@) (f " j) .

Expanding both sides into Fourier series, we obtain a kind of Poisson’s summation formula,

ot (e (-2) xSt (- 2) e ()
m>1 nzt

Proof. Given
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for any 0 < ¢ =0 (mod ¢) and ad =1 (mod ¢). Hence, summing over ¢ (mod ¢) with (a,c) =1

for ¢ = q, we get

() () ge | 2 e (4)(5)

m>1 a (mod q)

Here

be the Ramanujan sum, and

Scnoa = X e (-2)

d (mod q)

be the Gauss sum. In Appendix [A] we proved

Put x be ¥ and a = —n, we have

Sy (=n,0;q) = x(=n)7(x)-

Since x is primitive character,

—n)T if ged(n,q) =1,
5, (= 0:) = x(=n)7(x) if ged(n, q)

0 if ged(n,q) > 1.
But a(n) = 0 when ged(n,q) = 1, so every term on the right-hand side vanishes, we conclude

that every term on the left-hand side also vanishes (the uniqueness of Fourier series expansion),

i.e., a(m)S(m,0;q) = 0 for every m. If g is squarefree, by Lemma

S(m,0;q) = p(q/ ged(m, q))p(ged(m, q)) # 0.

Therefore a(m) = 0 for every m, proving the Lemma in this case.

If ¢ is not squarefree then the assertion of the Lemma remains true, but our proof needs
substantial modifications. To this end we generalize the above relation between the Ramanujan
and Gauss sums. First we multiply the Poisson formula by a function ¥ (a), and only then we

sum over the primitive classes. We obtain

. 5:1 P (_m) =3 a(m)Sy (n)e (nz>



where

sm= 3 ()l

a (mod q)

d (mod q)

and ad = 1 (mod ¢). For a given m we want S(m) # 0, whereas Sy (n) = 0 for all n with
ged(n, q) # 1. We can permit 1(a) to depend on m. To construct such ¢ we factor the modulus
g = q1q2 so that ¢; has primes in m and ¢y is coprime with m. It follows that ged(q1,q2) = 1

and ged(m,g2) = 1. We put go = [] ) P- Take g7 and @3 satisfies ¢1g7 = 1 (mod ¢2)

plged(m,q
and g2z = 1 (mod ¢;). By the Chinese Remainder Theorem, we use only the residue classes a
(mod q) of type
a=bqqr + (1 + C?) 2q2
0

where b runs over the classes modulo ¢ with ged(b, g2) = 1 and ¢ runs over the classes modulo
go with ged(1 4 ¢q1/q0,q1) = 1. For ¢(a) we choose a character of conductor ¢, restricted to the

above classes. From

__ q1 __
a = bq1q1 + (1 + Cq) 7272,
0

— _
() - (5 (S (o))
q q2 q1 q0
which implies that

sm= X woe (M) S (M (14D,

b (mod g2) 2 ¢ (mod g0) e do
ged(14+cqy/q0.q91)=1

we then have

In Appendix [A] we proved:

r= Y 3o (2).

b (mod m)

take m = g2, a = mqy and x = v, we obtain

> e (M) = Gl () = r(0)elan) o)

b (mod g2) 2

> e<m‘”<1+cql)>: 3 e(m%)e(mc%>
N Q0 o (ot a0) n %0

¢ (mod qq)
ged(14-cqy/q90,91)=1 ged(14cqy/q0,91)=1

Now compute
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Since qg = legcd(m’q) p, we have qg | m, so mcgz/qo € Z. Consequently,

Z e (n;qz (14—03(1))) :e(n;qu> -#{c (mod qp) | ged <1—|—CZ(1)7QI> zl}.

¢ (mod qp)
ged(1+cqy/q0,91)=1

Write g1 = leql p%r, since qg = Hp‘ql p, we have q1/qo = leql p»~t ged (1+ cq1/q0,q1) = 1
iff for every p | g1 we have p1 (1+c¢q1/qo). Since qq is squarefree, given ¢ (mod ¢p) is equivalent to
give all the ¢ (mod p) where p | ¢1. If p? | q1, p > 2,50 q1/go =0 (mod p), and so 1+cq1/q0 = 1
(mod p). Thus p 1 (1 + cq1/qo). That is, all the residue classes modulo p satisfy the condition.

