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Jingming Cui

1 Algebraic integers

Definition 1.1. A finite extension of Q is called algebraic number field.

Let K be an algebraic number field. Two fundamental questions arise:

1. How to define the ring of integers in K?

2. How to generalize the unique factorization theorem?

Definition 1.2. K algebraic number field. An element α ∈ K is called integral over Z if its

minimal polynomial has coefficients in Z.

Proposition 1.1. α ∈ K is integral over Z iff there exists f(x) ∈ Z[X] monic such that f(α) = 0.

Proof. =⇒: clear.

⇐=: Suppose that f(X) = Xn+a1X
n−1+· · ·+an and f(X) =

∏r
i=1 fi(X)mi be factorization

in Q[X] with all the leading coefficients 1. Then from Gauss Lemma fi(X) ∈ Z[X], of f(X)

being irreducible. Since f(α) = 0, there exists i such that fi(α) = 0.

Proposition 1.2. An element α ∈ K is integral over Z iff Z[α] is finitely generated Z-module.

Proof. =⇒: Suppose that α is integral over Z, then α satisfies an equation

αn + a1α
n−1 + · · ·+ an = 0, ai ∈ Z

Thus Z[α] is generated by 1, α, · · · , αn−1.

⇐=: If Z[α] is finitely generated as a Z-module. Let β1, · · · , βn be a set of generators of Z[α]

over Z. Consider the map α· : Z[α]→ Z[α]. It is a homomorphism of Z-module with respect to

the basis β1, · · · , βn, it has associated matrix A ∈Mn×n(Z). Let f(X) = det(X ·Idn−A) ∈ Z[X]

with leading coefficient 1, then f(α) = 0. By Hamilton–Cayley Theorem, α is integral over Z.
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Corollary 1.1. Suppose that α, β integral over Z, then α+ β, αβ are both integral over Z. In

particular, all the integral element in K form a subring of K, denoted OK .

Proof. It is clear that α + β, αβ ∈ Z[α, β]. By assumption Z[α],Z[β] is finitely generated Z-

module. Let α1, · · · , αr be a set of generators for Z[α], β1, · · · , βs be a set of generators for

Z[β]. Then {αiβj}1≤i≤r
1≤j≤s

forms a set of generators of Z[α, β]. As Z is noetherian, the submodule

Z[α + β],Z[αβ] ⊂ Z[α, β] are both finitely generated as Z-module. By the previous assumption

α+ β, αβ are both integral over Z.

Proposition 1.3. Let K be algebraic number field. Then OK is a lattice in K, i.e., OK is a

free Z-module of rank [K : Q] and OK ⊗Z Q = K. Moreover it contains all the subrings of K

which is finitely generated as Z-module.

Proof. 1) We show that OK ⊗Z Q = K. For α ∈ K, it satisfies an equation:

αn + a1α
n−1 + · · ·+ an = 0, ai ∈ Q

Take c ∈ Z such that c · ai ∈ Z, i = 1, · · · , n. Then cn(αn + a1α
n−1 + · · · + an) = 0, so

(cα)n + (ca1)(cα)
n−1 + · · ·+ cn−1(can) = 0. As cai ∈ Z, i = 1, · · · , n and c ∈ Z, we obtain

that cα is integral over Z. It follows that cα ∈ OK , so α ∈ OK⊗ZQ, and so K ⊂ OK⊗ZQ.

On the other hand, since OK ⊂ K and Q ⊂ K, OK ⊗Z Q ⊂ K. Therefore K = OK ⊗Z Q.

2) We show that OK is finitely generate as Z-module. If this holds, as OK ⊂ K is torsion-free,

it will be a free Z-module of rank [K : Q]. By 1) there exists α1, · · · , αn ∈ OK which forms

a basis of K over Q.

Let Λ be the Z-module generated by α1, · · · , αn, then Λ is a lattice in K and Λ ⊂ OK .

Consider the bilinear form ⟨·, ·⟩ : K ×K → Q defined by ⟨α, β⟩ 7→ TrK/Q(αβ). It is non-

degenerate as K/Q is separable. For a lattice L ⊂ K ∼= Qn, define L∨ = {α ∈ K | ⟨α, x⟩ ∈

Z, ∀x ∈ L}. It is easy to verify that L∨ is still a lattice in K. So Λ∨ ⊂ O∨
K . Notice

that O∨
K = {α ∈ K | TrK/Q(αx) ∈ Z, ∀x ∈ OK} ⊃ OK (α ∈ OK , x ∈ OK implies that

αx ∈ OK , so TrK/Q(αx), the (n − 1)-degree coefficient belongs to Z. Thus OK ⊂ Λ∨. As

Z is noetherian and Λ∨ is a lattice, we obtain that OK is finitely generated.

3) Let A ⊂ K be a subring and it is finitely generated as a Z-module. We claim that

any element of A is integral over Z, which implies that A ⊂ OK . Indeed, let β1, · · · , βr
be generators of A over Z. Consider the homomorphism of Z-modules α· : A → A. Its

associated matrix lies in Mn×n(Z). Same argument as before shows that α is integral.
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OK K

Z Q

⊂

⊂

(finite generation is necessary, see Z ⊂ Z[1/p], Z[1/p] is not finitely generated Z-module.)

This leads to a natural question: can we provide an abstract characterization of the ring of

integers OK?

2 Dedekind domain

All the rings in this section are noetherian integral domain.

Definition 2.1. Let A be a subring of B. An element β ∈ B is integral over A if there exists

f(x) ∈ A[X] with leading coefficient 1 such that f(β) = 0. This condition is also equivalent to

A[β] is finitely generated as A-module.

Proposition 2.1. For β1, β2 ∈ B. Suppose that β1, β2 are integral over A, then β1 + β2, β1β2

are integral over A. Hence all the elements of B which are integral over A form a subring of B,

called the integral closure of A in B.

Example 2.1. K/Q finite, then OK is the integral closure of Z in K.

Definition 2.2. A ring A is called integrally closed if its integral closure in Frac(A) is A itself.

Definition 2.3. A Dedekind domain is a noetherian integral domain, which is integrally

closed and of Krull dimension 1. (All the nonzero prime ideals are maximal).

Remark 2.1. Geometrically, A is an algebra over k, k = k̄, char(k) = 0, then A is of Krull

dimension 1 iff A is the ring of regular functions on an affine algebraic curve. It is integrally

closed iff the algebraic curve is smooth.

Example 2.2. Let A = C[[t2, t3]], then Frac(A) = C((t)), and the integral closure of A in

Frac(A) is C[[t]].

Indeed, let x = t2, y = t3, then y/x = t and x, y satisfy y2 = x3, so (y/x)2 = x, and it follows

that t2 = x. Thus t is integral over A, C[[t]] is contained in the integral closure of C[[t2, t3]]. But

C[[t]] is a PID, hence already integrally closed. Consequently C[[t]] is the integral closure of A

in C((t)).

Geometrically, consider the algebraic curve y2 = x3 in C2. A is the completed local ring of

the curve at 0. The introduction of t = y/x is the blow-up at 0 of the curve.
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Theorem 2.1. Let K be an algebraic number field, then OK is a Dedekind domain.

Proposition 2.2. A PID is a Dedekind domain. In particular, Z and k[T ] (k a field), are

Dedekind domains.

Proof. A PID is a noetherian integral domain. Moreover, a non-zero prime ideal in it is maximal.

So it only suffices to show that it is integrally closed. Fix x = a/b ∈ Frac(A) with (a, b) = 1. If

it is integral over A, then (a
b

)n
+ c1

(a
b

)n−1

+ · · ·+ cn = 0

for some c1, · · · , cn ∈ A ⇐⇒ an + c1a
n−1b + c2a

n−2b2 + · · · + cnb
n = 0 ⇐⇒ an = −b(c1an−1 +

c2a
n−2b+ · · ·+ cnb

n−1). By the unique factorization theorem of PID, a, b have common factor,

contradiction to the assumption.

From the proof, a UFD is integral closed.

Theorem 2.2. Let A be a Dedekind domain with Frac(A) = K. Let L be a finite separable

extension of K. Let B be the integral closure of A in L, then B is a Dedekind domain.

OK is the integral closure of Z in K, Theorem 2.2 + Proposition 2.2 =⇒ Theorem 2.1.

Proof. 1) B is integral domain because B ⊂ L, L is a field.

2) B is noetherian.

Proposition 2.3. Same assumption as in Theorem 2.2, then B is finitely generated A-

module and B ⊗A K = L. Moreover, B contains all the subrings of L which is finitely

generated as A-module.

If the proposition holds, B is finitely generatedA-module implies thatB is finitely generated

A-algebra. Hence by Hilbert basis theorem, B is noetherian.

Proof of Proposition. 1) B ⊗AK = L. Fix x ∈ L, it satisfies xn + a1x
n−1 + · · ·+ an = 0

with a1, · · · , an ∈ K. Let c ∈ A be such that ca1, · · · , can ∈ A, then cn(xn+a1xn−1+

· · ·+ an) = 0. It follows that (cx)n + (a1c)(cx)
n−1 + · · ·+ (anc) · cn−1 = 0, so cx ∈ B,

and so B ⊗A K = L.

2) Let β1, · · · , βn (where n = [L : K]) be elements of B which forms a basis of L

over K. Let Λ =
∑n

i=1Aβi be a finitely generated A-module. Consider the non-

degenerate bilinear form ⟨·, ·⟩ : L × L → K, (x, y) 7→ TrL/K(xy). For a A-module

contained in L, let M∨ = {x ∈ L | ⟨x,M⟩ ⊂ A}. Clearly Λ∨ ⊃ B∨. and Λ∨ is
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generated by dual basis β∨
1 , · · · , β∨

n of β1, · · · , βn where ⟨βi, β∨
j ⟩ = δij . Moreover

B∨ = {x ∈ L | ⟨x,B⟩ ⊂ A} = {x ∈ L | TrL/K(xb) ∈ A, ∀b ∈ B} ⊃ B. It contains B

because TrL/K(xb) ∈ A for any x ∈ B. So Λ∨ ⊃ B∨ ⊃ B. Because A is noetherian and

Λ∨ is a finitely generated A-module, B ⊂ Λ∨ is also finitely generated as A-module.

3) B is integrally closed.

Proposition 2.4. Let A ⊂ B ⊂ C be inclusions of noetherian integral domain. Suppose

that B is integral over A, and C is integral over B, then C is integral over A.

4) dim(B) = 1.

Lemma 2.1 (Going down). Let A be a subring of B. Suppose that B is integral over A.

Let p ⊂ q ⊂ B be prime ideals such that p ∩A = q ∩A, then p = q.

Assuming the lemma holds, suppose that dim(B) ̸= 1, then there exists prime ideals

0 ⊊ p ⊊ q ⊊ B. Apply the lemma, get 0 ⊊ p ∩A ⊊ q ∩A ⊊ A, contradicts to dim(A) = 1.

Example 2.3. 1) PID is Dedekind ring.

2) OL ⊂ L finite.

Example 2.4. Let d be an odd square-free integer. Let K = Q(
√
d). Let x = a + b

√
d ∈ K,

a, b ∈ Q. Then x ∈ OK iff TrK/Q(x) = 2a ∈ Z,

NmK/Q(x) = a2 − b2d ∈ Z.

2a ∈ Z iff a ∈ 1
2Z. If a = 2k+1

2 , then b = 2k′+1
2 and d ≡ 1 (mod 4) for NmK/Q(x) ∈ Z. This

implies that

OK =

Z+ Z
√
d d ≡ 3 (mod 4),

Z+ Z 1+
√
d

2 d ≡ 1 (mod 4).

Example 2.5. Consider factorization in OK . K = Q(
√
5), OK = Z + Z

√
5. We can define

the condition of irreducible, and factorization into irreducible elements. Note that 6 = 2 · 3 =

(1 +
√
5)(1 −

√
5). Verify that 2, 3, 1 +

√
5, 1 −

√
5 are all irreducible. Suppose that 2 = (a +

b
√
5)(c+d

√
5) where a, b, c, d ∈ Z. It follows that 4 = (a2−5b2)(c2−5d2), so b = d = 0, a2c2 = 4.

Thus ac = ±2, one deduce that a = ±2, c = ±1 or a = ±1, c = ±2. For irreducible x, y ∈ OK ,
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there exists common divisors. It is the ideal generated by x, y in OK . Back to Example, consider

(2, 1 +
√
5), (2, 1 −

√
5), (3, 1 +

√
5), (3, 1 −

√
5). Verify that they’re both all maximal ideals,

hence prime.

3 Localization and completion

We consider local properties of Dedekind ring.

Let p be a prime number, define

Z(p) =
{a
b
∈ Q | a, b ∈ Z, (a, b) = 1, p ∤ b

}
= Z

[
1

ℓ
, ℓ ̸= p prime

]
One can verify that the ideals of Z(p) are all of the form pnZ(p), n ∈ N. In fact, any x ∈ Z(p) can

be uniquely written as x = pn(a/b) where a, b coprime to p and n ≥ 0. Then a/b is invertible in

Z(p), so we have (x) = (pn).

Define a function valp : Z(p) → Z ∪ {∞} extend Q → Z ∪ {∞} by x = pn(a/b) 7→ n and

0 7→ ∞. It satisfies the property:

1) valp(xy) = valp(x) + valp(y),

2) valp(x+ y) ≥ min{valp(x), valp(y)},

3) valp(x) =∞ ⇐⇒ x = 0.

valp is called p-adic valuation.

Therefore, we can define a norm | · |p : Q→ R as |x|p = p− valp(x), then it satisfies

1) |x · y|p = |x|p|y|p,

2) |x+ y|p ≤ max{|x|p, |y|p} ≤ |x|p + |y|p,

3) |x|p ≥ 0, and |x|p = 0 ⇐⇒ x = 0.

This norm is called p-adic norm.

Define dp : Q×Q→ R≥0 as dp(x, y) = |x− y|p, then

1) dp(x, y) ≤ dp(x, z) + dp(z, y), ∀z ∈ Q,

2) dp(x, y) ≥ 0, and dp(x, y) = 0 ⇐⇒ x = y.

So dp defines a metric on Q (also on Z and Z(p)).
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Remark 3.1. The definition above has arithmetic significance.

dp(x, y) ≤ p−n ⇐⇒ |x−y|p ≤ p−n ⇐⇒ valp(x−y) ≥ n ⇐⇒ x ≡ y (mod pn) (if x, y ∈ Z).

That is, the higher the congruence between x and y, the closer are x and y.

Recall that to solve a Diophantine equation
f1(x1, · · · , xn) = 0,

· · ·

fm(x1, · · · , xn) = 0,

where fi(x1, · · · , xn) ∈ Z[x1, · · · , xn].

We can solve it mod pr, i.e., find (a1, · · · , an) ∈ (Z/prZ)n such that fi(a1, · · · , an) ≡ 0 (mod pr)

holds for all 1 ≤ i ≤ m. The solution becomes ever closer to the actual p-adic solution when

r → +∞.

Notice that Q (resp. Z, Z(p)) is not complete with respect to dp. Let Qp (resp. Zp) be the

completion of Q (resp. Z) with respect to dp. (For a metric space (X, d), can always make it

complete by means of Cauchy sequence. More precisely, a sequence {xn}n∈N in X is called a

Cauchy sequence if ∀ε > 0, ∃N ∈ N such that d(xm, xn) < ε, ∀m,n > N . Two Cauchy sequences

{xn}, {yn} are equivalent iff limn→∞ d(xn, yn) = 0. Let X̂ be a set of the equivalence class of

Cauchy sequences, then d extends to X̂ and (X̂, d) is complete.)

Proposition 3.1. We have

Zp =

{
+∞∑
n=0

anp
n | an ∈ {0, 1, · · · , p− 1},∀n ∈ N ∪ {0}

}
and

Qp =

{
pm

+∞∑
n=0

anp
n | m ∈ Z, an ∈ {0, 1, · · · , p− 1},∀n ∈ N ∪ {0}

}
.

Proof. Let {xn} be a Cauchy sequence with respect to dp. For arbitrary fixed m ≥ 1, there exists

N such that dp(xn, xn′) = |xn − xn′ |p ≤ p−m holds for all n, n′ ≥ N . That is, vp(xn − xn′) ≥ m,

xn ≡ xn′ (mod pm). Take 0 ≤ ym < pm such that ym ≡ limn→+∞ πm(xn) (mod pm). From

definition ym ≡ ym−1 (mod pm−1). Since 0 ≤ y1 < p, there exists unique a0 ∈ {0, 1, · · · , p− 1}

such that y1 = a0. Since 0 ≤ y2 < p2 and y2 ≡ y1 = a0 (mod p), it follows that p | (y2 − a0) and

0 ≤ (y2 − a0)/p < p, so there exists a unique a1 ∈ {0, 1, · · · , p− 1}. such that y2 = a0 + a1p. By

repeating the process, one can find a sequence {an} such that ym = a0 + a1p+ · · ·+ am−1p
m−1

holds for all m. Now we claim that {ym} is a Cauchy sequence which is equivalent to {xn}.

Indeed, since yn − ym = amp
m + am+1p

m+1 + · · · + an−1p
n−1, we have pm | (yn − ym), so
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|yn−ym|p ≤ p−m. For arbitrary ε > 0, one can choose m with p−m < ε, then for every n, n′ ≥ m

we have |yn − yn′ |p ≤ p−m < ε. That is, {ym} is a Cauchy sequence in Z, and then define a

element in Zp, denoted as
∑+∞

n=0 anp
n. Fixm, we have xn ≡ ym (mod pm) holds for n sufficiently

large, so |xn − ym|p ≤ p−m. Given ε > 0, we can choose m with p−m < ε, and for n sufficiently

large |xn − ym|p < ε. Hence every element in Zp can be written as
∑+∞

n=0 anp
n.

Assume that
∑+∞

n=0 anp
n =

∑+∞
n=0 bnp

n in Zp. Fix m ≥ 1, there exists N0 such that∣∣∣∑N−1
n=0 (an − bn)pn

∣∣∣ ≤ p−m for all N ≥ N0. That is
∑N−1

n=0 anp
n ≡

∑N−1
n=0 bnp

n (mod pm),

then
∑m−1

n=0 anp
n ≡

∑m−1
n=0 bnp

n (mod pm). Note that
∑m−1

n=0 anp
n,
∑m−1

n=0 bnp
n < pm, it follows

that
∑m−1

n=0 anp
n =

∑m−1
n=0 bnp

n holds for every m. Consequently an = bn for all n.

Fix x ∈ Q and write x = pn(a/b), a, b ∈ Z coprime to p. We prove that 1/b can be ex-

panded p-adically. Since p ∤ b, b is invertible in Z/prZ for all r ≥ 1. Then for every r ≥ 1,

there exists a unique cr such that 0 ≤ cr < pr and bcr ≡ 1 (mod pr). Since bcr+1 ≡ 1

(mod pr+1), we have bcr+1 ≡ 1 (mod pr), so cr+1 ≡ cr (mod pr). Therefore |cr+1 − cr| ≤

p−r, {cr} is a Cauchy sequence, and converges to c in Zp. Note that bcr ≡ 1 (mod pr)

for all r, |bcr − 1|p ≤ p−r for all r, so bc = 1. Thus c = 1/b ∈ Zp, 1/b =
∑+∞

n=0 anp
n

where an ∈ {0, 1, · · · , p − 1}. Moreover {an} is essentially periodic sequence. So Qp ⊃ Q ={
±pm

∑+∞
n=0 anp

n | an ∈ {0, 1, · · · , p− 1},∀n ∈ N, and {an} is essentially periodic
}
.

Let {xn} be a Cauchy sequence in Q, then there exists N such that |xn − xn′ |p ≤ 1 for

all n, n′ ≥ N . Thus |xn − xN |p ≤ 1, i.e., vp(xn − xN ) ≥ 0, so vp(xn) ≥ min{vp(xN ), 0}. Let

m = min{vp(xN ), 0} ∈ Z, it follows that vp(xn) ≥ m for all n ≥ N , so vp(p
−mxn) ≥ 0, i.e.,

yn ∈ Z(p). Set yn = p−mxn, we have xn = pmyn where yn ∈ Z(p) for all n ≥ N . Note that

|yn − yn′ |p = |p−m(xn − xn′)|p = pm|xn − xn′ |p → 0 since |xn − xn′ |p → 0, {yn} is a Cauchy

sequence. Thus {yn} → y ∈ Zp for some y. Therefore x = pmy = pm
∑+∞

n=0 anp
n, where an ∈

{0, 1, · · · , p− 1}. For the converse, given x = pm
∑+∞

n=0 anp
n and consider sr = pm

∑r
n=0 anp

n ∈

Q, since |sr′ − sr|p ≤ p−(m+r+1), {sr} is a Cauchy sequence, and so pm
∑+∞

n=0 anp
n ∈ Qp. We

finish the proof.

Remark 3.2. For a Cauchy sequence {xn}+∞
n=1, the proof shows that we can find unique 0 ≤

yn ≤ pn, yn+1 ≡ yn (mod pn) for all n such that {yn}+∞
n=1 forms a Cauchy sequence which is

equivalent to {xn}+∞
n=1. It also implies that

Zp = lim←−Z/pn =

{
(x1, x2, · · · ) ∈

∏
n∈N

Z/pn | xn+1 ≡ xn (mod pn), ∀n ∈ N

}
,

which gives an algebraic expansion for Zp. In general, let A be a noetherian integral domain,
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I ⊂ A an ideal, can define the I-adic completion of A as ÂI = lim←−A/I
n.

Let A be a ring. S ⊂ A is called a multiplicative subset if 1 ∈ S and S is closed under

multiplication. Define a relation on A × S: (a, s) ∼ (b, t) iff there exists u ∈ S such that

u(at− bs) = 0.

One verifies that

1) (a, s) ∼ (a, s);

2) (a, s) ∼ (b, t) iff (b, t) ∼ (a, s);

3) (a1, s1) ∼ (a2, s2), (a2, s2) ∼ (a3, s3) implies (a1, s1) ∼ (a3, s3).

Define S−1A as the set of equivalence class in A× S, equipped with

1) a
s + b

t = at+bs
st

2) a
s ·

b
t = ab

st

get the ring of fraction of A with S.

Example 3.1. 1) Take f ∈ A, f ̸= 0. Let S = {fn}+∞
n=0, then S

−1A =
{

a
fn | a ∈ A,n ∈ N ∪ {0}

}
⊂

Frac(A), denoted as Af .

In case thatA = C[x1, · · · , xn], thenAf =
{

g(x1,··· ,xn)
f(x1,··· ,xn)m

| g ∈ C[x1, · · · , xn],m ∈ N ∪ {0}
}
,

the ring of rational functions on Cn which has poles along V (f) = {(x1, · · · , xn) ∈ Cn |

f(x1, · · · , xn) = 0}.

2) Let p ⊂ A be a nonzero prime ideal. S = A \ p is a multiplicative subset. Let Ap =

(A \ p)−1A, call it the localization of A at p.

Proposition 3.2. Let A be a ring and S ⊂ A be multiplicative set. Then

1) the ideals in S−1A are all of the form S−1a, a ⊂ A an ideal.

2) the prime ideals in S−1A are in bijection with the prime ideals in A which is disjoint from

S.

Corollary 3.1. Let p ⊂ A be a prime ideal, then the prime ideals in Ap are in bijection with

the prime ideals contained p. In particular it has unique maximal ideal pAp.

Extension to A-module M . Define a relation on M ×S, (m, s) ∼ (n, t) iff u(mt− ns) = 0 for

some u ∈ S. Similarly can verify that it is an equivalence relation. Define S−1M as the set of

equivalence class in M × S, equipped with
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1) m
s + n

t = mt+ns
st m,n ∈M , for arbitrary s, t ∈ S.

2) a
s ·

m
t = am

st , for arbitrary a ∈ A, m ∈M , s, t ∈ S.

Get an S−1A-module S−1M , called the localization of M with respect to S.

Proposition 3.3. Let A be a ring. S ⊂ A is a multiplicative set.

1) For an exact sequence M1 → M2 → M3 of A-module, the induced sequence S−1M1 →

S−1M2 → S−1M3 is exact.

2) LetM be an A-module, thenM⊗AS
−1A = S−1M . In particular S−1A is a flat A-module.

3) For A-modules M,N , we have S−1M ⊗S−1A S
−1N = S−1(M ⊗A N).

Proposition 3.4 (Local-Global Properties). Let M be a A-module, TFAE:

1) M = 0

2) Mp = 0 for any prime ideal p ⊂ A

3) Mm = 0 for any maximal ideal m ⊂ A.

Proposition 3.5. Let A be a noetherian integral domain, then A =
⋂

p primeAp inside Frac(A).

Lemma 3.1 (Nakayama). Let A be a local ring, noetherian integral domain. LetM be a finitely

generated A-module. Suppose M = mM , then M = 0.

Corollary 3.2. Let A be a noetherian local ring with maximal ideal m. Let M be a finitely

generated A-module. Suppose it has a submodule N such that M = N +mM , then M = N .

Corollary 3.3. Same hypothesis as in Corollary 3.2. Suppose that the image of x1, · · · , xr ∈M

in M/mM form a basis of this vector space, then x1, · · · , xr generates M .

Let G be a topological abelian group, i.e., it is equipped with a topology such that G×G +−→ G

and the inverse G→ G are both continuous with respect to this topology.

For a ∈ G, let Ta : G → G defined by x 7→ x + a be the translation by a, then Ta is a

homeomorphism. Indeed, Ta has a inverse T−a, clearly Ta is the composition of x 7→ (x, a)

and (x, a) 7→ x + a, so is continuous, and similarly T−a is continuous. So the topology of G is

determined by the topology around 0 ∈ G.

Proposition 3.6. If {0} is closed in G, then G is Hausdorff.
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Proof. Recall that a topology space X is Hausdorff iff ∆X = {(x, x) | x ∈ X} ⊂ X×X is closed.

Notice that ∆X is the preimage of {0} for the map

f : G×G −→ G, (x, y) 7−→ x− y

As f is continuous, if {0} is closed, then ∆X is closed as well.

Proposition 3.7. Let H be the intersection of all the open neighborhoods of 0 ∈ G, then

1) H is a subgroup of G.

2) H is the closure of {0}.

3) G/H is Hausdorff.

4) H = 0 iff {0} is closed iff G is Hausdorff.

Proof. 1) Need to show that H is closed under addition and taking inverse. For i : G → G

defined by x 7→ −x, it is a homeomorphism, so i−1(U) remains open. Thus

i−1(H) = i−1

 ⋂
0∈U open

U

 =
⋂

0∈U open

i−1(U) =
⋂

0∈V open

V = H.

For µ : G×G→ G defined by (x, y) 7→ x+ y, we have

µ−1(H) = µ−1

 ⋂
0∈U open

U

 =
⋂

0∈U open

µ−1(U).

Since µ−1(U) is open in G×G, it contains H×H, so µ−1(H) ⊃ H×H, i.e., H ⊃ µ(H×H).

Therefore H is closed under addition. Consequently, H is a subgroup of G.

2) x ∈ H iff x lies in any open neighborhood U of 0, iff 0 ∈ x−U for every open neighborhood

U of 0, iff every neighborhood of x contains 0, iff x ∈ {0}.

3) Recall that a subset in G/H is closed iff its image under natural projection G→ G/H. By

2), 0H ∈ G/H is closed. By Proposition 3.6, G/H is Hausdorff.

4) If H = {0}, we have {0} = {0} from 2), so {0} is closed. If {0} is closed, G is Hausdorff

from Proposition 3.6. If G is Hausdorff, for any x ∈ G, x ̸= 0, there exists Ux ∋ x, V ∋ 0

such that Ux ∩ V = ∅. It follows that x /∈ H, so H = {0}.
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Assume that 0 ∈ G has a countable fundamental system of open neighborhood, we can define

the completion Ĝ using Cauchy sequence. By definition, a sequence {xn} in G is a Cauchy

sequence iff for any open neighborhood U of 0, there exists N ∈ N such that xn−xm ∈ U for all

n,m ≥ N . Two Cauchy sequences {xn}, {yn} are equivalent iff limn→∞(xn − yn) = 0. Then Ĝ

is defined as the set of equivalence class of Cauchy sequences.

Remark 3.3. The natural map i : G → Ĝ defined by x 7→ (x, x, · · · ) is not automatically

injective. In fact, Ker(i) =
⋂

0∈U open U = H. So i is injective iff H = {0} iff G is Hausdorff.

Proposition 3.8. The morphism i : G→ Ĝ is injective iff G is Hausdorff.

In the following, suppose 0 ∈ G has a fundamental system of open neighborhood consisting

of subgroups, i.e., there exists a sequence G = G0 > G1 > G2 > · · · such that U < G is open iff

U contains Gn for some n.

Example 3.2. The p-adic topology for Z is given by the sequence Z ⊃ pZ ⊃ p2Z ⊃ · · · .

Proposition 3.9. In the above situation, all the groups Gn are open and closed at the same

time. G is totally disconnected if it is Hausdorff.

Proof. Gn is open by definition. Since Gn is a subgroup of G, G admits a coset decomposition,

i.e., G = Gn ∪
⋃

x/∈Gn
(x+Gn) is disjoint union. So Gn = G \

⋃
x/∈Gn

(x+Gn) is closed.

A topological space is totally disconnected iff its connected components are single points.

It only need to show the connected component containing 0 is {0}. Let C0 be the connected

component containing 0. It follows that C0 ⊂ Gn for all n, otherwise C0 = (C0∩Gn)∪ (C0∩ (G\

Gn)) implies that C0 is not connected. Thus C0 ⊂
⋂∞

n=0Gn. IfG is Hausdorff, ⊂
⋂∞

n=0Gn = {0},

so C0 = {0}.

For such topology abelian group G, its completion Ĝ is constructed with Cauchy sequence.

Notice that for a Cauchy sequence {xn} in G, let πn : G → G/Gn, lim−→n→∞ πm(xn) = πm(xN )

for some N ≫ 0. As explained in the construction of Zp we have

Ĝ = lim←−G/Gn =

{
(x1, x2, · · · ) ∈

∏
n∈N

G/Gn | xn+1 mod Gn = xn, ∀n ∈ N

}
.

It is equipped with a topology which is generated by translations of open sets of the form

Ĝn =

{
(0, · · · , 0, xn, xn+1, · · · ) ∈

∏
n∈N

G/Gn | xn+1 mod Gn = xn, ∀n ∈ N

}

Proposition 3.10. Suppose that |G/Gn| < +∞ for all n ∈ N, then Ĝ is a compact topological

space.
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Proof. Define two continuous αn :
∏

n∈NG/Gn → G/Gn by (xm)+∞
m=1 7→ xn and βn :

∏
n∈NG/Gn →

G/Gn by (xm)+∞
n=1 7→ xn+1 mod Gn (note that it is the composition of

∏
n∈NG/Gn → G/Gn+1

and natural map G/Gn+1 → G/Gn), where
∏

n∈NG/Gn is equipped with the product topology.

Since |G/Gn| < +∞, it is Hausdorff, so ∆G/Gn
is closed, and so (αn, βn)

−1(∆G/Gn
) is closed.

Hence Ĝ =
⋂

n∈N(αn, βn)
−1(∆G/Gn

) is closed in
∏

n∈NG/Gn. By assumption, G/Gn is finite,

hence compact. By Tychonoff Theorem,
∏

n∈NG/Gn is compact, so Ĝ is compact as Ĝ is closed

in
∏

n∈NG/Gn.

Example 3.3. Zp is compact as |Z/pn| = pn < +∞.

Question: Is completion an exact functor?

Definition 3.1. 1) A projective system is a sequence of abelian groups {An}n∈N equipped

with translation morphism πn : An+1 → An. Its projective limit is defined as

lim←−
n

An =

{
(x1, x2, · · · ) ∈

∏
n∈N

An | πn(xn+1) = xn, ∀n ∈ N

}

equipped with topology generated by translation of open sets of the form{
(0, · · · , 0, xn, xn+1, · · · ) ∈

∏
n∈N

πn(xn+1) = xn, ∀n ∈ N

}

2) The projective system {An}n∈N is said to satisfy the Mittag-Leffler condition if πn is

surjective for n≫ 0.

3) Given projective systems {An}, {Bn}, {Cn}, if we have commutative diagram of exact se-

quences

0 An+1 Bn+1 Cn+1 0

0 An Bn Cn 0

for all n, we say that there is an exact sequence of projective system

0 {An} {Bn} {Cn} 0

Is it true that the sequence

0 lim←−n
An lim←−n

Bn lim←−n
Cn 0

is exact?

13



Theorem 3.1. Suppose that we have an exat sequence of projective systems

0 {An} {Bn} {Cn} 0 ,

then the sequence

0 lim←−n
An lim←−n

Bn lim←−n
Cn

is always exact. If {An} satisfies Mittag-Leffler condition, the sequence

0 lim←−n
An lim←−n

Bn lim←−n
Cn 0

is exact.

Proof. Let A =
∏

n∈NAn, define dA : A → A defined by (xn)n 7→ (xn − πn(xn+1))n where

πn : An+1 → An is the translation map, then lim←−n
An = Ker(dA). Similarly we can define

(B, dB), (C, dC). By assumption, we have commutative diagram with exact sequence

0 An+1 Bn+1 Cn+1 0

0 An Bn Cn 0

πA
n πB

n πC
n

so we obtain commutative diagram of exact sequence

0 A B C 0

0 A B C 0

dA dB dC

By snake lemma, get the long exact sequence

0 Ker(dA) Ker(dB) Ker(dC) Coker(dA) Coker(dB) Coker(dC) 0 .

By lim←−n
An = Ker(dA) get the first exact sequence.

For the second assertion, as lim←−n
An = lim←−n≥n0

An, can assume that πA
n : An+1 → An is

always surjective, then dA : A→ A defined by (xn) 7→ (xn − πn(xn+1)) is surjective: For (an) ∈

A =
∏

n∈NAn, the equation xn − πn(xn+1) = an can be solved as πn is surjective. Thus

Coker(dA) = {0}, the second assertion holds.

Corollary 3.4. Let G be a topological abelian group with topology defined by a sequence of

subgroups {Gn}n∈N. Suppose that we have exact sequence

0 G′ G G′′ 0
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and G′, G′′ are equipped with topology induced from G (defined by {G′ ∩ Gn} and {π(Gn)}

respectively), then the sequence

0 Ĝ′ Ĝ Ĝ′′ 0

is exact.

Proof. We have (G′ +Gn)/Gn
∼= G′/(G′ ∩Gn). On the other hand, (G/Gn)/((G

′ +Gn)/Gn) ∼=

G/(G′ + Gn), so G/(G
′ + Gn) ∼= (G/G′)/π(Gn) = G′′/π(Gn). Clearly Ker(G/Gn → G/(G′ +

Gn)) = (G′ +Gn)/Gn = Im(G′/(G′ ∩Gn)→ G/Gn). Hence we have short exact sequence

0 G′/(G′ ∩Gn) G/Gn G′′/π(Gn) 0 .

Note that G′/(G′ ∩ Gn+1) → G′/(G′ ∩ Gn) is always surjective, {G′/(G′ ∩ Gn)} satisfies the

Mittag-Leffler condition. By Theorem 3.1 we finish the proof.

Corollary 3.5. Let G be a topological abelian group with topology defined by a sequence of

subgroup {Gn}n∈N, then Ĝ/Ĝn
∼= G/Gn. In particular

̂̂
G = Ĝ and Ĝ is Hausdorff.

Proof. Fix n and consider the exact sequence

0 Gn G G/Gn 0 .

Equip Gn and G/Gn with the induced topology, then for arbitrary m > n,

0 Gn/Gm G/Gm G/Gn 0

is exact. By Theorem 3.1, get

0 lim←−m
Gn/Gm lim←−m

G/Gm lim←−m
G/Gn 0

Ĝn Ĝ

we obtain Ĝ/Ĝn
∼= G/Gn.