1

Ifp|l ¢, ie, ap=1,wehave pfqi/q0. 1+ cq1/q0 =0 (mod p) iff c = —(¢1/90)~" (mod p), so

there are p — 1 admissible classes. By the Chinese Remainder Theorem,

#{e tmodagea (1+cLa) =1h= [T [To-v=a]] (1-1).
pla pllay plla
p2lq1

Hence

s0m) = r(opoiaaime (2o T (1-1) #0

pllax

as desired. In order to compute S, (n) we factor x (mod ¢) into the primitive characters xi

(mod ¢;) and x2 (mod ¢3). Since

a= b + (1 + c?) 0,
0

and ad = 1 (mod q), d must satisfy d = b (mod ¢2) and d = (1 +cq1/q0) (mod ¢;). By the

Chinese Remainder Theorem,

d=bq:1 G + (1 + c(h> 7273

do
We obtain
B, — o
s= ¥ v (-2) % a1l )e (- (142
b (mod g¢2) a2 ¢ (mod qq) do q1 qo
o ged(1l4cqy /g90,91)=1
= Z (b)x2(b)e (—bnql> Z X1 <1 —|—cql>e (—nq2 (1 —|—cql)>
b q2 q0 q1 q0
(mod g2) ¢ (mod qq)

ged(1+cq1/q90,91)=1

by b — b. Now 1)y is primitive character modulo go. From Appendix

wor@= Y 30 (%)
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vanishes when x is primitive and ged(a,m) > 1. So when ged(n, ¢2) # 1,

> T (-mL) ~o

b (mod 42) ©
Now consider the c-sum
Z X1 <1+cql>e _nq2<1+cql> .
¢ (mod ap) q0 q1 q0
(0]
ged(1+cqr/a0,q1)=1

Let @ = 1+ ¢q1/qo, then clearly =1 (mod ¢1/qo). For the converse, every x =1 (mod ¢1/qo)
can be uniquely written as © = 1 + ¢q1/qo where ¢ (mod ¢g). The c-sum becomes

3 a@e (—nq2x> .

o (mod ay),e=1 (mod a1/ag) E8
ged(z,q1)=1

Let d* = ged(n, ¢1), n = d*n* and q; = d*q". Since qo = [[,,, P, 8cd(qo,d") = I1,|gca(g,n) P-
Then ¢ (mod go) implies that

q0

o q0 )
ged(qo, d*)

= clm +c2, ¢ (mod ged(go,d”)) and ¢z (mod

Then

KN
0

og—2 N0
ged(qo, d*)  qo q
When c; is fixed, x satisfies

q1 q1
z=14+c¢c— (mod ———).
% ( ged(qo, d*) )
It follows that

_ q1 q1
xr — ]. +co— = 0 mod —_— ).
> % ( ged(qo, d*) )

e (—n@x> =e (_an <a:— 1+ @ﬂ + 1+ CQ(]l>) =e (—nQQ1 + 02q1>
a1 q1 do q0 q1 do0
from ged(qo, d*) | d* = ged(n, q1) | n. Consequently the c-sum becomes

> e (—nq21+62(h> > xi(z),

1 0
c2  (mod q q . z  (mod qq) o
1‘:02%«#1 (mod W)

Thus

90 )
ged(qq,d™)

the x-sum vanishes as ged(n,q1) # 1, from x; primitive character. The c¢-sum also vanishes as

ged(n, q1) # 1.
Therefore, Sy (n) =0 as ged(n,q) = 1. Then a(m) =0 for all m > 1, f =0.
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We still have a problem if x5 is the only primitive character to modulus go. This is the case
for go = 3 and g2 = 4. If g; = 3 we take v the principal character, and the above argument still
works because

) () e (35 () 3)

(mod 3)

If ¢o = 4, the unique primitive character modulo 4 is

) = = (7).

From Sk(To(q),x) C Sk(To(2q), x), and ged(n, 2q) = 1 implies that ged(n, q) = 1, we can apply
the above arguments for the modulus 2¢ in place of q. We take

2

vt =0 = (3).

Since xs and ygx4 are both primitive, the previous result is valid. This completes the proof of

Lemma for any primitive character x (mod g). O
Lemma [6.2] implies the multiplicity-one principle. We get

Lemma 6.3. A Hecke eigencuspform f € Sk(To(q), x) can be normalized to have its first Fourier

coefficient a(1) = 1, and the normalized form is determined uniquely by the eigenvalues of T,

with ged(n, ¢) = 1.

Theorem 6.11. If f € §;(T'o(q), x) is an eigenfunction of every T, with ged(n,q) = 1, then it

is an eigenfunction of the whole algebra T = {T,,, : m € N}, i.e.,
Tof = AXm)f for all m € N.

Let W be the Fricke involution, defined by

0 —1
Wf=f. wherew= ,
q O
ie.,
(W)(2) =g *227F f(=1/(g2)).
We have
W? = (-1)*
Moreover,



The Fricke involution is an isometry, i.e., we have

WfWg) =(f.9)-
Theorem 6.12. If ged(n,q) = 1 we have

WTX = x(n)TXW.

Let K be the complex conjugation operator defined by

(Kf)(2)=F(-2).

Note that
f(z2) =Y alne(nz) = (Kf)(z) =) a(n)e(nz).
K is NOT linear over C. Indeed
K(\f)=AKf ifxeC.
We have
K*=1, WK =(-1)"KW
K: S8k(To(q), x) — Sk (Fo(4),X)
(Kf,Kg)={(f.9)
KTYX = TXK for all n.
Set

then

=

=1, Whf)=qWfifneC

W: Sk(To(q), x) — Sk(To(q),x)
T, W

= x(n)WT, if ged(n,q) = 1.
This implies that

T, (Wf)=Xn) (W),

ged(n, q) = 1.
By the multiplicity-one principle, one deduce

Wf=nf.

131



Theorem 6.13. A Hecke eigencuspform f € Si(To(q), x) is also an eigenfunction of the involu-
tion operator W, i.e.,
Wf=nf.
—2 J— = _
We have || = 1. Indeed, f = W"f =W(nf) =qWf =7-nf = n*f.
Recall that Theorem [6.2] we proved

Ty = Z X(d)dk_lend*%
d|ged(m,n)

which implies that for all m,n > 1,

Am)Am) = > x(d)d* T A(mnd ).
d|ged(m,n)

In particular, for any m and d | ¢ we obtain A(dm) = A(d)A(m). Hence

(Aaf)z) = > Alme(nz) =Y And)e(dnz) = Ad) f(dz);

n=0 (mod d)

in other words

Agf = A(d)d*k/sz ) ifd | q.

Theorem 6.14. The eigenvalue of the involution W of a normalized Hecke eigencuspform f €

Sk(To(q), x) is given by

n=r1(X) Mq)g ">

Theorem 6.15. For p | ¢ the eigenvalues A(p) of T}, in the space S;(T'o(g), x) satisfy

Ap)| = "2,

7 Automorphic L-functions

7.1 The Hecke L-functions

Let f € Sk(To(q), x). Consider simultaneously the Fourier expansions at cusps oo and 0, say

()= alne(nz)

9(z) = bn)e(nz)
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where

9= flo With w =
q

Recall that g € S;; (T'o(g),X). To these Fourier series we associate the Hecke L-functions
L(s) = a(n)n™*
1
Ly(s) = Zb(n)n‘s.
1
In the half-plane we can show that

(2m)*T(s) Ly (s) = / " Fly)ydy

20 T()L(s) = | " gliy)ydy.

Since f and g have exponential decay at 0 and oo, we have

Theorem 7.1. The L-functions L;(s) and L,(s) associated to the cusp forms f € S(To(q), x)
and g = fi, € Sk (I'o(q),X) have analytic continuation over C, and they are entire functions.

Actually the so-called complete L-functions

Asts = (L) Tt

A6 = (L) 1Ly

are entire functions, bounded on vertical strips.

Theorem 7.2. The complete L-functions satisfy the functional equation
Ap(s) =iFAy(k — s).
If f is an eigenfunction of the operator W = KW, say

Wf=nf,

then b(n) = na(n), so the functional equation becomes

—S

(gj) S I'(s)Lg(s) = i’fn(;/f)k I'(k—s)Ly (k—3).

In particular if x is real character and f has real Fourier coefficients and is an eigenfunction of
W, say
Wf=d+i"f,
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then

(\@)sr(sm(s) =+ (ﬁy_s Pk —5)Ly(k = s).

21 2

Theorem 7.3 (Hecke). Suppose f and g are given by the Fourier series

f(z)= Z ane(nz)

g(z) = Z bpe(nz)
0

with coefficients a,, b, < n® for n > 1, where « is a positive constant. Put

Ly(s) = Z apn”°®
1

Ly(s) = i bpn~?
1

and
Asts) = () T
A6 = (L) 1L

where ¢ is a given positive number (not necessarily an integer). Put

-1
q

and (fl,) (2) = (\/ﬁz)fk f(=1/(gz)), where k is a given positive integer. Then the following

assertions are equivalent.

(A1) The functions f, g are connected by
9= f|w

(A2) Both Af(s) and Ay(s) have meromorphic continuation over the whole C,
Ap(s) + aps ™ + boi*(k —s)7*

Ay(8) +bos 4 api *(k—s)7t

are entire and bounded on vertical strips, and they satisfy



7.2 Twisting automorphic forms and L-functions

Theorem 7.4. Let f € My(To(q), x), where x is a character of conductor ¢* with ¢* | q. Let ¢

be a primitive character of conductor r. If f has the Fourier series
f(z) =" a(n)e(nz),
0

then the twisted series
oo

fo(z) =) d(n)a(n)e(nz)

0

belongs to My,(Lo(N), x¢?), where N = lem(q, ¢*r,r?). Moreover if f is a cusp form, so is fy.

Theorem 7.5. Let f € Sx(T0(q), x), where x is a character to modulus q. Let ¢ be a primitive

character of conductor r with ged(g,r) = 1. Then

fd)lwz\f = ’LU(’!/))%

where
for N =gqr?, g= Jflw for

and

Sketch of Proof. We have

1 u/r -1 -1 ro —v 1 u/r
1 N q —uq 1

We choose uvg = —1 (mod r), this identity yields
f)(1 WYy = X(?")g|<1 ufry:

Then
S OLHSY(w) = > RHS¢(-vg).

u (mod ) v (mod r)
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Now let L¢(s,1) denote the Hecke L-function associated with the twisted form fy, i.e.,

Ly(s,0) =Y _¢(n)a(n)n*,

and put

Ag(s, 0) = (f) D(s)Ly (s,).