From definition
̂̂
G = lim←−n

(
Ĝ/Ĝn

)
= lim←−n

(G/Gn) = Ĝ.

Definition 3.2. Let A be a commutative ring, a ⊂ A be an ideal, M be an A-module. Â =

lim←−n
A/an is called a-adic completion of A. It is a topological ring. M̂ = lim←−n

M/anM is called

a-adic completion of M . It is naturally an Â-module.

Question
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1) Is M̂ =M ⊗A Â? What is M → Â?

2) Is Â a flat A-algebra?

3) If A is noetherian, does Â remain noetherian?

For 2), given an exact sequence of A-module

0 M1 M M2 0 ,

is the sequence

0 M1 ⊗A Â M ⊗A Â M2 ⊗A Â 0

exact?

Natural question: Does the a-adic topology onM induced the a-adic topology onM1? That is,

{anM ∩M ′} ∼ {amM ′}? This is equivalent to for arbitrary n ∈ N, there exists m ∈ N such that

amM ′ ⊂ anM ∩M ′; and for arbitrary m ∈ N, there exists n ∈ N such that anM ∩M ′ ⊂ amM ′.

Definition 3.3. A filtration of M by A-modules

M =M0 ⊃M1 ⊃M2 ⊃ · · ·

is called a-filtration if aMn ⊂Mn+1 for all n ∈ N. It is called a stable a-filtration if aMn =Mn+1

for all n≫ 0.

Remark 3.4. {anM} is a stable a-filtration.

Lemma 3.2. All the stable a-filtration on M defines the same topology on M .

Proof. Only need to show they define the same topology as {anM}. Let {Mn} be a stable a-

filtration, then anM = anM0 ⊂ Mn by definition. So the topology defined by {anM} is coarser

than by {Mn}. On the other hand, there exists n0 such that anM ⊃ anMm = Mn+m for all

n ≥ n0. Therefore the topology defined by {Mn} is no coarser than that by {anM}. The two

topology are equivalent.

Definition 3.4. 1) Let A∗ =
⊕∞

n=0 a
n, a0 = A, with the ring structure xn · xm = xnxm ∈

an+m for xn ∈ an and xm ∈ am. This makes A∗ a graded ring, with an being the degree n

component of A∗.

2) For a a-filtration {Mn} of M , defined M∗ =
⊕∞

n=0Mn. It is equipped with a A∗-module

structure by xi ·mj = ximj ∈ Mi+j for any xi ∈ ai and mj ∈ Mj . Then M∗ is a graded

A∗-module with Mn being the degree n component of M∗.
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Geometrically, let X = SpecA and Z = V (a) ⊂ X. The blow-up along Z is BlZ X = ProjA∗.

Lemma 3.3. If A is noetherian, a ⊂ A is an ideal, then A∗ is noetherian.

Proof. By assumption, a is finitely generated, let x1, · · · , xn be a set of generators. Define

A[X1, · · · , Xn]→ A∗ = A⊕ a⊕ a2 ⊕ · · · by Xa1
1 · · ·Xan

n 7→ xa1
1 · · ·xan

n ∈ an. It is a morphism of

graded algebra and it is surjective. By Hilbert Basis Theorem, A[X1, · · · , Xn] is noetherian. So

A∗ = A[x1, · · · , xn] is noetherian since the quotient ring of a noetherian ring is also noetherian.

Lemma 3.4. Let A be a noetherian ring, M a finitely generated A-module. Let {Mn} be a

a-filtration, then the following conditions are equivalent:

1) {Mn} is a stable a-filtration.

2) M∗ is a finitely generated A∗-module.

Proof. First assume that {Mn} is stable, there exists N0 such that Mn+1 = aMn for all n ≥ n0.

So for arbitrary m ≥ n0 we have Mm = am−n0Mn0
. We claim that A∗(M0 ⊕M1 ⊕ · · · ⊕Mn0

) =

M∗. Clearly A∗(M0 ⊕M1 ⊕ · · · ⊕Mn0) ⊂ M∗, given x ∈ M∗ homogeneous, on the other hand

note that M0 ⊕M1 ⊕ · · · ⊕Mn0 ⊂ A∗(M0 ⊕M1 ⊕ · · · ⊕Mn0 and Mm = am−n0Mn0 ⊂ A∗Mn0

for m > n0, we then obtain A∗(M0 ⊕M1 ⊕ · · · ⊕Mn0
) ⊃ M∗. Since M is finitely generated

and A is noetherian, M0, · · · ,Mn0
as submodule of M is also finitely generated, it follows that

M0 ⊕ · · · ⊕Mn0 is finitely generated as A∗-module, hence M∗ is finitely generated A∗-module.

Now assume thatM∗ is finitely generated asA∗-module, we can choose homogeneous x1, · · · , xs
which generates M∗. Let ni = deg xi for 1 ≤ i ≤ s and let r = max{n1, · · · , ns}, we prove

that Mn = aMn−1 for n ≥ r + 1. From definition Mn ⊃ aMn−1. For the converse, we have

Mn ⊂
∑

an−niMni =
∑

a · an−ni−1Mni ⊂
∑

aMn−1 = aMn−1. We finish the proof.

Theorem 3.2 (Artin–Rees Lemma). Let A be a noetherian, a ⊂ A be an ideal, M finitely

generated A-module. Let {Mn} be a stable filtration. Let N be a A-submodule of M , then the

induced filtration {Mn ∩N} is a stable a-filtration. In particular, the topology on N is induced

from the a-adic topology on M is equivalent to the a-adic topology on N .

Proof. {Mn∩N} is an a-filtration: a(Mn∩N) ⊂ aMn∩aN ⊂Mn+1∩N . Let N∗ =
⊕∞

n=0(Mn∩

N). It is an A∗-submodule of M∗. Since {Mn} is a stable a-filtration, M∗ is a finitely generated

A∗-module by Lemma 3.4. As A∗ is noetherian, N∗ is finitely generated A∗-module. By Lemma

3.4, {Mn ∩N} is a stable a-filtration.
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Taking Mn = anM we obtain what is usually known as the Artin–Rees Lemma:

Corollary 3.6. There exists an integer k such that

(anM) ∩M ′ = an−k
(
(akM) ∩M ′)

for all n ≥ k.

Corollary 3.7. Let A be a noetherian ring, a ⊂ A be an ideal, let M be a finitely generated

A-module, then for any exact sequence

0 M1 M M2 0

we have the exact sequence of a-adic completion

0 M̂1 M̂ M̂2 0 .

Proof. If we equip M1 and M2 with the topology induced from the a-adic topology of M , we get

an exact sequence

0 M̂1

′
M̂ M̂2

′
0

from the proof of Corollary 3.4. By Artin–Rees Theorem, the induced topology are exactly the

a-adic topology. So the exact sequence is exactly what we want.

Question: M̂ =M ⊗A Â?

For every n we have natural projection Â → A/an, by tensoring M we obtain Â ⊗A M →

(A/an)⊗AM ∼=M/anM . Thanks to the universal property of inverse limit, we obtain Â⊗AM →

lim←−n
M/anM = M̂ .

Proposition 3.11. Let A be a commutative united ring, a ⊂ A an ideal. LetM be a finitely gen-

erated A-module, then the morphism Â⊗AM → M̂ is necessarily surjective. If A is noetherian,

it is an isomorphism.

Proof. By assumption, there exists a surjective A-module morphism ϕ : F = Ar ↠M . It is clear

that F̂ = lim←−n
F/anF = lim←−n

(A/an)r ∼=
(
lim←−n

A/an
)r

= Âr = F ⊗A Â since limit commutes

with limit in a category. Let N = Ker(ϕ), we get an exact sequence

0 N F M 0 .

Tensoring Â get exact sequence

N ⊗A Â F ⊗A Â M ⊗A Â 0

0 N̂ F̂ M̂ 0

≃
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where M̂ and N̂ are the completion of M and N with respect to the topology induced from

F . The exactness of the bottom row is from Corollary 3.7. Since ϕ̂ : F̂ → M̂ is surjective and

β : F ⊗A Â→ F̂ is an isomorphism, γ : M ⊗A Â→ M̂ must be surjective. If A is noetherian, N

is finitely generated. the induced topology in N is the a-adic topology by Artin–Rees Lemma.

The first assertion applies to α : Â⊗A N → N̂ (note that N ⊂ F is finitely generated), hence α

is surjective. Diagram chasing show that Ker(γ) = 0. So γ is an isomorphism.

Corollary 3.8. If A is noetherian, then Â is a flat A-algebra.

Proof. For exact sequence of finitely generated A-module

0 M1 M M2 0 ,

we get the exact sequence of a-adic completion

0 M̂1 M̂ M̂2 0

0 M1 ⊗A Â M ⊗A Â M ⊗A Â 0
≃ ≃ ≃

Note that flatness can be checked on the inclusion a ↪→ A for any ideal a of A, and a must be

finitely generated since A is noetherian. Hence Â is a flat A-algebra.

Question: If A is noetherian, is Â noetherian?

Proposition 3.12. Let A be a noetherian ring, a ⊂ A be an ideal, Â is the a-adic completion

of A, then

1) â = Âa;

2) ân = ân;

3) ân/ân+1 = an/an+1, so
⊕∞

n=0 â
n/ân+1 =

⊕∞
n=0 a

n/an+1;

4) a is contained in the Jacobson radical of Â.

Proof. 1) By assumption, a is finitely generated. By Proposition 3.11, Â ⊗A a → â is an

isomorphism. Its image is Âa. So Â⊗A a ∼= Âa = â.

2) (â)
n
=
(
Âa
)n

= Âan = ân since an is also an ideal.

3) We have already seen Â/ân = Â/ân = A/an. So ân/ân+1 = Ker
(
Â/ân+1 → Â/ân

)
=

Ker
(
A/an+1 → A/an

)
= an/an+1.
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4) x ∈ a implies that xn ∈ ân, so xn = 0 in Â/ân, and so (1 − x)(1 + x + · · · + xn−1) =

1 − xn = 1 in Â/ân. Note that 1 + x + · · · + xm−1 ≡ 1 + x + · · · + xn−1 (mod ân), we

have 1+ x+ x2 + · · · ∈ lim←−n
Â/ân = Â admits inverse 1− x in Â, and so x lies in Jacobson

radical of Â.

Corollary 3.9. Let A be a noetherian ring. m ⊂ A a maximal ideal, then m̂ is the maximal

ideal of Â.

Proof. By the assumption Â/m̂ ∼= A/m, get m̂ is the maximal ideal of Â. By 4) in Proposition

3.12, m̂ is contained in the Jacobson radical of Â, so must be the unique maximal ideal of Â.

Definition 3.5. 1) Let A be a commutative unitary ring, a ⊂ A be an ideal. Define Gra(A) =

A/a⊕ a/a2 ⊕ a2/a3 ⊕ · · · .

2) Let M be an A-module, {Mn} is a a-filtration. Define Gr(M) =
⊕∞

n=0Mn/Mn+1. So we

can define a Gra(A)-module structure on Gr(M).

Geometrically, let X = SpecA and Z = V (a) ⊂ X, the normal cone is defined by CZ/X =

SpecZ

(⊕
n≥0 a

n/an+1
)
. In particular, if x is a closed point, then Cx/X = Spec (Grmx

(A)),

which is the tangent cone of X at x. Here mx ⊂ OX,x is the maximal ideal of the local ring at x.

Proposition 3.13. Let A be a noetherian ring, a ⊂ A an ideal, then

1) Gra(A) is noetherian;

2) If M is finitely generated A-module, {Mn} is a stable a-filtration, then Gr(M) is finitely

generated Gra(A)-module;

3) Gra(A) = Grâ

(
Â
)
.

(A, a)
(
Â, â

)

Gra(A)

Grâ

(
Â
)

Proof. 1) A is noetherian, a is finitely generated, let x1, · · · , xn be a set of generators for a.

Consider the morphism (A/a)[X1, · · · , Xn]→ Gra(A) = A/a⊕ a/a2 ⊕ a2/a3 ⊕ · · · defined
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by Xi 7→ xi, it is surjective. So Gra(A) is a finitely generated A/a-algebra. Since A is

noetherian, so is A/a. By Hilbert Basis Theorem Gra(A) is noetherian.

2) By assumption, {Mn} is a stable a-filtration, so there exists n0 ∈ N such that Mn+n0 =

anMn0
. So

⊕+∞
n=n0

Mn/Mn+1 is generated byMn0
/Mn0+1 over Gra(A). For n = 0, · · · , n0−

1,Mn ⊂M is finitely generated, soMn/Mn+1 is a finitely generatedA/a-module (Mn/aMn ↠

Mn/Mn+1 andMn/aMn is generated by image of generators ofMn as A-module). Gr(M) =⊕n0−1
n=0 Mn/Mn+1 ⊕

⊕
n≥n0

Mn/Mn+1 is finitely generated as Gra(A)-module.

3) Consequence of ân/ân+1 = an/an+1.

Lemma 3.5. Let ϕ : A → B be a morphism between filtered abelian groups (i.e., ϕ(An) ⊂ Bn

for all n), let Gr(ϕ) : Gr(A) =
⊕+∞

n=1An/An+1 → Gr(B) be the induced morphism and ϕ̂ : Â =

lim←−n
A/An → B̂ be the induced morphisms, then

1) If Gr(ϕ) is injective, then ϕ̂ is injective;

2) If Gr(ϕ) is surjective, then ϕ̂ is surjective.

Proof. We have the commutative diagram of exact sequence

0 An/An+1 A/An+1 A/An 0

0 Bn/Bn+1 B/Bn+1 B/Bn 0

Grn(ϕ) ϕn+1 ϕn

If Gr(ϕ) is injective, we show by induction ϕn are all injective. In general by the Snake Lemma,

0 Ker(Grn(ϕ)) Ker(ϕn+1) Ker(ϕn)

Coker(Grn(ϕ)) Coker(ϕn+1) Coker(ϕn) 0

If ϕn is injective, then ϕn+1 is injective. Since A1 = A and B1 = B, ϕ1 : 0 → 0 is injective, so

all ϕn are injective, i.e., 0 → A/An → B/Bn. Since lim←− is left exact, we get 0 → lim←−A/An
ϕ̂−→

lim−→B/Bn.

If Gr(ϕ) is surjective, similarly we can show that ϕn : A/An → B/Bn → 0 is surjective.

Moreover, by the above exact sequence we get Ker(ϕn+1) ↠ Ker(ϕn). The projective system

{Ker(ϕn)} satisfies Mittag-Leffler condition. For the exact sequence

0 {Ker(ϕn)} {A/An} {B/Bn} 0
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we get the exact sequence

0 lim←−n
Ker(ϕn) Â B̂ 0

ϕ̂

In particular, ϕ̂ is surjective.

Proposition 3.14. Let A be a commutative unitary ring, a ⊂ A ideal. Suppose that A = Â. Let

M be an A-module equipped with an a-filtration {Mn}. Suppose that
⋂+∞

n=0Mn = {0}. Suppose

that Gr(M) is finitely generated Gra(A)-module, then M is finitely generated as A-module.

Proof. Let ξi be a set of generators for Gr(M) =
⊕+∞

n=0Mn/Mn+1. Without loss of generality,

we can suppose that ξi are all homogeneous, say of degree ni. Let xi be a lift of ξi in Mni . For

n ∈ N, let A[−n] be the graded ring with

A[−n]i =

A if i ≤ n,

ai−n if i ≥ n+ 1.

Then Gr(A[−n]) = 0 ⊕ · · · 0 ⊕ A/a ⊕ a/a2 ⊕ · · · = Gra(A)[−n]. Let F =
⊕

i∈I A[−ni] with

filtration Fj =
⊕

i∈I A[−ni]j . Since A[−ni] ∼= A, F is free finitely generated A-module. Define

ϕ : F → M defined by 1[−ni] 7→ xi, then ϕ is a morphism of filtered A-module. Indeed, it

only suffices to check at every component A[−ni], if j ≤ ni, we have A[−ni]j = A, it follows

that ϕ(A[−ni]j) = Axi ⊂ Mni
⊂ Mj ; if j ≥ ni + 1, A[−ni]j = aj−ni , which implies that

ϕ(A[−ni]j) = aj−nixi ⊂ aj−niMni ⊂ Mj . Now Gr(F ) =
⊕

i∈I Gra(A)[−ni], by assumption,

Gr(ϕ) is surjective. By Lemma 3.5, ϕ̂ is surjective, i.e., F̂
ϕ̂−→ M̂ → 0. Note that Â[−n] =

lim←−j
A/A[−n]j = lim←−m

A/am = Â and completion commutes with finite direct sum, we obtain

F̂ ∼= F . Moreover
⋂|∞

n=0Mn = {0} implies that M ↪→ M̂ is injective. Hence we have the

commutative diagram

F M

F̂ M̂

ϕ

i

ϕ̂

Since ϕ̂ is surjective, and i is surjective, ϕ must be surjecctive. Hence M , as the quotient module

of finitely generated module F , is finitely generated A-module.

Corollary 3.10. Same hypotheses as in Proposition 3.14, but suppose that Gr(M) is a noethe-

rian Gra(A)-module, then M is a noetherian A-module.
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Proof. Let N be a sub-A-module ofM , then a(N∩Mn) ⊂ aN∩aMn ⊂ N∩Mn+1, the a-filtration

{Mn} onM induces the a-filtration {N ∩Mn}n onM . If {Mn} satisfies the Hausdorff condition,

so does {N ∩Mn}n. By assumption, Gr(M) is noetherian Gra(A)-module. So Gr(N) ⊂ Gr(M)

is finitely generated. By Proposition 3.14 N is finitely generated as A-module. Thus M is

noetherian A-module.

Corollary 3.11. Let A be a noetherian ring, a ⊂ A an ideal, then Â is noetherian.