By Theorems [7.5 and [7.3] we deduce

Theorem 7.6. Suppose f € Sp(I'0(q),x), ¥ is a primitive character of conductor r with
ged(g,r) = 1, N = ¢gr? and w(¢) is given in Theorem [7.5] Then Af(s,¢) is an entire func-

tion, bounded in vertical strips, and it satisfies the functional equation
Ap(s,0) = iPw(w)Ag (k= s,9)

where g = f|,, for

7.3 Converse theorems

Theorem 7.7 (Hecke). Let k be a positive, even integer. Suppose f is given by Fourier series
f(z) = iane(nz)
0
with the coefficients a,, < n® for all n > 1. Then f € M (T¢(1)) if and only if the function
Ap(s) = (2m)7°T'(s) i%anrfS
1

can be analytically continued over the whole C, Af(s) + aos~! + ifa,(k — s)~1 is entire and

bounded in vertical strips, and satisfies the functional equation
Af(S) = ikAf(k - S).

Theorem 7.8 (Weil). Let k& be a positive, even integer, and x a character to modulus ¢ > 1.

Suppose f, g are given by the Fourier series

flz)= Zane(nz)
0

g(z) = ane(nz)
0
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with coefficients a,,b, < n® for n > 1, where « is a positive constant. Suppose Af(s), Ay(s)

defined by

A = (Y1) T

\/Z] s

M) = () T
satisfy (A3) in Theorem Furthermore let R be a set of prime numbers coprime with ¢ which
meets every primitive residue class, i.e., for any ¢ > 0 and any a with ged(a, ¢) = 1 there exists
r € R such that » = a (mod ¢). Suppose for any primitive character ¢ of conductor » € R the
functions Ay (s, 1), Ay(s, 1) defined by

Ag(s, ) = (f) D(s)Ly (s, ).

Ayl ) = (ﬁf) F(8) (5.,

with N = ¢r? are entire, bounded in vertical strips and staisfy the functional equation

-
—
2
E

I

ikw(zp)Ag (k - s,@)

Moreover f, g are cusp forms if Lf(s) or Ly(s) converges absolutely on some line Re(s) = o with

O<o<k.

Theorem 7.9 (Criterion for Cusp Forms IT). Suppose f is an automorphic form of weight & > 0
for a group I such that

v f(z) — 0 as y—0

uniformly on H. Then f is a cusp form.
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8 Elliptic Curves

8.1 Introduction
Definition 8.1. Let a, b, ¢ be the side length of a right triangle. A right triangle is rational if it
has rational side length, i.e., a,b,c € Q. A right triangle is primitive if a,b, c € Z are coprime.

Lemma 8.1. If the right triangle is primitive, then

a=u*—v
b= 2uv
c=u?+40?

for u,v € Z, u > v > 0.

Definition 8.2. D € Q- is congruent if there is a rational triangle with area D.

Note that we only need to consider D square-free.
5 is the area of right triangle with side length (9/6,40/6,41/6); 6 is the area of right triangle
with side length (3,4,5); 7 is the area of right triangle with side length (24/5,35/12,337/60).

Oldest Problem I. Prove that there is algorithm for deciding in a finite number of steps

whatever a given positive integer is congruent or not.

Oldest Problem II. Prove that every integer of the form 8n+5,8n+6,8n+7 (n =0,1,2,---)

is congruent.

Lemma 8.2. D € Z~ is congruent iff Dy? = 23 — x for some z,y € Q with y # 0.

Proof. By Lemma Area = uv(u? — v?). So D is congruent iff Dw? = uv(u? — v?) for some
u, v, w € Z with w # 0. Set x = u/v and y = w/v? to get desired formula. O
2

Theorem 8.1. There is no solution to w? = wv(u? — v?) in Z with w # 0. That is, 1 is mot

congruent.
Proof. Use infinite decent. O

Let K be a field with char(K) # 2, and let K be its algebraic closure.

Definition 8.3. (i) An elliptic curve E/K is the projective closure of a plane affine curve

y? = f(x), where f(z) € K[z] is monic cubic with different roots in K.

(ii) For any field extension L/K, define E(L) = {(z,y) € L? | y* = f(z)} U{O}.
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For example, the affine Fermat curve ™ + y™ = 1 has projective closure X" + Y™ = Z".
Ponits with Z # 0 correpsonds to affine ppints via © = X/Z, y = Y/Z. The points with Z =0
are the points at infinity. In particular, when n is odd, (—1,1,0) lies on the projective Fermat
curve, and it may be chosen as the point O.

The n-dimension projective space P™ is defined by P"(K) = (K"t \ {(0,0,---,0)})/ ~,
where (29,21, ,&n) ~ (Axo, Ax1, -+, Axy,) for A € K. The equivalence class of (xg, 1, -, zy)
is written as (wg : x1 : -+ : 2,). The projective plane P?(K) = {(z:y: 1) | (z,y) € K2} U {(z:
y:0) | (z,y) € PHK)} = A*(K) UP!(K).