Proof. Need to show that Â is noetherian as Â-module. Note that Â is complete and Hausdorff.

Since A is noetherian, Gra(A) is noetherian ring by Proposition 3.13 (a), i.e., Gra(A) is noetherian

as Gra(A)-module. Moreover, Proposition 3.13 gives Grâ

(
Â
)
= Gra(A). By Corollary 3.10, Â

is noetherian as Â-module.

Note that M → M̂ has kernel
⋂+∞

n=0 a
nM .

Theorem 3.3 (Krull). Let A be a noetherian ring, a ⊂ A an ideal, M is finitely generated

A-module, M̂ = lim←−n
M/anM , then Ker

(
M → M̂

)
=
⋂+∞

n=0 a
nM is equal to

{m ∈M | ∃α ∈ a such that (1 + α)m = 0}.

Proof. Let N =
⋂+∞

n=0 a
nM , it is a sub-A-module of M . Note that N ∩ anM = N , the topology

induced from M on N is trivial, i.e., U = {∅, N}. On the other hand, N has a-adic topology. By

assumption, we can apply Artin–Rees Lemma, to conclude that the two topology are equivalent,

i.e., the a-adic topology on N is trivial. Hence aN ⊂ N open, forces aN = N . Consider the

identity map N → N = aN . N is submodule of M , M is finitely generated A-module, A is

noetherian, we obtain N is finitely generated A-module. Assume that x1, · · · , xr are generators

of N , since N = aN , for every i we have xi =
∑r

j=1 aijxj , where aij ∈ a. Write

(
Id−(aij) 1≤i≤r

1≤j≤r

)
x1
...

xr

 = 0.

By multiplying adj
(
Id−(aij) 1≤i≤r

1≤j≤r

)
, we have det

(
Id−(aij) 1≤i≤r

1≤j≤r

)
xi = 0 for all i. It follows

that det
(
Id−(aij) 1≤i≤r

1≤j≤r

)
N = 0, get the existence of α ∈ a such that (1 + α)N = 0. Therefore⋂+∞

n=0 a
nM = N ⊂ {m ∈M | ∃α ∈ a such that (1 + α)m = 0}.

On the other hand, for m ∈M such that (1+α)m = 0, α ∈ a, then m = (−α)m = (−α)2m =

· · · = (−α)nm implies that m ∈
⋂+∞

n=0 a
nM .
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Corollary 3.12. Let A be a noetherian integral domain, a ⊂ A an ideal,
⋂+∞

n=0 a
n = {0}.

Proof. By Krull’s Theorem,
⋂+∞

n=0 a
n = {m ∈ A | ∃α ∈ a such that (1 + α)m = 0} = {0} as A is

integral.

Corollary 3.13. Let A be a noetherian ring, a ⊂ Jac(A). Let M be a finitely generated A-

module, then
⋂+∞

n=0 a
nM = {0}.

Proof. By Krull’s Theorem,
⋂+∞

n=0 a
nM = {x ∈ M | ∃α ∈ a such that (1 + α)x = 0}. Since

a ⊂ Jac(A), 1 + α ∈ A×, so (1 + α)x = 0 implies that x = 0.

Consequently, let A be a noetherian local ring with maximal ideal m. Let M be a finitely

generated A-module, then
⋂+∞

n=0 m
nM = {0}.

4 Localization of Dedekind ring

Let K/Q be finite extension, let OK be the integral closure of Z in K, then OK is a Dedekind

ring, i.e., it is integrally closed of Krull dimension 1. Let p be a non-zero prime ideal, let OKp

be its localization at p.

Proposition 4.1. Let A be a Dedekind ring, p ⊂ A is non-zero prime ideal, then Ap is a

Dedekind local ring.

Proof. It is known that the prime ideals of Ap is in bijection with the prime ideal of A contained

in p. Since A is of Krull dim 1, so does Ap.

For the second assertion, we can show that S−1A is integrally closed for any multiplicative

subset S. Let x ∈ Frac(A). Let x ∈ Frac(A) be integral over S−1A, then it satisfies xn +

a1x
n−1 + · · ·+ an = 0, a1, · · · , an ∈ S−1A. Take c ∈ S such that ca1, · · · , can ∈ A. Multiply the

equation by cn, get (cx)n + a1c(cx)
n−1 + a2c

2(cx)n−2 + · · ·+ ancc
n−1 = 0, which implies that cx

is integral over A, so cx ∈ A, x ∈ S−1A.

Then we conclude

Proposition 4.2. Let K/Q be finite extension, let OK be the integral closure of Z in K, then

OKp is a noetherian integral domain, and it is integrally closed of Krull dimension 1.

Theorem 4.1. Let A be a noetherian integral domain, suppose that A has unique non-zero

prime ideal, then A is integral closed iff A is a PID.
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Corollary 4.1. Let K/Q be a finite extension, p ⊂ OK a non-zero prime ideal, then OKp is

PID.

Definition 4.1. A principal ideal domain with unique non-zero prime ideal is called a discrete

valuation ring.

Let A be a PID with unique non-zero prime ideal m, then m is also maximal. Then A\m = A×.

Let m = (π), consider the filtration A ⊃ m = (π) ⊃ m = (π2) ⊃ · · · . Since A is noetherian local

ring, from Corollary 3.13 (taking M = A),
⋂+∞

n=0 m
n = {0}. For any x ∈ A \ {0}, there exists

n such that x ∈ mn \ mn+1. Thus x = πnu, u ∈ A \ m. We can define val : A → N ∪ {∞} by

x = πnu 7→ n. It satisfies

1) val(xy) = val(x) + val(y);

2) val(x+ y) ≥ min{val(x), val(y)};

3) val(x) =∞ iff x = 0.

In fact, val can be extended to K = Frac(A) → Z ∪ {∞}, x = a/b = πnu 7→ n, here n ∈ Z and

u ∈ A \m. It also satisfy the above three properties.

Definition 4.2. Let K be a field. Suppose that there exists val : K → Z satisfies 1), 2), 3), we

call K a discrete valuation field, and val is a discrete valuation.

Proposition 4.3. Let A be a noetherian integral domain, it is a DVR iff there exists a discrete

valuation val : K = Frac(A)→ Z ∪ {∞} such that A = {x ∈ K | val(x) ≥ 0}.

Example 4.1. Let A = C[[X,Y ]] and m = (X,Y ). Consider the descending chain A ⊋ m ⊋

m2 ⊋ · · · . Given 0 ̸= f =
∑

i,j≥0 aijX
iY j ∈ C[[X,Y ]], the set {i + j | aij ̸= 0} is not empty,

let d be the minimal element of this set. Hence f ∈ md \ md+1, we have
⋂+∞

n=1 m
n = {0}.

Thus for arbitrary f ∈ A \ {0}, let val(f) = min{i + j | aij ̸= 0}. One can verify that val

satisfies 1), 2), 3), but A is not a DVR. Indeed, (X,Y ) is not principal ideal. Extend val to

val : C((x, y)) → Z ∪ {∞} as before, calculate R = {x ∈ C((x, y)) | val(x) ≥ 0}. Choose

X/Y ∈ K, we have val(X,Y ) = 1− 1 = 0, but X/Y /∈ A = C[[X,Y ]]. This implies that A ⊊ R.

Proof of Theorem. We have show that PID must be integrally closed, it remains to prove the

converse.

Let m be the maximal ideal. For x ∈ m, x ̸= 0, consider A/(x). For a ∈ A, let a be its image

in A/(x), let Ann(a) = {b ∈ A | ba = 0 in A/(x)} = {b ∈ A | ba ∈ (x)} = {b ∈ A | x | ab}. It
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is an ideal of A, and it contains (x). Let a0 ∈ A such that q = Ann(a0) is maximal under the

inclusion relation.

Verify that q is a prime ideal, then q = m. Suppose that there exists b1, b2 ∈ A such that

b1b2 ∈ q but b1 /∈ q, b2 /∈ q. Then b1b2a0 = 0 implies that b2 ∈ Ann (b1a0). On the other

hand for arbitrary c ∈ q, we have ca0 = 0, so c (b1a0) = 0. It follows that q ⊂ Ann (b1a0). So

q+(b2) ⊂ Ann (b1a0), contradiction to the maximality of q. That is, q is a prime ideal. Moreover

A has only one nonzero prime ideal, q = m.

Let π = x/a0, if b ∈ q = Ann (a0), there exists c ∈ A such that ba0 = xc, so b = πc.

That is b/π = c ∈ A, π−1q ⊂ A. We claim that π−1q = A. Suppose not, then π−1q ⊂ q

since A is local ring with maximal ideal m = q. From A is noetherian, q is finitely generated

A-module, π−1 is integral over A by a technic with Hamilton–Cayley Theorem. (More precisely,

if M is finitely generated A-module, and u ∈ Frac(A) satisfies uM ⊂ M , then u is integral

over A.) By assumption, A is integrally closed, so π−1 ∈ A, i.e., a0/x ∈ A, x | a0. But then

Ann(a0) = {b ∈ A | x | a0b} = A, contradiction to Ann(a0) = q ⊊ A. Therefore, π−1q = A.

We claim that q = (π). For arbitrary b ∈ q, since π−1q ⊂ A, b = π · (b/π) ∈ (π), so q ⊂ (π).

From 1 ∈ π−1q = A, there exists q ∈ q such that q = π, so (π) ⊂ q. By Corollary 3.13 (taking

M = A),
⋂+∞

n=0 m
n = {0}. Therefore, x = πnu, where u ∈ A \m = A×. For I ⊂ A, suppose that

I = (x1, · · · , xr), let x = πniui, ni ∈ N and ui ∈ A×. Let n = min{n1, · · · , nr}, then I = (πn),

i.e., A is PID.

Corollary 4.2. Let A be a Dedekind ring, then Ap is a PID (DVR) for any p ⊂ A prime

non-zero.

Definition 4.3. Let A be a noetherian integral domain of Krull dimension 1, let m be a maximal

ideal of A. A is said to be regular at m if m/m2 is of dimension 1 as k = A/m-vector space.

Why this definition? Let C ⊂ C2 be an algebraic curve defined by f(x, y) = 0, where

f(x, y) irreducible, let A be the coordinate ring on C, then A = C[x, y]/(f(x, y)). By Hilbert’s

Nullstellensatz, all the maximal ideals of A are of the form mP = {φ(x, y) ∈ A | φ(P ) = 0}

where P ∈ C. By Taylor expansion, the cotangent space of C at P is mP /m
2
P , the tangent space

of C at P is
(
mP /m

2
P

)∨
. Hence C is regular at P iff dimC

(
mP /m

2
P

)
= 1.

Proposition 4.4. Let A be a noetherian integral domain of Krull dimension 1, let m ⊂ A be

the maximal ideal, then A is regular at m iff Am is PID iff Am is integrally closed.

Proof. First we prove: m/m2 ∼= mAm/m
2Am as k = A/m = Am/mAm-vector space. Indeed, note
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that we have short exact sequence

0 m2 m m/m2 0 ,

by the exactness of localization we obtain

0
(
m2
)
m

mm mm/
(
m2
)
m

0 ,

which implies that (m/m2)m ∼= mAm/m
2Am. On the other hand we have m ·

(
m/m2

)
= 0, for

arbitrary s /∈ m, its image in k = A/m is invertible, so m/m2 ∼= (m/m2)m.

If Am is PID, let mAm = (π), then mAm/m
2Am = (π)/(π2) is generated by π over k = A/m.

So dimk

(
mAm/m

2Am

)
≤ 1. Since π /∈ m2Am, π ̸= 0, dimk

(
mAm/m

2Am

)
= 1. So A is regular

at m.

Conversely, if A is regular at m, then mAm/m
2Am is 1-dimensional as A/m-module. Since

Am is a local ring, by Nakayama’s Lemma, mAm = (π) for some π ∈ mAm. Let I ⊂ Am be

nonzero ideal. Consider S = {r ≥ 0 | I ⊂ mrAm = (πr)}. Since I ⊂ Am = m0Am, S is not

empty. Am is noetherian local ring, by Corollary 3.13,
⋂

r≥0 m
rAm = {0}, so S admits an upper

bound. Let t be the maximal element, we have I ⊂ (πt) but I ̸⊂ (πt+1). Choose x ∈ I \ (πt+1).

However, x ∈ I ⊂ (πt), one can write x = πtu with u ∈ Am. Since u /∈ (π), it is a unit. Hence

πt = xu−1 ∈ I, (πt) ⊂ I ⊂ (πt), that is, I = (πt).

Clearly PID is UFD, hence integrally closed. From Theorem 4.1, noetherian domain with

dimension 1 is integrally closed iff it is DVR. From DVR is PID, Am is PID iff it is integrally

closed.

Theorem 4.2. Let A be a noetherian integral domain, then A is a Dedekind ring iff Ap is DVR

at any non-zero prime ideal p ⊂ A.

5 Unique factorization theorem

Let A be a Dedekind domain.

Definition 5.1. 1) A fractional ideal of A is a finitely generated A-submodule of K =

Frac(A).

2) Let a, b be fractional ideals of A, we define a · b = {finite sum of aibi | ai ∈ a, bi ∈ b}. It is

a fractional ideal.
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Proposition 5.1. The nonzero fractional ideals of A form a group under the above product,

denoted IK .

Corollary 5.1. Let a, b be fractional ideals of A. Suppose that ap = bp for all p ⊂ A prime,

then a = b.

Proof. Let c = ab−1, then cp = apb
−1
p = Ap implies that c ⊂

⋂
p cp =

⋂
pAp = A (note that A is

integral domain). Thus cp = Ap for all p. Therefore c is not contained in any maximal ideal of

A. More precisely, if c ⊂ m, then cm = Am ⊂ mAm, a contradiction. So c = A and a = b.

Proposition 5.2. Let x ∈ K \ {0}, then there exists only finitely many prime ideal p ⊂ A such

that valp(x) ̸= 0.

Proof. Write x ∈ K× as x = a/b where a, b ∈ A \ {0}. Then {p | valp(x) ̸= 0} ⊂ {p | valp(a) ̸=

0} ∪ {p | valp(b) ̸= 0}. Only need to prove for x ∈ A \ {0}. Suppose that there are infinitely

many prime ideals pn ⊂ A, n ∈ N such that valpn
(x) ̸= 0, then valpn

(x) ≥ 1 implies that x ∈ pn

for all n ∈ N. So there exists descending chain

p1 ⊋ p1 ∩ p2 ⊋ p1 ∩ p2 ∩ p3 ⊋ · · · ⊃ (x).

Indeed, we want to show p1 ∩ · · · ∩ pn ⊋ p1 ∩ · · · ∩ pn ∩ pn+1. since A is Dedekind domain, every

nonzero prime ideal is maximal, so pi ̸⊂ pn+1. For every i = 1, · · · , n choose ai such that ai ∈ pi

and ai /∈ pn+1. Then a1 · · · an ∈ p1 ∩ · · · ∩ pn but a1 · · · an /∈ p1 ∩ · · · ∩ pn ∩ pn+1. Take inverse,

we get

p−1
1 ⊊ (p1 ∩ p2)

−1 ⊊ (p1 ∩ p2 ∩ p3)
−1 ⊊ · · · ⊊ (x−1),

contradiction to the assumption that A is noetherian,

Theorem 5.1. Let A be a Dedekind ring, then any fractional ideal can be factorized uniquely

into product of prime ideals and their inverse.

Proof. Let a be nonzero fractional ideal, there exists d ∈ A \ {0} such that da ⊂ A, it follows

that a = d−1(da) where da is nonzero ideal of A. Note that (d)−1 is the inverse of principal

ideal (d), it is enough to prove the Theorem for a ⊂ A. Since A is noetherian, a is generated by

finitely many elements. If ap ̸= Ap holds for some prime ideal p, we have a ⊂ p. In particular,

if x ∈ a, then x ∈ p. However, for x ∈ A \ {0}, Proposition 5.2 says that there are only finitely

many nonzero prime ideals p satisfy p ∋ x, so there are only finitely many nonzero prime ideals

p satisfy ap ̸= Ap, denoted as p1, · · · , pr. Let a ⊂ A be nonzero ideal, since Api
is DVR, there
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exists ni such that api = pni
i Api . Define b =

∏r
i=1 p

ni
i , then ap = bp holds for all prime ideals p.

From Corollary 5.1 a = b.

For the uniqueness, assume that a =
∏

p p
np =

∏
p p

mp . For arbitrary nonzero prime ideal q,

we have aq = qnqAq = qmqAq. Since Aq is DVR, nq = mq, which yields the uniqueness.

Definition 5.2. Let PK ⊂ IK be the subgroup generated by (x), x ∈ K×. We call ClK = IK/PK

the class group of K (or OK).

If ClK = {e}, for arbitrary fractional ideal a, there exists x ∈ K× such that a = (x). That

is, every fractional ideal is principal fractional ideal. In particular, every nonzero ideal a ⊂ A is

principal ideal, A is PID.

Theorem 5.2. Let K be a finite extension of Q, then ClK , the class group of OK , is finite.

Lemma 5.1 (Chinese Remainder Theorem). Let A be a Dedekind ring, p1, · · · , pr be distinct

non-zero prime ideals, n1, · · · , nr ∈ N, then there exists isomorphism

A/

r∏
i=1

pni
i =

r⊕
i=1

A/pni
i .

Proof. Consider the morphism of rings A
ϕ−→
∏r

i=1A/p
ni
i Verify that it is surjective by induction

on r. r = 1 is obvious. In general, it is enough to show A
ϕ′

−→ A/pn1
1 × A/pn2

2 · · · pnr
r is

surjective. Notice that pn1
1 + pn2

2 · · · pnr
r = A, we can find x ∈ pn1

1 and y ∈ pn2
2 · · · pnr

r such that

x + y = 1. This implies that x ≡ 0 (mod pn1
1 ), x ≡ 1 (mod pn2

2 · · · pnr
r ) and y ≡ 1 (mod pn1

1 ),

y ≡ 0 (mod pn2
2 · · · pnr

r ). For any a, b ∈ A, to find z ∈ A such that z ≡ a (mod pn1
1 ), z ≡ b

(mod pn2
2 · · · pnr

r ). One can take z = ay+ bx to solve the equation. Clearly Ker(ϕ) =
⋂r

i=1 p
ni
i =∏r

i=1 p
ni
i , we conclude the isomorphism.