Example 8.1. E: y?> = 23 — z, then E(Q) = {(0,0), (1,0),(—1,0)} U {O} by Theorem 8.1
Proposition 8.1. F is an elliptic curve over K, then E(K(t)) = E(K).

Definition 8.4. A plane affine algebriac curve C = {f(z,y) = 0} C A? (f irreducible) is
rational if it has rational parameterzation. That is, there exists (t), 1 (t) € K(¢) such that

(ii) The map A! — A2 given by t — (¢(t),%(t)) is injective on Al \ {finite set}.

Example 8.2. Any non-singular plane conic is rational. For example, 2 + 3> = 1, one can

() 1—¢2 2
2,y =|———=]-
Y 112 1442

Example 8.3. Any singular plane cubic is rational. For example, y2 = x

choose

3. one can choose

(z,y) = (t%,1%).

For y? = 2%(z + 1),
(z,y) = (t* — 1,t(t* — 1)).

Over an algebraically closed field K with char(K) # 2, every elliptic curve with full rational

2-torsion may be written in Legendre form
C:Y*Z=X(X-2Z)(X - )\2),

or, on the affine chart Z # 0,
C:y? =a(x—1)(x—N),

where A € K \ {0,1}. The condition A # 0,1 ensures that the cubic polynomial z(z — 1)(x — A)

has distinct roots.
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An elliptic curve can also be written in Weierstrass form:
E:Y?Z+ a1 XYZ+a3YZ? = X° + a2 X?Z + as X 2% + as Z°.
on the affine chart Z # 0,
E: y2 + a1xy + asy = 22+ as® + agx + ag.

The genus g(C) € Z> is an invariant of a smooth projective curve C. If K = C, g(C) is the
topological genus of the corresponding compact Riemann surface. A smooth plane curve C' C P?

of degree d has genus (d — 1)(d — 2)/2. In particular, a smooth plane cubic has genus 1.

Proposition 8.2. Let C be a smooth projective curve over an algebraically closed field, C' is
rational iff g(C') = 0.

Let C be a smooth projective curve over K. Then C is an elliptic curve over K if and only
if g(C) =1 and C is equipped with a chosen K-rational point O € C(K).

Let C' be a smooth projective curve over a number field K.
(i) If g(C) = 0 and C(K) # @, then C(K) is parametrized by P!(K).

(ii) (Mordell-Weil Theorem) If g(C') = 1 and C has a chosen K-rational point, then C' is an
elliptic curve, and C(K) is a finitely generated abelian group.

(iii) (Faltings Theorem) If g(C) > 1, then C'(K) is finite.

By the Mordell-Weil Theorem E(Q) 2 F(Q)tors ©Z". It is unknown whether r is bounded as
FE ranges over all elliptic curves over Q. The current record is r > 29 due to Elkies and Klagbrun

in 2024; the previous record was r > 28 due to Elkies in 2006.

8.2 Weierstrass equations

Theorem 8.2. Let K be a field with char(K) = 0 or finite field. Every elliptic curve FE is

isomorphic over K to a curve in Weierstrass form via isomorphic mapping Og +— (0:1:0).

Proposition 8.3. Let E/K and E’'/K be two elliptic curves with Weierstrass form, then F = E’

over K iff the Weierstrass equations are related by a substitution of the form

r=uz +r
y=udy +ulsx' +t

where u,r,s,t € K and u # 0.
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Let E satisfy the Weierstrass equation
E: y2 +a1xy+a3y:x3 +a2x2+a4x+a6, (%)

Then E is smoooth iff A(ay,---,ag) # 0. If char(K) # 2, we can complete the square; if
char(K) # 3, we can get rid of 22 term. Hence if char(K) # 2,3, then

E:y?>=2%4azx+b.

In this case, A = —16(4a® + 27b%).
Definition 8.5. The j-invariant of E is

4a3

(E) = 1728——~
i(E) 4a3 1+ 2702

Corollary 8.1. Let E, E’ be two elliptic curves over K. E = FE’ implies that j(E) = j(E’').
The converse holdds if K = K.

8.3 Group law

Any line in P? will meet the curve at exactly three points, counting multiplicity.
For two points P, on an elliptic curve F, take the line through P and Q. It meets E at a
third point S. The line through S and O meets E at P @ Q. If P = @, use the tangent at P.

Y

|
|
|
|
|
|
|
|
|
| OuS
|
|
|
|
|
|

—

Theorem 8.3. (E,®) is an abelian group.

Assume that E: y?> = 23 + Az + B, and P = (z1,41), Q = (z2,%2). If P = O, then
Pe@Q=0Q;if Q= 0g, then P®Q = P; if 1 = x5 and y; = —y2, then P & Q = Og. In other
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cases, let

o iP£Q,
A= 3z2 4+ A

2y

it P=qQ.
Then P& Q = (v3,y3), where 13 = A2 — 21 — 2 and y3 = \(z1 — x3) — 1.
Corollary 8.2. E(K) = {(z,y) € K? | z,y satisfy } U{Og} is an abelian group.
Indeed,
(i) E(C)~2C/A 2R/Z x R/Z, where A is a lattice.
(i)
Z)2Z x RJZ if A > 0,

R/Z it A<0.
(iii) If K =T, then |[#E(F,;) — (¢ +1)| <2,/q (Hasse’s Theorem).

(iv) If K is alocal field, i.e., [K : Q,] < oo, then E(K) has a subgroup of finite index = (O, +).

8.4 Elliptic curves over C
Definition 8.6. A lattice A = {Zw; +Zws} is an additive subgroup of C generated by wy, w2 €
C that are linearly independent.
Example 8.4. {1,7} is a lattice, where T is a root of 2 + bx + ¢ with b,c € Z and A < 0.
Definition 8.7. An elliptic function f is a meromorphic function with f(z+w) = f(z), where
z € Cand weA.
Definition 8.8. Weight k£ Eisenstein series

1

Gr(z) = Z ok A=A\{0}
weA*
Definition 8.9. Weierstrass p-function
1 1 1
p(2) = p(2,A) = 2T Z ((z—w)2 - wg> :

wEA*

Remark 8.1. p(z) has a pole of order 2 at z € A. And we have

O (2) =2 Z ﬁ

weA
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Laurant series expansion for p(z) at z = 0:

1 oo .
plz) = 5 + §_1j(2n + 1) Ganga(A)2""
Theorem 8.4.

o(A) = 60G4(A),
0’ (2)* = 4p(2)° — g2(A)p(2) — g3(A), where M) W

Theorem 8.5 (Uniformization Theorem). Every elliptic curve E/C arise from a lattice A.

Remark 8.2.
&: C/A = Ex(C), z+— (p(2),9(2)).

8.5 Elliptic curves over number field

Definition 8.10. An isogeny ¢: F; — F5 is a non-constant morphism with ¢(Og,) = Opg,.

We say that F, and E» are isogenous if there exists an isogeny from F; to Fs.

Remark 8.3. For n € Z~, define
[n]: E—FE, Pr—P&---®P.

If n < 0, define [n] = [-1] o [-n].
Definition 8.11. The n-torsion subgroup of F is E[n] = Ker (E Inl, >

Fact. We have E[n] = (Z/nZ)?, where char(K) { n. If p = char(K), then

0 (supersigular case),

Z/pZ (ordinary case).
Proposition 8.4. Let E be an elliptic curve with char(K) # 2. For 32 = f(x) = (v — e;) (v —
e2)(z — e3), where eq,es,e35 € K distinct. Then we have E[2] = {Og, (e1,0), (e2,0), (e3,0)} =
(Z.)27.)2.

For example, E: y* = 2® — z, then F(Q) = {0, (0,0), (1,0), (—1,0)} = (Z/27Z).
Definition 8.12. Let E be an elliptic curve over Q, here
E/Q: v + arzy + agy = x° + asx? + aux + ag.

Then define

E/Fp: y? + dizy + dsy = 2° + dox? + dyx + dg.
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Note E/F, is an elliptic curve iff A # 0 iff ord,(A) = 0.
Definition 8.13. Let E be an elliptic curve over Q. E/Q has good reduction at p if E is

nonsingular, bad reduction otherwise.

Theorem 8.6 (Week Mordell-Weil). Let E be an elliptic curve over number field K. For
n € Z>g, we have |E(K)/nE(K)| < cc.

Theorem 8.7 (Mordell-Weil). E(K) is a finitely generated abelian group. Indeed we have
E(K) = E(K)ors ® Z".
8.6 The Birch and Swinnerton-Dyer Conjecture

Let K be a number field. Let ¢: F — E’ be an isogeny of elliptic curves over K, there exists

exact sequence of Gal (K /K )-modules
0 — E[p](K) — E(K) — E' (K) —— 0 .

Then we get long exact sequence

E(K) —2— E'(K) —— H'(K,E[p]) — HY(K,E) —2+ H'(K,E') — - --
Thus we get

0 —— F'(K)/¢E(K) —>— HY(K,E[p]) —— HY(K,E)[p,] —— 0

J{ lres,u \\‘\\\ lresv
s

0 —— E'(K,)/¢E(K,) =2 HY(K,, Elp]) — H(K,, E)[p.] — 0

The @-Selmer group is defined by

S@(E'/K) = Ker (Hl(K, El)) — ]I H1<KU,E)>
vEMg
={a € H'(K, E[p]) | res,() € Im(d,),Vv € Mk } .
Tate—Shafarevich group:

III(E/K) = Ker (Hl(K,E)—> 11 Hl(KU,E)>,
vEMEK

we obtain
0 —— E'(K)/pE(K) —— S¥W)(E/K) —— II(E/K)[p.] — 0
Conjecture (Tate—Shafarevich). III(E/K) is finite.
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If we take ¢ = [n], then we have
0 —— E(K)/nE(K) — S"(E/K) —— III(E/K)[n] — 0 .
Let F be an elliptic curve over QQ, define

L(E,s) =[] Ls(E,s),

P
where
(1 —app~? +p1_23)_1 if £ has good reduction mod p, ap =p+1— #E(Fp),
(1—p)~t split multiplicative reduction,
L,(E,s)=
(1+p5)~! non-split multiplicative reduction,
1 additive reduction.