Proposition 5.3. Let A be a Dedekind ring, K = Frac(A). Suppose that A has only finitely

many nonzero prime ideals, then ClK = {e}, i.e., A is a PID.

Proof. By Theorem 5.1, it is enough to show the prime ideals are principal. Let p1, · · · , pr be

all the non-zero prime ideals. Since Api
is DVR, piApi

⊋ p2iApi
, which implies that pi ̸= p2i .

Take πi ∈ A such that πi ∈ pi \ p2i . By the Lemma 5.1 we can find xi ∈ A satisfying xi ≡ πi

(mod p2i ) and xi ≡ 1 (mod pj), ∀j ∈ {1, · · · , r} \ {i}. So valpi
(xi) = 1 and valpj

(xi) = 0. Thus

(xi) =
∏r

j=1 p
vpj

(xi)

j = pi.
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6 Behaves of prime ideal under field extension

Let A be a Dedekind ring with Frac(A) = K. Let L be a finite separable extension of K, B is

the integral closure of A in L. For p ⊂ A non-zero prime ideal, pB =
∏

P|p P
eP . Recall that the

proof of Theorem 5.1 implies that P ∩A = p.

Definition 6.1. 1) eP is called the ramification index of L/K at P.

2) Since P ∩ A = p, we have natural inclusion A/p ↪→ B/P. The residue field kP = B/P is

an extension of kp = A/p. The degree fP = [kP : kp] is called the residue degree of P.

3) If eP = 1 and kP/kp is separable we say that L/K is unramified at P. Otherwise call it

ramified.

4) If eP = 1 and fP = 1 for all P over p, we say that L/K is split at p.

5) If p = PeP and fP = 1, we say that L/K is totally ramified at p.

Proposition 6.1. Let K ⊂ M ⊂ L be a tower of finite separable extension, let C be the

integral closure of A in M , B be the integral closure A in L. For nonzero prime ideal P ⊂ B,

let Q = P ∩ C, then eL/K,P = eM/K,Q · eL/M,P and fL/K,P = fM/K,Q · fL/M,P.

P B L

Q C M

p A K

⊂ ⊂

⊂ ⊂

⊂ ⊂

Proof. In a Dedekind ring, if pB =
∏

P′|p P
′eP′ , by localizing we obtain pBP = PeL/K,PBP.

The ramification index is local. Since pCQ = QeM/K,QCQ, we have pBP = (pCQ)BP =

(QeM/K,QCQ)BP = (QBP)eM/K,Q . FromQBP = PeL/M,PBP, we obtain pBP = (PeL/M,PBP)
eM/K,Q .

That is, pBP = PeM/K,QeL/M,PBP. On the other hand pBP = PeL/K ,PBP. Hence eL/K,P =

eM/K,Q · eL/M,P.

We have inclusion kp ⊂ kQ ⊂ kP, so fL/K,P = fM/K,Q · fL/M,P.

Proposition 6.2. B is finitely generated A-module and we have B ⊗A K = L. In fact, B is a

locally free A-module of rank [L : K].

Proof. The first assertion has been shown.
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For the second assertion, need to show that Bp is a free Ap-module of rank [L : K] for

arbitrary p ⊂ A prime non-zero. Since A is a Dedekind ring, Ap is a PID and Bp ⊂ L is a

torsion-free finitely generated Ap-module. It follows that Bp is a free Ap-module of finite rank.

Moreover Bp ⊗Ap
K = (B ⊗A Ap) ⊗Ap

K ∼= B ⊗A K = L. On the other hand if Bp
∼= A

[L:K]
p ,

then Bp ⊗ ApK ∼= K [L:K], which implies that K [L:K] ∼= L as K-vector space. Thus Bp is a free

Ap-module of rank [L : K].

Proposition 6.3. For p ⊂ A a non-zero prime ideal. Suppose that pB =
∏

P|p P
eP , then∑

P|p

ep · fP = [L : K].

Proof. By the Chinese Remainder Theorem

B/pB =
⊕
P|p

B/PcP .

Since Bp is free Ap-module with rank [L : K], we have Bp
∼= A

[L:K]
p , it follows that Bp/pBp

∼=

(Ap/pAp)
[L:K] ∼= (A/p)[L:K]. Thus Bp/pBp is A/p-vector space with dimension [L : K]. Note

that B/pB ∼= Bp/pBp, B/pB is A/p-vector space with dimension [L : K]. On the other hand,

since B is Dedekind ring, BP is DVR, so PBP = (π) where π is a uniformizer. BP has

filtration BP ⊃ PBP ⊃ P2BP ⊃ · · · ⊃ PePBP. Since PiBP = (πi), we have isomorphism

B/P ∼= BP/PBP
∼= PiBP/P

i−1BP. From [B/P : A/p] = fP, we have dimA/p (B/P
eP) =

dimA/p (BP/P
ePBP) =

∑eP
i=1 dimA/p

(
PiBP/P

i−1BP

)
=
∑eP

i=1 dimA/p(B/P) = ePfP, then

we get ∑
P|p

ep · fP = [L : K].

Theorem 6.1 (Dedekind). Suppose that B = A[α], let f(X) ∈ A[X] be the minimal polynomial

of α. For p ⊂ A non-zero prime ideal, let f(X) mod p =
∏r

i=1 fi(X)ei be the fractorization

into irreducible polynomials with leading coefficient 1, here fi(X) ∈ (A/p)[X] = k[X]. Let

fi(X) ∈ A[X] be a lifting of fi(X) with leading coefficient 1. Let Pi = pB + fi(α)B, then Pi is

maximal and pB =
∏r

i=1 P
ei
i and fPi = deg

(
fi(X)

)
.

Proof. By assumption, B = A[α] = A[X]/(f(X)), B/pB = (A/p)[X]/
(
f(X)

)
= kp[X]/

(∏r
i=1 fi(X)ei

)
=∏r

i=1 kp[X]/
(
fi(X)

)ei
. Calculate,

B/Pi = B/ (pB + fi(α)B) = (B/pB)/ ((pB + fi(α)B)/pB) =
(
(A/p)[X]/

(
f(X)

))
/
(
fi(X)

)
= kp[X]/

(
fi(X)

)
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is a field since fi(X) is irreducible in kp[X]. So Pi ⊂ B is a maximal ideal and fPi = [B/P :

A/p] = [kp[X]/
(
fi(X)

)
: kp] = deg

(
fi(X)

)
. From pB ⊂ Pi, we have p ⊂ Pi ∩ A. However A is

a Dedekind ring, p = Pi ∩A. We have

r∏
i=1

Pei
i =

r∏
i=1

(pB + fi(α)B)
ei ⊂ pB +

r∏
i=1

fi(α)
ei ·B.

Let α be the image of α in B/pB. Since
∏r

i=1 fi(α)
ei mod pB ≡

∏r
i=1 fi (α)

ei ≡ f (α) mod p =

0 mod p (note that in B/pB ∼= kp[X]/
(
f(X)

)
, α is precisely the image of X),

∏r
i=1 fi(α)

ei ·B ⊂

pB, we have surjection B/
∏r

i=1 P
ei
i ↠ B/pB. Both sides are kp-vector space. Compare their

dimension, dimkp
(B/pB) = [L : K] = deg(f) =

∑r
i=1 ei deg

(
fi
)
, we have fPi

= deg
(
fi(X)

)
.

On the other hand, the Chinese Remainder Theorem gives B/
∏r

i=1 P
ei
i
∼=
⊕r

i=1B/P
ei
i . Thus

dimkp
(B/

∏r
i=1 P

ei
i ) =

∑r
i=1 dimkp

(B/Pei
i ) =

∑r
i=1 eifPi

=
∑ei

i=1 deg
(
fi
)
. We have isomor-

phism pB =
∏r

i=1 P
ei .

Example 6.1. K = Q
(√
−1
)
, OK = Z

[√
−1
]
. The minimal polynomial of

√
−1 is f(X) =

X2 + 1. For p prime, f(X) = X2 + 1 mod p.

If p = 2, X2 + 1 ≡ 0 mod 2 has root 1 with multiplicity 2, i.e., X2 + 1 ≡ (X + 1)2 mod 2.

From Dedekind Theorem 2Z
[√
−1
]
= P2, where P2 = 2OK +

(
1 +
√
−1
)
OK =

(
1 +
√
−1
)
.

Then 2 =
(
1 +
√
−1
)2

= P2 implies that K/Q ramified at P with eP = 2. X2 + 1 ≡ 0 mod p

has multiple roots iff ∆ = −4 ≡ 0 mod p, i.e., p = 2, so only ramified over 2.

Now consider case p ̸= 2. If p ≡ 1 mod 4, then X2 + 1 = (X − a)(X + a) ≡ modp, where

a ∈ Fp satisfies a2 ≡ −1 mod p. So pZ
[√
−1
]
= P1P2. That is K/Q splits at 2. If p ≡ 3 mod 4,

X2 + 1 is irreducible in Fp[X], pZ
[√
−1
]
is a prime ideal.

7 Galois action

Suppose that L/K is a finite Galois extension with Galois group Gal(L/K) = G. For P lying

over p, σ(P) remains a prime ideal, ∀σ ∈ G and σ(P)∩A = σ(P∩A) = σ(p) = p. So G acts on

the set {P ⊂ B | P | p}.

Proposition 7.1. The action of G on the set of prime ideals on B lying over p is transitive.

Consequently, all the ramification index eP (resp. residue degree fP) takes the same value ep

(resp. fp) and we have [L : K] = epfpgp where gp is the number of prime ideals over p.

Proof. Suppose that the action is not transitive, then there exists P,P′ | p such that P′ ̸= σ(P)

for all σ ∈ G. By the Chinese Remainder Theorem we can find x ∈ B such that x ∈ P′ but
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x /∈ σ(P) for all σ ∈ G. (More precisely, one can choose x ≡ 0 (mod P′) and x ≡ 1 (mod σ(P)).)

Then NL/K(x) =
∏

σ∈G σ(x) ∈ P′. On the other hand x ∈ B, so x is integral over A, and so σ(x)

is integral over A since σ fix A. For arbitrary τ ∈ G, τ
(
NL/K(x)

)
=
∏

σ∈G τσ(x) =
∏

σ∈G σ(x) =

NL/K(x), which implies that NL/K(x) ∈ K. Note that A is Dedekind ring, so is integrally closed,

NL/K(x) ∈ A. Hence NL/K(x) ∈ P′ ∩ A = p ⊂ P. As P is prime, there must exists σ ∈ G such

that σ(x) ∈ P. Contradiction!

Applying the Galois action to pB =
∏gp

i=1 P
ei
i get ei = ej . If σ(Pi) = Pj , then σ induces a

field isomorphism B/Pi → B/Pj defined by x+Pi 7→ σ(x) +Pj . Since σ fixes A, the induced

isomorphism fixes A/p. Thus fi = [kPi : kp] = [kPj : kp] = fj for all i, j. So [L : K] =∑gp
i=1 eifi =

∑gp
i=1 epfp = epfpgp.

For P | p define DP = {σ ∈ G | σ(P) = P} called the decomposition group. Note

that DP acts on kP = B/P and it keeps kp = A/p invariant. We get group homomorphism

DP → Autkp
(kP).

Proposition 7.2. Suppose that kP is separable over kp, then it is Galois, and the morphism

DP → Autkp
(kP) is surjective.

Proof. Need to show that kP/kp is normal. Let x ∈ B and x = x + P ∈ kP. Consider

f(X) =
∏

σ∈G(X − σ(x)). The coefficients of f(X) are elementary symmetric polynomials of

σ(x), so they belongs to LG = K. On the other hand x ∈ B integral over A, since A is integrally

closed, f(X) ∈ A[X]. Mod P, get (X − x)
∏

σ∈G
σ ̸=e

(
X − σ(x)

)
∈ kp[X]. That is, f(X) splits into

linear factors over the field kP. So every kp-conjugate of x ∈ kP still lies in kP. Therefore kP/kp

is normal.

For the second assertion, since kP/kp is finite separable, we can find α ∈ kP such that

kP = kp [α] thanks to the Primitive Element Theorem. The the Galois action on kP is reflected

by its action on α. To show that DP → Autkp
(kP) is surjective, need to show that the Galois

conjugate of α are of the form σ (α), σ ∈ DP. Take α ∈ B such that α ≡ α (mod P) and

α ≡ 0 (mod σ−1(P)) for all σ ∈ G \DP by the Chinese Remainder Theorem. It is a lifting of

α and σ(α) ∈ P for all σ ∈ G \DP ⇐⇒ σ(α) = 0 in kP for all σ ∈ G \DP. The polynomial∏
σ∈G (X − σ(α)) ∈ A[X]. Mod P, get XN

∏
σ∈DP

(
X − σ(α)

)
∈ kp[X] where N = |G| − |DP|,

so
∏

σ∈DP

(
X − σ(α)

)
∈ kp[X]. Now since kP/kp is Galois arbitrary τ ∈ Autkp

(kP) will send

α to some conjugate τ (α). So there exist σ ∈ DP such that τ (α) = σ(α), we obtain τ = σ.

Let IP = Ker
(
DP → Autkp

(kP)
)
called the inertia subgroup. If kP/kp is Galois, then
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Autkp
(kP) = Gal(kP/kp), by Proposition 7.2 get the exact sequence

1 IP DP Gal(kP/kp) 1 .

Since G acts on P ⊂ B | P | p} transitively, and DP is the stabilizer of P, we have gp =

|Orb(P)| = [G : DP]. From |G| = [L : K], we have DP = [L : K]/gp. [L : K] = epfpgp implies

that |DP| = epfp. |Gal(kP/kp)| = [kP : kp] = fp. From the short exact sequence get |IP| = ep.

The order of the inertia group is exactly the ramification index.

ForK a number field (finite extension of Q) or finite separable extension of Fp(X), the residue

field kp is a finite field. For case K/Q finite, choose nonzero prime ideal p ⊂ OK . Then there

exists some prime p such that p ∩ Z = (p), which induces injection Z/pZ ↪→ OK/p. But OK is

finitely generated Z-module with rank [K : Q], then OK/p is finite dimension Z/pZ-vector space.

That is, OK/p is a finite field. For case K/Fp(X) finite separable, let A be the integral closure

of Fp[X] in K, choose nonzero prime ideal p ⊂ A. Then there exists some prime p such that

p∩Fp[X] = (h(X)) where h(X) ∈ Fp[X] is irreducible. Fp[X]/(h(X)) is a finite field. Then A/p

is finite extension of Fp[X]/(h(X)), so is finite field.

Now let K be a number field or finite separable extension of Fp(X). Suppose that kp = Fq,

since [kP : kp] = fp, we have kP = Fqfp . kP/kp must be Galois, and Gal(kP/kp) is generated by

the Frobenius φ : kP → kP defined by α 7→ αq. Thanks to Proposition 7.2, let FrP be a lifting

of φ in DP, i.e., FrP(α) ≡ αq mod P, ∀α ∈ B called it a Frobenius at P.

1 IP DP Galkp
(kP) 1

FrP φ

In case that ep = 1, IP = {e}, we have isomorphism DP
∼= Gal(kP/kp), the lifting is unique.

If ep = 1, FrP ∈ DP is unique. From Proposition 7.1, for arbitrary P′ there exists τ(P) = P′.

Now we claim DP′ = τDPτ
−1 and FrP′ = τ FrP τ

−1. Indeed, for γ ∈ G, γ ∈ DP′ iff γ(P′) = P′

iff γτ(P) = τ(P) iff τ−1γτ(P) = P iff γ ∈ τDPτ
−1. Thus DP′ = τDPτ

−1. Since FrP ∈ DP, we

have τ FrP τ
−1 ∈ DP′ . Given any x ∈ B and let y = τ−1(x). From FrP(y) ≡ yq (mod P), we

have τ FrP τ
−1(x) = τ FrP(y) ≡ τ(yq) (mod τ(P), i.e., τ FrP τ

−1(x) ≡ xq (mod P′). Thanks to

the uniqueness of lift, FrP′ = τ FrP τ
−1. The conjugacy class of FrP in G depends only on p.
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8 Completion

Let A be a Dedekind ring, p ⊂ A be a nonzero prime ideal, L/K = Frac(A) finite separable

extension. B ⊂ L be the integral closure of A in L. Suppose that pB =
∏r

i=1 P
ei
i . Let

Âp = lim←−n
A/pn be the completion of A with respect to p. Let Kp = Frac

(
Âp

)
, then Kp is the

completion of K with respect to p. Similarly for B̂P, LP. BP = B ⊗A Ap is a finite Ap-module

of rank [L : K]. Therefore

B⊗AÂp = B⊗A

(
lim←−
n

A/pn

)
= lim←−

n

B/pnB = lim←−
n

B/

r∏
i=1

Pnei
i = lim←−

n

r∏
i=1

B/Pnei
i =

r∏
i=1

lim←−
n

B/Pnei
i =

r∏
i=1

B̂Pi
.

Hence

L⊗K Kp = (B ⊗A K)⊗K Kp = B ⊗A Kp =
(
B ⊗A Âp

)
⊗

Âp
Kp =

r∏
i=1

B̂Pi
⊗

Âp
Kp.

Let π (resp. ϖ) be uniformizer of Ap (resp. BPi). from pBPi = Pei
i BPi , we have π = uiϖ

ei for

some ui ∈ B×
Pi

. It follows that B̂Pi
⊗

Âp
Kp = B̂Pi

[1/π] = Frac
(
B̂Pi

)
= LPi

. Hence

L⊗K Kp =

r∏
i=1

LPi

and

B ⊗A Âp =

r∏
i=1

B̂Pi
.