Theorem 8.8 (Wiles, Taylor—Wiles, Breuil-Conrad-Diamond—-Taylor). Every elliptic curve E/Q

is modular. Equivalently, there exists a weight 2 newform fg such that
L(E,s) = L(f&, s)-

In particular, L(F, s) admits analytic continuation to all of C and satisfies a functional equation.
Conjecture (BSD).
ords—1 L(FE, s) = rank E(Q).

Conjecture (Strong BSD).

oy L(Es) Qp - Reg(E£(Q)) - [HI(E/Q)[ - T, ¢»
s—1 (S — ]_)T - |E(Q)tors|2 ’

where ¢, = [E(Q,) : Eo(Q,)] is the Tamagawa number,

E(Q)/E(Q)tors - <Pla"' 7P7“>a

Reg(E/Q) = det (<Pta Pj>)1<i7j<r ;  where . R .
T (P,Q) = 1h(P + Q) — h(P) — h(Q),

and

Q / dz
E= _—.
BE®) |2y + a1z + as]
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A Ramanujan sum and Gauss sum

First we consider the Ramanujan sum
* am
S(m,0;q) = e () .
( ) > .
a (mod q)

Lemma A.1. We have

o (@)
S(m, 0;q) = p (gcd((jﬂy q)> @ (;:iw) |

Proof. See p.66,
S(m,0;9) = Y s (g>.

s
s|lged(m,q)
Write ¢ = pra,, and ged(m, q) = prﬂp, where 0 < 3, < «a,. Then s | ged(m,q) can be

written as s = Hp p» where 0 <, < ,, 50 ¢/s = ]_[p p% 7. Consequently,

By
> s (%) =T > ru)

s|ged(m,q) plg \r=0

Note that Z P oD (p**~7) contributes only when v = «, and v = o, — 1.
We now prove: for each p we have
izﬂu (p™r ) = p (prPr) 2P o)
— @ (por=Fr)
If 8, < ap — 2, then a, —y > 2, and so Zf’;o pYp(p®»~7) = 0; on the other hand o, — 8, > 2
implies that pu (pap’ﬂp) =0. If 3, = ap — 1, then Z,’?”:O p u(p»=7) = —p~1; moreover
u(p) = —1 and @ (p0) /o(p) = p*»~ 1. If B, = @, then 720 p7u(p®»~7) = p* —p®»~1; on the
other hand (1) =1 and ¢ (p®») = p®» — pr~1.

Consequently,

s =T33 = ) S

plg M)

O

Lemma A.2. Let x (mod m) be primitive Dirichlet character, m > 1, then for arbitrary a,b

we have

x(b) ifm|a,

¢ (mod m) 0 if m ’i' a.
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Proof. First prove
p’x(b) if p¥ | a,
S )=
¢ (mod p¥) 0 if pl/ f a.
If p | a, then ac+ b =b (mod p¥) holds for all c¢. Therefore,
> xlac+b) = > x(b) =p'x().

¢ (mod p¥) ¢ (mod p¥)
Now assume p” { a. Let a = p"ap where 0 < r = v,(a) < v and ged(ag,p) = 1. Then qg is
invertible modulo p¥, which implies that ¢ — agc gives
Z x(ac+b) = Z x(p"c+ D).
¢ (mod p¥) ¢ (mod p¥)
If r =0, ged(a,p”) =1, so ¢ — ac + b is a permutation modulo p¥, so
Y xlac+b)= D x(e)=0.
¢ (mod p¥) ¢ (mod p¥)
If 1 <r < v, when ¢ runs over the residue classes modulo p¥, p"c runs over all residue classes

modulo p” that are divided by p”, each appearing exactly p” times.
S o xe+b)=p" > x(@c+b)
¢ (mod pY¥) ¢ (mod p¥—T)

If p | b, then for all ¢ we have p | p"c+ b, so x(p"c+b) = 0. Now assume p { b. In this case b is
invertible modulo p”. Therefore p"c+b=1b(1+p"b~'c), we have

Yo xWet+b)=xb) > x(1+pbe).
¢ (mod p¥—T7) ¢ (mod p¥—T)

When ¢ runs over the residue classes modulo p*~", 1 + p"b~ !¢ precisely run bijectively over the
subgroup H, = {u (mod p¥) |u =1 (mod p")}. Consequently
Z x(1+pd7 ) = Z x(u).
¢ (mod p¥—7) ueH,

Since y is primitive modulo p¥, its restriction to H, is nontrivial. Indeed, if x were trivial on
H,, then x would factor through (Z/p*Z)* /H, = (Z/p"Z)*, and hence would be induced from

a character modulo p”, contradicting primitivity. We obtain

Z x(u) = 0.

uweH,
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It follows that

Z x(ac+b) = 0.

¢ (mod p¥)

From the Chinese Remainder Theorem,

Z x(ac + b) H Z Xp(acy, +b),

¢ (mod m) plmecp (mod p“P)
where each x, is primitive modulo p*». If m | a, then for every p | m we have p"» | q, it follows

that

Z x(ac+ b) Hp””x = mx(b).

¢ (mod m)

If m t a, there exists some p | m such that p“r J(a, then

Z xplac, +b) = 0.

¢p (mod p¥P)
Therefore

Z x(ac+b) = 0.

¢ (mod m)

We finish the proof. O

Now let x (mod m) be Dirichlet character and consider the Gauss sum

o= Y (L)

b (mod m)

For ged(a, m) = 1, by multiplying x(a) and summing over x (mod m),

> x@r= X @ X ()

x (mod m) x (mod m) b (mod m)

- ¥ (;) S xOhx@

b (mod m)

b)

el — ) e(m)
RNC

b=a (mod m)

by the orthogonality. It follows that

which implies that




By definition, if ged(a,m) = 1, then

m
b (mod m)
—— [(ab )
= Z x(b)e <> . (b absince ged(a,m) =1)
b (mod m) m
If 7 () # 0, one can write
1 —— (ab
x(a) = —= x(b)e () , ged(a,m) =1,
(), (;;d m) ) m )

which is precisely the Fourier expansion of x in terms of additive characters. The condition
ged(a,m) = 1 can be dropped if y is primitive. Indeed, if ged(a, m) > 1 we have x(a)7 (X) =0
since x(a) = 0. On the other hand, note that

() =< (5)« () = ()

since a/ ged(a,m) € Z, b e (ab/m) is periodic modulo m/ ged(a, m). Therefore

—— (ab ac —
S oame(R)- X () X
b (mod m) ¢ (mod ged(a,m)) e b(mﬁogc?(z,m))

Since y is primitive, ged(a, m) < m implies m { ged(a, m), we have

Z x(ged(a,m)c+171) =0

¢ (mod m)
thanks to Lemma [A’2] On the other hand, when ¢ runs over the residue classes modulo m,
ged(a, m)c+ r runs over the residue classes modulo m satisfying b = r (mod ged(a,m)) exactly

ged(a, m) times. So

Y XGed@met ) =gedlam) Y. XB) =0,

¢ (mod m) b (mod m)
b=r (mod gcd(a,m))

which implies that
— b
Z x(b)e (a) = 0.
m
b (mod m)
Lemma A.3. Suppose the character y (mod m) is induced by the primitive character x*

(mod m*). Then

If x (mod m) is primitive, then



Proof. We have

0= Y xX@e(x)

a (mod m)

= Z X*(a)e(g) Z p(d) <1gcd(a’m)_1: Z M(d))

m
a (mod m) d|ged(a,m) d|ged(a,m)
. a
=Y ud) Y x@e (o)
d|lm a (gllzdm)
“Su Y w@e(f)  dea—ay
m
d|lm b (mod m/d)
* * b
—Suax@ X e ()
m/d
d|lm b (mod m/d)

If x*(d) = 0, the corresponding d-term vanishes. We now consider x*(d) # 0, in this case

ged(d, m*) = 1. Since m* | m, we have m* | m/d, one can write m/d = m*{. Therefore

> )x*(b)e(nﬂfﬁ):b > )X*(b)e<mie>'

b (mod m/d (mod m*¢

Write b = ¢ + km™*, where ¢ (mod m*) and k = 0,1,---,¢ — 1. From x*(c + km*) = x*(c), we

have
b ¢\ [k
> ol - B e X ()
b (mod m/d) ¢ (mod m*) k=0

If £ > 1, then

-1

e (IZ) =0.

k=0

So

Z X*(b)e(mb/d>= 0 if€>1,

b (mod m/d) T(X*) if ¢ =1.

When ¢ =1, m/d = m* implies that d = m/m*. Consequently

700 = n (25 ) ¢ () T

m* m*

150



Now assume x (mod m) primitive. From the definition,

FOP =00 = Y. x@x®e ( - b)

m

- Y Y xewe (%)

b (mod m)a (mod m)

- Y K@ 3 e<<“;1)b> (a > ab)

a (mod m) b (mod m)
= Z x(a) Z du (%) (See the proof of Lemma [A7T)
a (mod m) d‘i\;fl)
m
= @ Y ()
a (mod m) d|m

a=1 (mod d)

=S a(%) Y

dlm a (mod m)
a=1 (mod d)

since

> xl@)=0

a  (mod m)
a=1 (mod d)

if d < m. Indeed, applying Lemma [A-2] with coefficient a = d and constant term b = 1, we get
Z x(de+1)=0.
c mod m
Since, as ¢ runs modulo m, dc 4+ 1 runs through all residue classes @ mod m satisfying a = 1
(mod d), each exactly d times, we obtain

Z x(a) = 0.

a mod m
a=1 (mod d)

That is, |7(x)| = v/m. O
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