Notice that Âp and B̂Pi are DVR (Let R be DVR with maximal ideal m, then R̂ = lim←−n
R/mn

is also a DVR), in particular, they are Dedekind rings. Note that B̂Pi
is integral closed in LPi

.

Since B is a finitely generated A-module, B ⊗A Âp is a finitely generated Âp-module. It follows

that B̂Pi
, as a direct summand of B ⊗A Âp, is finitely generated as Âp-module since Âp is DVR

so is noetherian. Thus B̂Pi is integral over Âp. Consequently the integral closure of Âp in LPi

is precisely B̂Pi .

B̂Pi
LPi

Âp Kp

⊂

⊂

From pB =
∏r

j=1 P
ej
j , we have pBPi

= Pei
i BPi

, it follows that pB̂Pi
= Pei

i B̂Pi
=
(
PiB̂Pi

)ei
.

The ramification index is also ei. Thanks to Proposition 3.12 1) and 3), Âp/pÂp = Âp/p̂ = A/p.

Similarly B̂Pi/PiB̂Pi = B/Pi. This implies that
[
B̂Pi/PiB̂Pi : Âp/pÂp

]
= [B/Pi : A/p] = fi,

the residue degree is also fi. Using the method of the proof of Proposition 6.3, get [LPi
: Kp] =

eifi.
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Suppose L/K is Galois, Gal(L/K) = G. Let B ⊃ P | p ⊂ A. Recall DP = {σ ∈ G |

σ(P) = P}. σ(P) = P implies that σ(Pn) = σ(P)n = Pn. So DP acts on B/Pn for each

n. These actions are compatible with natural projections B/Pn+1 → B/Pn, so it acts on

B̂P = lim←−n
B/Pn, and it keep Âp = lim←−n

A/pn invariant. Therefore DP acts on LP, keeping Kp

invariant. Get morphism of groups: DP → AutKp
(LP). Since BP is a DVR, from Corollary 3.13,

Ker
(
BP → B̂P

)
=
⋂

n≥0 P
nBP = 0, so BP ↪→ B̂P, and so L = Frac (BP) ⊂ Frac

(
B̂P

)
= LP.

If σ ∈ DP acts trivially on LP, then it acts trivially on L, DP ↪→ AutKp
(LP). On the other

hand |DP| = epfp = |AutKp
(LP)|, DP = AutKp

(LP). Moreover |AutKp
(LP)| = [LP : Kp]

implies that LP/Kp is Galois, so AutKp
(LP) = Gal(LP/Kp).

1 IP Gal(LP/Kp) Gal(kP/kp) 1 .

Let L0
P = L

IP
P . Since LP/Kp is Galois, and IP ◁Gal(LP/Kp), then Gal

(
LP/L

0
P

)
= IP by the

Galois correspondence, Gal(L0
P/Kp) = Gal(LP/Kp)/IP = Gal(kP/kp).

Let O0 be the ring of integers of L0
P, P0 = PB̂P ∩ O0, and k0 = O0/P0 be the residue

field, clearly we have kp ⊂ k0 ⊂ kP. Since kP/kp is separable, kP/k0 is separable, so there exists

α ∈ kP such that kP = k0 (α). Choose α ∈ B̂P be a lift of α. Define f(X) =
∏

σ∈IP
(X−σ(α)) ∈

O0[X], mod PB̂P, get f(X) =
∏

σ∈IP

(
X − σ(α)

)
= (X − α)|IP| ∈ k0[X] since every σ ∈ IP

fix kP. So the minimal polynomial of α over k0 must divide f(X). However, kP/k0 is separable,

the minimal polynomial admits no multiple roots, so must be X − α. That is, α ∈ k0. We

obtain kP = k0. Now fp = [kP : k0][k0 : kp] implies that fL0
P/Kp,P0

= [k0 : kp] = fp. On

the other hand [L0
P : Kp] = |Gal(kP/kp)| = fp. Since [L0

P : Kp] = eL0
P/Kp,P0

fL0
P/Kp,P0

, we

have eL0
P/Kp,P0

= 1, so L0
P/Kp is unramified. [LP : L0

P] = e
LP/L0

P,PB̂P
f
LP/L0

P,PB̂P
. From

[LP : L0
P] = ep and f

LP/L0
P,PB̂P

= [kP : k0] = 1, get e
LP/L0

P,PB̂P
= ep. Therefore LP/L

0
P is

totally ramified.

Theorem 8.1. Let A be a complete DVR with fraction field K, let p be the uniqueness maximal

ideal of A. Let k be the residue field. Let f(X) ∈ A[X] be a united polynomial such that f(X)

modulo p is irreducible and separable, then L = K[X]/(f(X)) is an unramified extension of K

and all the unramified extension of K arise in this way. Consequently there exists a bijection

between the finite unramified extension of K and the finite separable extension of k.

Proof. First we show f(X) is irreducible in K[X], which implies that L = K[X]/(f(X)) is a

field. Assume conversely, f(X) = g(X)h(X) in K[X]. In Ksp, the roots of g(X) and h(X) are

roots of f(X), so integral over A. The coefficients of g(X) and h(X) are elementary symmetric

polynomials of these roots, so integral over A. Note that A is integrally closed in K, we obtain
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g(X), h(X) ∈ A[X]. Mod p, get f(X) = g(X)h(X), contradicts to f(X) irreducible in A/p[X].

Thus f(X) is irreducible in K[X], L is a field with [L : K] = deg(f).

Let B = A[X]/(f(X)). Verify that it is a DVR, then it must be the integral closure of

A in L. Since B/pB = A/p[X]/
(
f(X)

)
is a field. pB is a maximal ideal of B. pB is the

unique prime ideal of B lying over p, so pB is unique maximal ideal of B. Moreover, as p is

principal, pB is principal as well. B is finitely generated A-module, and A is noetherian, so

B is noetherian domain since B ⊂ L. Let X be X modulo f(X), then B = A
[
X
]
, which

implies that B is integral over A. If q ⊂ B is nonzero prime ideal, for 0 ̸= b ∈ q, we have

bn + a1b
n−1 + · · · + an = 0 for some a1, · · · , an ∈ A. Take such a relation of minimal degree;

then an ̸= 0; otherwise, we can cancel a factor b to obtain an integrality relation of lower degree.

It follows that an = −b(bn−1 + a1b
n−2 + · · · + an−1) ∈ q ∩ A = p. Thus pB ⊂ q implies that

q = pB. That is, pB is the unique nonzero prime ideal of B. Now B is a 1-dim noetherian local

ring whose maximal ideal is principal, B is DVR.

Applying Dedekind Theorem, since f(X) is irreducible and separable, the extension B/A is

unramified.

Conversely, let L be an unramified extension. Let B be the integral closure of A in L.

Since A is complete DVR, K = Kp, so L = L ⊗K Kp =
∏

P|p LP. But L is a field, so there

exists a unique P lying over p. From eP = 1 and kP/kp is finite separable extension. Then

kP = kp [α] for some α in B. Moreover [L : K] = ePfP = fP = [kP : kp]. Let f(X) be the

minimal polynomial of α in K, since α is integral over A, similarly we can prove f(X) ∈ A[X].

f(X) = f(X) mod p satisfies f (α) = 0. Since deg
(
f(X)

)
= deg(f(X)) = [K(α) : K] ≤ [L : K],

and deg (α) = [kP : kp] = [L : K], we have deg
(
f(X)

)
= [L : K] and f(X) is irreducible. Then

f is irreducible and separable. Therefore K[X]/(f(X)) is unramified extension. On the other

hand K[X]/(f(X)) = K(α) ⊂ L and [K(α) : K] = deg(f(X)) = [L : K] gives K(α) = L. We

obtain L = K[X]/(f(X)).

We have a bijection between the finite unramified extension of K and the finite separable

extension of k. Indeed,

{finite unramified extension of K} ←→ {finite separable extension of k},

L/K ←→ kP/kp.

Theorem 8.2. Let A be a complete DVR with fraction field K, let p be the uniqueness maximal

ideal of A. Let k be the residue class. Let f(X) = Xn + a1X
n−1 + · · · + an ∈ A[X] be such
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that ai ∈ p(1 ≤ i ≤ n), and an ∈ p \ p2. Such polynomials are called Eisenstein polynomial. Let

L = K[X]/(f(X)), then L is totally ramified over K, and all the totally ramified extension of K

arises in this way.

Proof. First prove f(X) is irreducible in K[X], then L = K[X]/(f(X)) is a field. Similar to the

proof of Theorem 8.1, we factor f(X) = g(X)h(X) in A[X]. Assume g(X) = Xr + b1X
r−1 +

· · · + br and h(X) = Xs + c1X
s−1 + · · · + cs, where r, s > 0 and r + s = n. Mod p, get

g(X)h(X) = f(X) = Xn, so g(X) = Xr and h(X) = Xs. Thus br ∈ p and cs ∈ p, which implies

that an = brcs ∈ p2, a contradiction. So L is a field and [L : K] = n.

Let B = A[X]/(f(X)). Verify that it is DVR, then it is the integral closure of A in L.

Similar to the proof of Theorem 8.1, let x = X mod f(X), then B = A [x] implies that B is

integral over A. Let P = pB+(x) ⊂ B, then B/P = A/p[X]/
(
f(X), X

)
= kp[X]/(Xn, X) = kp

implies that P is maximal. Similar to the proof of Theorem 8.1, P is the unique nonzero prime

ideal of B. Moreover pB = (an) and an = (Xn + a1X
n−1 + · · · + an−1X) ⊂ (X) in B. So

P = pB + (x) = (an) + (x) = (x) is principle in B. B is DVR.

Applying the Dedekind Theorem to B/A, as f(X) = Xn, B is totally ramified over A.

Conversely, let L/K be a totally ramified extension, let B be the integral closure of A in L.

Let [L : K] = n, then there exists a unique prime ideal P ⊂ B lying over p, and pB = Pn,

B/P = A/p. Let ϖ ∈ B be a uniformizer, then π = uϖn, u ∈ B× is a uniformizer of A. Clearly

K ⊂ K(ϖ) ⊂ L. Assume C be the integral closure of A in K(ϖ), and let Q = P ∩ C, then

ϖ ∈ Q. It follows that ϖB = P ⊂ QB, so P = QB. Since we have QBP = PeL/K,PBP = PBP,

eK(ϖ)/K,Q = n thanks to Proposition 6.1. However eK(ϖ)/K,Q ≤ [K(ϖ) : K], so n = [L : K] ≤

[K(ϖ) : K] ≤ [L : K] = n, get K(ϖ) = L. Let f(X) = Xn + a1X
n−1 + · · ·+ an−1X + an be the

minimal polynomial of ϖ over K. From L = K(ϖ), deg(f) = n. Moreover ϖ ∈ B integral over

A implies that f(X) ∈ A[X]. In B we have ϖn + a1ϖ
n−1 + · · · + an = 0. Assume conversely

there exists ai /∈ p, take i maximal such that ai /∈ p. Then aiϖ
n−1 ∈ Pn−i \Pn−i+1. However

aiϖ
n−i = −(ϖn + · · ·+ ai−1ϖ

n−i+1 + ai+1ϖ
n−i−1 + · · ·+ an) ∈ Pn−i+1, a contradiction. Hence

a1, · · · , an ∈ p. Now assume conversely an ∈ p2, then an ∈ P2n. But ϖn = −(a1ϖn−1 + · · · +

an) ∈ Pn+1, a contradiction since ϖ is uniformizer. We get ai ∈ p(1 ≤ i ≤ n) and an ∈ p \ p2,

f(X) is a Eisenstein polynomial. Thus B = A[ϖ], L = K[ϖ] = K[X]/(f(X)).
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9 Discriminant

Suppose that B = A[α] for some α ∈ B, let f(X) ∈ A[X] be the minimal polynomial. By the

Dedekind Theorem, the factorization of pB is determined by the factorization of f(X) mod p ∈

A/p[X]. Thus there exists P | p such that L/K is ramified iff f(X) mod p = 0 has multiple root.

Let α1 = α, α2, · · · , αn be the root of f(X) in Ksp, define

∆(f) =
∏

1≤i̸=j≤n

(αi − αj) = (−1)
n(n−1)

2

∏
1≤i<j≤n

(αi − αj)
2,

then f(X) mod p has multiple root ⇐⇒ there exists i ̸= j such that αi ≡ αj (mod P),

P ⊂ OKsp and P | p ⇐⇒ ∆(f) ≡ 0 (mod P) ⇐⇒ ∆(f) ≡ 0 (mod p) (Since the discriminant

can be expressed as a function of coefficients of f(X) and f(X) ∈ A[X], ∆(f) ∈ A).

Note that

∏
1≤i<j≤n

(αj − αi) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

...
...

. . .
...

αn−1
1 αn−1

2 · · · αn−1
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

Moreover 1, α, α2, · · · , αn−1 is a basis of B as A-module. Let β1, · · · , βn be a basis of B as

A-modules, let σi : L → Ksp, i = 1, · · · , n be all the K-embeddings. Since L/K is separable,

there exactly exists n embeddings. Let

B0 =


σ1(β1) σ2(β1) · · · σn(β1)

σ1(β2) σ2(β2) · · · σn(β2)
...

...
. . .

...

σ1(βn) σ2(βn) · · · σn(βn)

 .

Then there exists g ∈ GLn(A) such that
β1

β2
...

βn

 = g


1

α
...

αn−1

 ,
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which implies that det(g) ∈ A×. So
σi(β1)

σi(β2)
...

σi(βn)

 = g


σi(1)

σi(α)
...

σi(α
n−1)

 .

Let

A0 =



1 1 · · · 1

α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

...
...

. . .
...

αn−1
1 αn−1

2 · · · αn−1
n


,

then B0 = gA0, so det(B0) = det(g) · det(A0), so (det(B0)
2) = (det(A0)

2) = (∆(f)).

Consider

B0B
⊤
0 =


σ1(β1) σ2(β1) · · · σn(β1)

σ1(β2) σ2(β2) · · · σn(β2)
...

...
. . .

...

σ1(βn) σ2(βn) · · · σn(βn)




σ1(β1) σ1(β2) · · · σ1(βn)

σ2(β1) σ2(β2) · · · σn(β2)
...

...
. . .

...

σn(β1) σn(β2) · · · σn(βn)


=

(
n∑

k=1

σk(βi)σk(βj)

)
i,j=1,··· ,n

=

(
n∑

k=1

σk(βiβj)

)
i,j=1,··· ,n

=
(
TrL/K(βiβj)

)
i,j=1,··· ,n .

Hence (∆(f)) = det(B0B
⊤
0 ) = det

(
TrL/K(βiβj)

)
i,j=1,··· ,n. In general, given a basis W =

{β1, · · · , βn} of L over K, define

∆L/K,W = det
(
TrL/K(βiβj)

)
i,j=1,··· ,n .

Here ∆L/K,W depends on the basis W . If W ′ is another basis of B over A, then (∆L/K,W ′) =

(∆L/K,W ).

In general, B is a locally free A-module of rank n = [L : K]. For p ⊂ A an ideal, then Bp is

a free Ap-module of rank n = [L : K]. Take a basis {β1, · · · , βn} of Bp as Ap-module, define

∆L/K = det
(
TrL/K(βiβj)

)
i,j=1,··· ,n ∈ Ap.
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More intrinsically, consider the bilinear form

⟨ , ⟩ : L× L −→ K, (x, y) 7−→ TrL/K(xy).

If x, y ∈ B, then xy ∈ B integral over A, TrL/K(xy) ∈ K is also integral over A, which implies

that TrL/K(xy) ∈ A since A is integrally closed in K. It restricts to non-degenerated bilinear

form

⟨ , ⟩ : B ×B −→ A.

Localized at p, get

⟨ , ⟩p : Bp ×Bp −→ Ap.

Then det
(
TrL/K(βiβj)

)
i,j=1,··· ,n is the discriminant of the bilinear form ⟨ , ⟩p.

Proposition–Definition 9.1. Let dp = valp(∆L/K,p), then dp ̸= 0 for only finitely many p ⊂ A.

Hence the product

∆L/K =
∏

p prime

pdp

is well-defined, we call it the discriminant for L/K.

Proof. Let α1, · · · , αn ∈ B such that they form a basis of L/K, let Λ =
⊕n

i=1Aαi ⊂ B. Then

Λp ⊂ Bp for all p ⊂ A prime. Let β1, · · · , βn be a basis of Bp over Ap, then
α1

α2

...

αn

 = g


β1

β2
...

βn


for some g ∈ GLn(K) ∩Mn(Ap). Let σ1, · · · , σn : L ↪→ Ksp, it follows that

σ1(α1) σ2(α1) · · · σn(α1)
...

...
. . .

...

σ1(αn) σ2(αn) · · · σn(αn)

 = g


σ1(β1) σ2(β1) · · · σn(β1)

...
...

. . .
...

σ1(βn) σ2(βn) · · · σn(βn)

 .

Let

A′ =


σ1(α1) σ2(α1) · · · σn(α1)

...
...

. . .
...

σ1(αn) σ2(αn) · · · σn(αn)

 , B′ =


σ1(β1) σ2(β1) · · · σn(β1)

...
...

. . .
...

σ1(βn) σ2(βn) · · · σn(βn)

 ,
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get det(A′A′⊤) = det(g)2 det(B′B′⊤) = det(g)2∆L/K,p. g ∈ Mn(Ap) implies that det(g) ∈

Ap. Since αi ∈ B for all i, TrL/K(αiαj) ∈ K integral over A, so TrL/K(αiαj) ∈ A, and so

det
(
TrL/K(αiαj)

)
i,j=1,··· ,n ∈ A. Now valp

(
det(A′A′⊤)

)
= 2valp(det(g)) + valp

(
∆L/K,p

)
, it

follows that dp ≤ valp

(
det
(
TrL/K(αiαj)

)
i,j=1,··· ,n

)
. On the other hand ∆L/K,p ∈ Ap gives

dp ≥ 0. Therefore

0 ≤ dp ≤ valp

(
det
(
TrL/K(αiαj)

)
i,j=1,··· ,n

)
.

Since A is Dedekind ring,(
det
(
TrL/K(αiαj)

)
i,j=1,··· ,n

)
=
∏
p

p
valp

(
det(TrL/K(αiαj))

i,j=1,··· ,n

)
.

There are finitely many p ⊂ A such that valp

(
det
(
TrL/K(αiαj)

)
i,j=1,··· ,n

)
̸= 0. So dp ̸= 0 for

finitely many p. ∆L/K is finite product, so is well-defined.

10 Different

Recall that we have the non-degenerated bilinear form

⟨ , ⟩ : B ×B −→ A, (x, y) 7−→ TrL/K(xy).

Consider B∨ = {x ∈ L | ⟨x, y⟩ ∈ A, ∀y ∈ B}. We have B∨ ∼= HomA(B,A) defined by x 7→(
y 7→ TrL/K(xy)

)
, since B is a finitely generated A-module, B∨ is also a finitely generated A-

module. It is an A-module inside L, it is a fractional ideal of L. Moreover B∨ ⊃ B.

Definition 10.1. Let δL/K = (B∨)−1 = {z ∈ L | zB∨ ⊂ B} ⊂ B, it is called the different of

extension L/K.

Definition 10.2. Consider the group homomorphism NL/K : IL → IK such that NL/K(P) =

pfP , where p = P ∩OK and fP = [OL/P : OK/p] is residue degree. For general fractional ideal

A =
∏

P PnP , let NL/K(A) =
∏

P NL/K(P)nP =
∏

P(P ∩ OK)nPfP .

δL/K B L

∆L/K A K

⊂ ⊂

⊂ ⊂

Proposition 10.1. 1) Let K ⊂M ⊂ L be a tower of finite separable extension, then NL/K =

NM/K ◦NL/M .

2) Let L/K be a finite Galois extension with Gal(L/K) = G, then NL/K(P)OL =
∏

σ∈G σ(P).
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3) For x ∈ L×, then NL/K((x)) =
(
NL/K(x)

)
.

4) Let K be a finite extension of Q, a ⊂ OK be nonzero ideal, then NK/Q(a) = |OK/a|Z.

Proof. 1) Let P ⊂ OL be a nonzero prime ideal, let p = P ∩ OK and q = P ∩ OM .

Then NL/K(P) = pfL/K,P . On the other hand NM/K ◦NL/M (P) = NM/K

(
qfL/M,P

)
=

NM/K(q)fL/M,P =
(
pfM/K,q

)fL/M,P . Hence NL/K(P) = NM/K ◦NL/M (P) since fL/K,P =

fM/K,qfL/M,P.

2) Let p = P∩OK . Suppose that pOL =
∏r

i=1 P
e
i . Suppose that P1 = P, then r = |G/DP|.

Therefore
∏

σ∈G σ(P) =
∏r

i=1 P
|DP|
i =

∏r
i=1 P

ef
i = (

∏r
i=1 P

e
i )

f
= pfOL. Note that

NL/K(P)OL = pfOL, we obtain NL/K(P)OL =
∏

σ∈G σ(P).

3) For arbitrary x ∈ L×, we have

(x) =
∏
P

PvP(x),

which implies that

NL/K((x)) =
∏
P

NL/K(P)vP(x) =
∏
p

p
∑

P|p fPvP(x).

Use the fact

vp
(
NL/K(x)

)
=
∑
P|p

fPvP(x),

get (
NL/K(x)

)
=
∏
p

pvp(NL/K(x)) =
∏
p

p
∑

P|p fPvP(x).

Consequently NL/K((x)) =
(
NL/K(x)

)
.

4) For distinct nonzero prime ideals pi, pj ⊂ OK , by the Chinese Remainder Theorem,

OK/p
ni
i p

nj

j = OK/p
ni
i ×OK/p

nj

j , which implies that
∣∣OK/p

ni
i p

nj

j

∣∣ = |OK/p
ni
i | ·

∣∣OK/p
nj

j

∣∣.
Let p ⊂ OK be a nonzero prime ideal, we have OKp/pOKp = OK/p. Consider the filtration

OKp ⊃ pOKp ⊃ · · · ⊃ pnOKp, get |OK/p
n| =

∣∣OKp/p
nOKp

∣∣ = ∏n
i=1

∣∣pi−1OKp/p
iOKp

∣∣ =∏n
i=1

∣∣OKp/pOKp

∣∣ = |OK/p|n. Consequently,
∣∣∣OK/

∏
p p

np

∣∣∣ = ∏
p |OK/p|np . Enough to

verify for a = p. Assume p ∩ Z = pZ and f = [OK/p : Fp], then NK/Q(p) = pfZ. So

|OK/p| = pfZ = NK/Q(p).

Proposition 10.2. We have ∆L/K = NL/K(δL/K).
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Proof. Enough to verify that ∆L/K,p = NL/K(δL/K,p) for arbitrary p ⊂ A prime. Consider the

bilinear form

⟨ , ⟩p : Bp ×Bp −→ Ap

Let β1, · · · , βn be a set of basis Bp over Ap, let β∗
1 , · · · , β∗

n be the dual basis of β1, · · · , βn,

i.e.,
〈
βi, β

∗
j

〉
= δij . So B∨

p = Apβ
∗
1 + · · · + Apβ

∗
n. Since B is a Dedekind domain, Bp is PID.

Thus δL/K,p = (δ) for some δ ∈ Bp. Moreover δL/K,p =
(
B∨

p

)−1
, δB∨

p = Bp, i.e., Bp =

Apδβ
∗
1 + · · ·+Apδβ

∗
n. Thus δβ

∗
1 , · · · , δβ∗

n is a basis of Bp over Ap. By definition,

∆L/K,p =
(
det
(
TrL/K(βiβj)

)
i,j=1,··· ,n

)

=

det


σ1(β1) σ2(β1) · · · σn(β1)

σ1(β2) σ2(β2) · · · σn(β2)
...

...
. . .

...

σ1(βn) σ2(βn) · · · σn(βn)



 ·
det


σ1(β1) σ1(β2) · · · σ1(βn)

σ2(β1) σ2(β2) · · · σ2(β2)
...

...
. . .

...

σn(β1) σn(β2) · · · σn(βn)





=

det


σ1(β1) σ2(β1) · · · σn(β1)

σ1(β2) σ2(β2) · · · σn(β2)
...

...
. . .

...

σ1(βn) σ2(βn) · · · σn(βn)



 ·
det


σ1(δβ

∗
1) σ1(δβ

∗
2) · · · σ1(δβ

∗
n)

σ2(δβ
∗
1) σ2(δβ

∗
2) · · · σ2(δβ

∗
2)

...
...

. . .
...

σn(δβ
∗
1) σn(δβ

∗
2) · · · σn(δβ

∗
n)




=
(
det
(
TrL/K(βiβ

∗
j )
)
i,j=1,··· ,n ·NL/K(δ)

)
=
(
NL/K(δ)

)
= NL/K((δ))

= NL/K(δL/K,p).

Lemma 10.1. Let L/K be a finite separable extension. Let a ⊂ K, b ⊂ L be fractional ideals,

then TrL/K(b) ⊂ a ⇐⇒ b ⊂ aB · δ−1
L/K . Here TrL/K(b) := {TrL/K(x) | x ∈ b} ⊂ K.

Proof. TrL/K(b) ⊂ a ⇐⇒ a−1 TrL/K(b) ⊂ OK ⇐⇒ TrL/K(a−1b) ⊂ OK ⇐⇒ a−1b ⊂ O∨
K =

δ−1
L/K ⇐⇒ b ⊂ aB · δ−1

L/K .

Proposition 10.3. Let K ⊂ M ⊂ L be a tower of finite separable extension, then δL/K =

δL/M · δM/K , ∆L/K = NM/K(∆L/M ) ·∆[L:M ]
M/K .
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Proof. Let a ⊂ K be arbitrary fractional ideal. Then by Lemma 10.1, a ⊂ δ−1
L/K ⇐⇒

TrL/K(a) ⊂ OK ⇐⇒ TrM/K

(
TrL/M (a)

)
⊂ OK ⇐⇒ TrL/M (a) ⊂ δ−1

M/K ⇐⇒ a ⊂ δ−1
M/Kδ

−1
L/M .

So δL/K = δL/M · δM/K .

So

∆L/K = NL/K(δL/K)

= NL/K(δM/K)NL/K(δL/M )

= NM/K

(
NL/M (δM/K)

)
NM/K

(
NL/M (δL/M )

)
= NM/K

(
δ
[L:M ]
M/K

)
NM/K(∆L/M )

= NM/K(∆L/M ) ·∆[L:M ]
M/K .

Here we prove, if c ⊂ L be a fractional ideal, then NL/M (cB) = c[L:M ], which implies that

NL/M (δM/K) = δ
[L:M ]
M/K . Write c =

∏
q⊂OM

qnq , then

qB =
∏

q⊂OM

(qB)nq =
∏

q⊂OM

∏
P|q

PnqeP .

It follows that

NL/M (cB) =
∏
q

∏
P|q

qnqePfP =
∏
q

qnq

∑
P|q ePfP =

∏
q

qnq[L:M ] = c[L:M ].

Proposition 10.4. Suppose that B = A[α] for some α ∈ B, let f(X) ∈ A[X] be the minimal

polynomial, then δL/K = (f ′(α)).

Proof. Since B = A[α], 1, α, · · · , αn−1 is a basis of B over A, where n = [L : K]. We prove

B∨ = (1/f ′(α))B, in this case δL/K = (B∨)−1 = ((1/f ′(α))B)−1 = (f ′(α)).

Let f(X) be minimal polynomial of α, since L/K is separable, f ′(α) ̸= 0. In L[X] we

write f(X)/(X − α) = c0 + c1X + · · · + cn−1X
n−1. Note that f(X)/(X − α) = Xn−1 + (α +

an−1)X
n−2+(α2+an−1α+an−2)X

n−3+· · · , so c0, · · · , cn−1 ∈ A[α] = B. Moreover c0, · · · , cn−1

is also a basis of B over A. Let σ1, · · · , σn be K-embeddings of L/K, and let αi = σi(α), then

f(X) =
∏n

i=1(X − αi) and f
′(αi) =

∏
r ̸=i(αi − αr). Apply σi to f(X)/(X − α) =

∑n−1
j=0 cjX

j ,

get f(X)/(X − αi) =
∑n−1

j=0 σi(cj)X
j . Let

ℓi(X) =
f(X)

(X − αi)f ′(αi)
=
∏
r ̸=i

X − αr

αi − αr
.
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Now f(X)/(X − αi) =
∑n−1

j=0 σi(cj)X
j , we have

ℓi(X) =
f(X)

(X − αi)f ′(αi)
=

n−1∑
j=0

σi(cj)

f ′(αi)
Xj =

n−1∑
j=0

σi

(
cj

f ′(α)

)
Xj .

Lagrange interpolation gives Xm =
∑n

i=1 α
m
i ℓi(X). That is,

Xm =

n∑
i=1

αm
i

n−1∑
j=0

σi

(
cj

f ′(α)

)
Xj

 =

n−1∑
j=0

(
n∑

i=1

αm
i σi

(
cj

f ′(α)

))
Xj .

Hence
n∑

i=1

αm
i σi

(
cj

f ′(α)

)
=

n∑
i=1

σi

(
αm cj

f ′(α)

)
= TrL/K

(
αm cj

f ′(α)

)
= δmj .

That is, c0/f
′(α), · · · , cn−1/f

′(α) is dual basis of 1, α, · · · , αn−1. Consequently

B∨ = A
c0

f ′(α)
+ · · ·+A

cn−1

f ′(α)
=

1

f ′(α)
B.

Proposition 10.5. Let L/K be finite separable extension, let P ⊂ B be a nonzero prime ideal,

let p = P ∩A, then L/K is ramified at P iff P | δL/K . In this case p | ∆L/K .

Proof. Ramification is a local property, it depends only on the extension LP/Kp. Moreover if

δL/K =
∏

Q⊂B QdQ , then δL/K,P = PdP , P | δL/K iff dP > 0, which is also local. So we prove

under case LP/Kp. Let L0
P be the maximal unramified extension of Kp contained in LP, then

LP/L
0
P is totally ramified.

Now prove both OLP
/OL0

P
and OL0

P
/OKp

are generated by one element. Let q ⊂ OL0
P

be the maximal ideal. Since L0
P is unramified, (OL0

P
/q)/(OKp

/pOKp
) is separable, so we can

take α ∈ OL0
P

such that OL0
P
/q = OKp

/pOKp
(α), where α ∈ OL0

P
/q. Let g(X) ∈ OKp

[X]

be the minimal polynomial of α over Kp, then [OL0
P
/q : OKp

/pOKp
] ≤ deg(g(X)). On the

other hand deg(g(X)) ≤ [L0
P : Kp] since Kp(α) ⊂ L0

P. From [OL0
P
/q : OKp

/pOKp
] = [L0

P :

Kp], we obtain [Kp(α) : Kp] = [L0
P : Kp], combine Kp(α) ⊂ L0

P get Kp(α) = L0
P. Since

OL0
P
/q = OKp

/pOKp
(α), 1, α, · · · , αr−1 generates OL0

P
/q as OKp

/pOKp
-vector space, where

r = [L0
P : Kp]. It follows that OKp

[α] + pOKp
OL0

P
= OL0

P
. Nakayama Lemma gives OL0

P
=

OKp
[α]. Now consider totally ramified extension LP/L

0
P. Let π be the uniformizer of OLP

,

that is, POLP
= (π). LP/L

0
P is totally ramified implies that qOLP

= (POLP
)m = (πm) where

m = [LP : L0
P] and OL0

P
/q = OLP

/POLP
. For arbitrary x ∈ OLP

, one can choose a0 ∈ OL0
P

such that x− a0 ∈ (π), i.e., there exists x1 ∈ OLP
such that x− a0 = πx1. Similarly, repeating
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this process, get a0, · · · , am−1 ∈ OL0
P

such that x −
∑m−1

i=0 aiπ
i ∈ (πm) = qOLP

. Therefore

OLP
= OL0

P
[π] + qOLP

, by Nakayama Lemma OLP
= OL0

P
[π].

Apply Proposition 10.4. We have δL0
P/Kp

= (g′(α)). g(X) = g(X) mod q is the minimal

polynomial of α and (OL0
P
/q)/(OKp

/pOKp
) is separable implies that g′ (α) ̸= 0. So g′(α) /∈ q,

g′(α) is a unit in OL0
P
, δL0

P/Kp
= OL0

P
. Let h(X) ∈ OL0

P
[X] be the minimal polynomial of π

over L0
P, we have deg(h(X)) = m. Write h(X) = Xm + a1X

m−1 + · · · + am−1X + am. Since

OLP
= OL0

P
[X]/(h(X)), then OLP

/qOLP
=
(
OL0

P
/q
)
[X]/

(
h(X)

)
. Note that OLP

/qOLP
=

OLP
/(πm), we get Xm ∈

(
h(X)

)
, which forces h(X) = Xm. Therefore a1, · · · , am ∈ q. For

m > 1, h′(π) = mπm−1 + (m − 1)a1π
m−2 + · · · + 2am−2π + am−1 ∈ (π). δLP/LP0

= (h′(π))

implies that P | δLP/L0
P
. Combine multiplicativity of different get the Proposition.

Moreover if m = 1, LP = L0
P, then δLP/Kp

= δL0
P/Kp

= OL0
P
, P ∤ δ.

11 Dedekind zeta function

Let K/Q be a finite extension.

Recall that Riemann zeta function

ζ(s) =

+∞∑
n=1

1

ns

=
∏

p prime

(
1 +

1

ps
+

1

p2s
+

1

p3s
+ · · ·

)
=

∏
p prime

1

1− p−s

converges absolutely for Re(s) > 1. The Dedekind zeta function is defined by

ζK(s) =
∑

a⊂OK

1

N(a)s

=
∏

p⊂OK
p prime

(
1 +

1

N(p)s
+

1

N(p)2s
+

1

N(p)3s
+ · · ·

)

=
∏

p⊂OK
p prime

1

1−N(p)−s

Here N(a) = |OK/a|. By the Chinese Remainder Theorem N (pn1
1 · · · pnr

r ) = N(p1)
n1 · · ·N(pr)

nr .

Proposition 11.1. ζK(s) absolutely converges for Re(s) > 1, hence it defines a holomorphic

function on Re(s) > 1.
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Proof. Take log of the product expansion,

∑
p⊂OK
p prime

log

(
1

1−N(p)−s

)
=

∑
p⊂OK
p prime

+∞∑
n=1

1

nN(p)ns
.

It follows that ∑
p⊂OK
p prime

∣∣∣∣log( 1

1−N(p)−s

)∣∣∣∣ ≤ ∑
p⊂OK
p prime

+∞∑
n=1

1

nN(p)nRe(s)
.

For Re(s) > 1, N(p) = pf ≥ p thanks to Proposition 10.1, so

∑
p⊂OK
p prime

+∞∑
n=1

1

nN(p)nRe(s)
≤

∑
p prime

∑
p|p

+∞∑
n=1

1

npnRe(s)
≤

∑
p prime

+∞∑
n=1

[K : Q]

npnRe(s)

since #{p : p | p} ≤ [K : Q]. Now

[K : Q]
∑

p prime

+∞∑
n=1

1

npnRe(s)
≤ [K : Q]

∑
p prime

+∞∑
n=1

1

pnRe(s)

≤ [K : Q]
∑

p prime

p−Re(s)

1− p−Re(s)

≤ [K : Q]
1

1− 2−Re(s)

∑
p prime

1

pRe(s)

≤ [K : Q]
1

1− 2−Re(s)

+∞∑
m=1

1

mRe(s)

converges as Re(s) > 1.

Example 11.1. Consider the Gaussian integer ring Z
[√
−1
]
⊂ K = Q

(√
−1
)
. Here Z

[√
−1
]

is a ED, hence a PID.

ζK(s) =
∑

a⊂OK

1

N(a)s
=

∑
a∈OK/O×

K

1

N((a))s
=

1

4

+∞∑
m,n=−∞

(m,n)̸=(0,0)

1

N
((
m+ n

√
−1
))s

We prove: for a = m + n
√
−1 ∈ Z

[√
−1
]
, (m,n) ̸= (0, 0), we have N((a)) = m2 + n2. From(

m+ n
√
−1
) (
x+ y

√
−1
)
= (mx − ny) + (my + nx)

√
−1, (a) is generated by a = m + n

√
−1

and a
√
−1 = −n + m

√
−1 as Z-submodule. That is, when x, y run over all the integers, (a)

corresponds to (mx−ny, nx+my). The sublattice of Z
[√
−1
]
corresponding to (a) is generated

by the column vectors of m −n

n m

 .
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Therefore ∣∣Z [√−1] /(a)∣∣ =
∣∣∣∣∣∣det

m −n

n m

∣∣∣∣∣∣ = m2 + n2.

Consequently

ζK(s) =
1

4

+∞∑
m,n=−∞

(m,n)̸=(0,0)

1

(m2 + n2)s
.

On the other hand recall Example 6.1,
√
−1 has minimal polynomial X2 + 1 with discriminant

∆ = −4, so the only ramified prime is 2. In Z
[√
−1
]
, we have (2) =

(
1 +
√
−1
) (

1−
√
−1
)
=(

1 +
√
−1
)2
. For odd prime number p, p is unramified. p splits iff X2 + 1 has a solution in Fp,

iff
(

−1
p

)
= 1, i.e., p ≡ 1 (mod 4). In this case (p) = pp, f = 1, e = 1, r = 2. It follows that

N(p) = N (p) = p. p inert iff X2 + 1 = 0 has no solution in Fp, iff
(

−1
p

)
= −1, i.e., p ≡ 3 mod 4.

In this case (p) is prime ideal in Z
[√
−1
]
, we have f = 2, e = 1, r = 1, so N((p)) = p2.

Consequently,

ζK(s) =
∏

p⊂OK
p prime

1

1−N(p)−s

=
1

1− 2−s

∏
(p)=pp

1

(1− p−s)2

∏
p inert

1

1− p−2s

=
1

1− 2−s

∏
(p)=pp

1

(1− p−s)2

∏
p inert

1

(1− p−s)(1 + p−s)

= ζ(s)
∏

p≡1 mod 4

1

1− p−s

∏
p≡3 mod 4

1

1 + p−s
.

We have G = Gal(K/Q) = {1, σ}, where σ
(√
−1
)
= −
√
−1. Let χ : G → {±1} defined by

χ(1) = 1 and χ(σ) = −1 be a character. For p ̸= 2, p is unramified. If p splits, Z
[√
−1
]
/p = Fp,

xp = x for every x ∈ Fp, so Frp = 1, get χ(Frp) = 1. We have

1

1− χ(Frp)
ps

=
1

1− p−s
.

If p inert, Z
[√
−1
]
/(p) = Fp2 , so Frp = σ, which implies that χ(Frp) = −1.

1

1− χ(Frp)
ps

=
1

1 + p−s
.

Hence we obtain

ζK(s) = ζ(s)
∏
p̸=2

1

1− χ(Frp)
ps

.
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Consider φ : Z/4→ {±1} be Dirichlet character modulo 4, defined by

φ(n) =


1 if n ≡ 1 mod 4,

−1 if n ≡ 3 mod 4,

0 if n ≡ 0, 2 mod 4.

Then

ζK(s) = ζ(s)
∏
p̸=2

1

1− φ(p)
ps

= ζ(s)

+∞∑
n=1

φ(n)

ns

as Re(s) > 1.

12 Representations of finite group

Let G be a finite group, V is finite dimensional C-vector space. A representation is a group

homomorphism ρ : G → GL(V ) which satisfies ρ(g1g2) = ρ(g1)ρ(g2) and ρ(e) = IdV . The

character χρ : G → C is defined by g 7→ Tr(ρ(g)). Equivalently, χρ(g) is the sum of the

eigenvalues of ρ(g), counted with multiplicity. It is invariant under G-conjugacy. That is, it is a

class function. Let C(G) = {f : G→ C} be the vector space of functions on G of dimension |G|,

define the inner product

⟨φ,ψ⟩G =
1

|G|
∑
g∈G

φ(g)ψ(g).

Definition 12.1. Let ρ : G → GL(V ) be a representation. A linear subspace W ⊂ V is called

a subrepresentation of ρ if ρ(g)W ⊂ W for all g ∈ G. ρ is called irreducible if it has no

nontrivial subrepresentation.

Define C[G] =
{∑

g∈G agg | ag ∈ C
}
, which is called the group algebra. If x =

∑
g∈G agg

and y =
∑

h∈G bhh, then xy =
∑

g,h∈G agbh(gh). This makes C[G] an algebra. For x ∈ G, define

Lx : C[G] → C[G] by y 7→ xy, then G → GL(C[G]) given by x 7→ Lx is a representation, called

the left regular representation. On the other hand, let ρ : G → GL(V ), then V becomes a

C[G]-module by
(∑

g∈G agg
)
· v =

∑
g∈G agρ(g)v. Consequently, the representation of G has

C[G]-module structure; and every C[G]-module gives a representation of G.

Proposition 12.1. 1) Let W ⊂ V be a subrepresentation, then there exists a subrepresenta-

tion W ′ of V such that V =W ⊕W ′. In particular, any representation can be decomposed

as direct sum of irreducible representations.

50



2) Let ρ, ρ′ be irreducible representations, then

⟨χρ, χρ′⟩G =

1 if ρ = ρ′,

0 if ρ ̸= ρ′.

Thus V =
⊕

ρ′∈Irr(G) ρ
⊕⟨χρ,χρ′ ⟩G .

3) C[G] =
⊕

ρ∈Irr(G) ρ
⊕ dim(ρ).

For a subgroup H < G, a representation ρH : H → GL(W ), define the induced represen-

tation IndGH ρH as C[G]⊗C[H]W . Here gh⊗w = g⊗ρH(h)w for g ∈ G, h ∈ H and w ∈W . The

C[G]-module action is given by b · (x⊗ w) = (bx)⊗ w, where b, x ∈ C[G] and w ∈W .

Theorem 12.1 (Frobenius reciprocity). Let ρ be a representation of G, ρH a representation of

H, then

HomG

(
IndGH ρH , VG

)
= HomH(VH , VG),

which implies that 〈
χIndG

H ρH
, χρ

〉
G
= ⟨χρH

, χρ⟩H .

13 Artin L-function

Let L/K be a finite Galois extension of Galois group G. For a representation ρ : G → GL(V ),

where V is a finite dimensional C-vector space, define the Artin L-function as

L(s, ρ, L/K) =
∏

p⊂OK

det
(
Id−ρ(Frp)N(p)−s, V Ip

)−1

Lemma 13.1. For a matrix A ∈ Mn×n(C),

log det(Id−At) = −
+∞∑
n=1

Tr(An)tn

n
.

Proof. Let A ∈ Mn×n(C), since C is algebraically closed, there exists invertible matrix P such

that PAP−1 = T is an upper triangular matrix. Let λ1, · · · , λm be the diagonal entries of T ,

they are precisely eigenvalues of A. Therefore,

det(Id−At) = det(Id−Tt) =
m∏
i=1

(1− λit),

Tr(Ar) = Tr(T r) =

m∑
i=1

λri .
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When |t| sufficiently small, |λit| < 1 for all i, so

log det(Id−At) =
m∑
i=1

log(1− λit) = −
m∑
i=1

∞∑
n=1

λni t
n

n
= −

+∞∑
n=1

m∑
i=1

λni t
n

n
= −

∞∑
n=1

Tr(An)tn

n
.

Proposition 13.1. L(s, ρ, L/K) is absolutely convergent for Re(s) > 1.

Proof. Take log of the RHS, get

−
∑

p⊂OK

log det
(
Id−ρ(Frp)N(p)−s, V Ip

)
=
∑

p⊂OK

+∞∑
n=1

Tr
(
ρ (Frp)

n
, V Ip

)
nN(p)ns

.

From d := dimC V < +∞, ρ(g) is of finite order, whose eigenvalues are all unity roots. Therefore

Tr
(
ρ (Frp)

n
, V Ip

)
≤ dimV Ip ≤ dimV = d.

Consequently, ∑
p⊂OK

+∞∑
n=1

∣∣∣∣∣Tr
(
ρ (Frp)

n
, V Ip

)
nN(p)ns

∣∣∣∣∣ ≤ d ∑
p⊂OK

+∞∑
n=1

1

nN(p)nRe(s)
,

which converges as Re(s) > 1.

Theorem 13.1. Let L/K be a finite Galois extension of Galois group G, then

1) Let ρ1, ρ2 be representations of G, then

L(s, ρ1 ⊕ ρ2, L/K) = L(s, ρ1, L/K)L(s, ρ2, L/K).

2) Let H ◁G, M = LH , let ρ be a representation of G/H, viewed as representation of G, then

L(s, ρ, L/K) = L(s, ρ,M/K).

3) Let H < G, let ρH be a representation of H, then

L
(
s, IndGH ρH , L/K

)
= L(s, ρH , L/M).

Proof. 1) Clearly (V1 ⊕ V2)
Ip = V

Ip
1 ⊕ V

Ip
2 . So (ρ1 ⊕ ρ2)(Frp)|V Ip

1 ⊕V
Ip
2

= ρ1(Frp)|V Ip
1

⊕

ρ2(Frp)|V Ip
2

. We can deduce

det
(
Id−(ρ1 ⊕ ρ2)(Frp)N(p)−s, (V1 ⊕ V2)Ip

)
= det

(
Id−ρ1(Frp)N(p)−s, V

Ip
1

)
det
(
Id−ρ2(Frp)N(p)−s, V

Ip
2

)
.

Taking the product over all p ⊂ OK , we obtain

L(s, ρ1 ⊕ ρ2, L/K) = L(s, ρ1, L/K)L(s, ρ2, L/K).
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2) Take nonzero prime ideal p ⊂ OK . Let P ⊂ OL satisfy P ∩ OK = p. Let q = P ∩ OM .

Recall that DP(L/K) = {g ∈ G : gP = P}, IP = Ker
(
DP(L/K)→ AutOK/p(OL/P)

)
,

Dq(M/K) = {g ∈ Gal(M/K) : gq = q}, Iq = Ker
(
Dq(M/K)→ AutOK/p(OM/q)

)
. From

Gal(M/K) = G/H, Dq and Iq can be regraded as subgroup of G/H. H ◁ G implies that

M/K is Galois.

To begin with we prove π(DP(L/K)) = Dq(M/K), where π : G→ G/H is natural projec-

tion. For arbitrary g ∈ DP(L/K), we have gP = P, so π(g)q = g(P∩OM ) = gP∩gOM =

P∩OM = q. So π(g) ∈ Dq(M/K). That is, π(DP(L/K)) ⊂ Dq(M/K). Now for arbitrary

g ∈ Dq(M/K) ⊂ G/H, one can choose a representative g ∈ G such that π(g) = g. Since

gq = q, we have gq = q. Moreover gP ∩ OM = g(P ∩ OM ) = gq = q. Thanks to Propo-

sition 7.1, there exists h ∈ H such that h(gP) = P, which implies that hg ∈ DP(L/K).

And π(hg) = π(g) = g. This implies that π(DP(L/K)) ⊃ Dq(M/K). We conclude that

π(DP(L/K)) = Dq(M/K).

Next we prove π(IP(L/K)) = Iq(M/K). For arbitrary g ∈ IP(L/K), we have g(x) ≡

x mod P, which is equivalent to g(x)−x ∈ P. Thus g(x)−x ∈ P∩OM = q, g(x) ≡ x mod q.

So π(g) ∈ Iq(M/K), we obtain π(IP(L/K)) ⊂ Iq(M/K). Take g ∈ Iq(M/K), there exists

g ∈ DP(L/K) such that π(g) = g. g ∈ DP(L/K) and g ∈ Iq(M/K) implies that gP = P

implies that g induces g̃ ∈ Gal((OL/P)/(OM/q)). Here (OL/P)/(OM/q) is extension of

finite fields, hence Galois. Thanks to Proposition 7.2, there exists h ∈ H ∩ DP(L/K)

such that g̃−1 is the image of h under DP(L/M)→ Gal((OL/P)/(OM/q)). Hence hg acts

trivially on OL/P, i.e., hg ∈ IP(L/K). On the other hand π(hg) = π(g) = g. Thus we get

Iq(M/K) ⊂ π(IP(L/K)). Consequently π(IP(L/K)) = Iq(M/K).

Now clearly we have π(FrP(L/K)) = Frq(M/K) and V IP(L/K) = V Iq(M/K). Moreover

ρ(FrP(L/K)) = ρ(Frq(M/K)). We finish the proof.

Theorem 13.2 (Artin). Let K/Q be a finite Galois extension of Galois group G, then

ζK(s) =
∏

ρ∈Irr(G)

L(s, ρ,K/Q)dim(ρ) = ζ(s)
∏

ρ∈Irr(G)
ρ̸=triv

L(s, ρ,K/Q)dim(ρ)

Proof.∏
ρ∈Irr(G)

L(s, ρ,K/Q)dim(ρ) = L(s, IndG{1} triv,K/Q) = L(s, triv,K/Q) = L(s, triv,K/K) = ζK(s).
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Theorem 13.3 (Brauer). Let G be a finite group, ρ : G→ GL(V ) a representation, then there

exists finitely many subgroups Hi < G and characters χi : Hi → C×, i = 1, · · · , r such that

χρ =

r∑
i=1

ni Ind
G
Hi
χi

for some ni ∈ Z.

Corollary 13.1. Let L/K be a finite Galois extension of Galois group G, with the above nota-

tions, let Mi = LHi , Li = LKer(χi), then

L(s, ρ, L/K) =

r∏
i=1

L(s, χi, Li/Mi)
ni

Proof.

L(s, ρ, L/K) =

r∏
i=1

L(s, IndGH χi, L/K)ni =

r∏
i=1

L(s, χi, L/Mi)
ni =

r∏
i=1

L(s, χi, Li/Mi)
ni .

Theorem 13.4. Let L/K be a finite abelian extension of Galois group G, let χ : G→ U(1) is a

nontrivial character, then L(s, χ, L/K) extends to a holomorphic function on C, which admits a

functional equation.

Sketch of Proof. Through class field theory, every character χ : G → U(1) corresponds to a

Hecke character of K. The Artin L-function L(s, χ, L/K) is equal to the corresponding Hecke

L-function. Hecke L-function admits meromorphic continuation and functional equation. If χ is

nontrivial, L(s, χ, L/K) is entire; if χ is trivial, we get Dedekind zeta function with simple pole

s = 1.

14 AQ and A×Q
Recall Zp = lim←−n

Z/pn. Then

lim←−
n

Z/n = lim←−
n=p

n1
1 ···pnr

r

Z/pn1
1 ⊕ · · · ⊕ Z/pnr

r =
∏

p prime

Zp =: Ẑ.

Define

AQ,f = Ẑ⊗Z Q =

(x2, x3, x5, · · · ) ∈
∏

p prime

Qp | xp ∈ Zp for all but finitely many p

 .
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Indeed, since Q = (Z \ {0})−1Z, one get Ẑ ⊗Z Q = (Z \ {0})−1Ẑ, so element in AQ,f can be

written as a/N , where a = (ap)p ∈
∏

p Zp and N ∈ Z \ {0}. If p ∤ N , N ∈ Z×
p , so ap/N ∈ Zp.

But such there are only finitely many p with p | N . On the other hand, given x = (xp)p ∈
∏

p Qp

with xp ∈ Zp for all but finitely many p, we can choose N =
∏

xp /∈Zp
pnp . Then Nxp ∈ Zp for all

p, which implies that x = Nx/N ∈ Ẑ⊗Z Q = AQ,f .

Let AQ = R× AQ,f , call it the ring of adèles of Q.

AQ =

(x∞, x2, x3, x5, · · · ) ∈ R×
∏

p prime

Qp | xp ∈ Zp for all but finitely many p

 .

Let |Q| = {∞, 2, 3, 5, · · · }, AQ has a basis of topology of the form∏
v∈S

S⊂|Q|,|S|<+∞

Uv ×
∏

v∈|Q|−S

Zp.

(AQ,+,×) is a topological ring. Indeed, let U∞ ×
∏

p∈S Uv ×
∏

p/∈S Zp where |S| < +∞, 0 ∈

U∞ ⊂ R open and 0 ∈ Up ⊂ Qp open. Then there exists 0 ∈ V∞ ⊂ R such that V∞ + V∞ ⊂ U∞

and 0 ∈ Vp ⊂ Qp such that Vp + Vp ⊂ Up for all p ∈ S. Let V = V∞ ×
∏

p∈S Vp ×
∏

p/∈S Zp, then

V is a open neighborhood of 0 and V +V ⊂ U . Thus + is continuous at 0. −U is also open since

−U∞ is open in R and −Up is open in Qp. Taking the additive inverse is continuous. Similarly

multiplication is continuous.

Consider Q ↪→ AQ defined by x 7→ (x, x, · · · ). It is well-defined since if we can write x = a/b,

a, b ∈ Z and gcd(a, b) = 1, there are only finitely many p with p | b, i.e., there are only finitely

many p with x /∈ Zp.

Proposition 14.1 (Weak approximation). Q is dense in AQ,f .

Proof. For x = (x∞, x2, x3, x5, · · · ) ∈ AQ,f , let S ⊂ |Q|f be finite set of places, let U =
∏

p∈S Up×∏
p/∈S Zp. Need to find element in (x + U) ∩ Q. By definition, there are finitely many p with

xp /∈ Zp. For such p, one can choose np ≥ 1 such that pnpxp ∈ Zp. Moreover choose rp ∈ Z such

that rp ≡ pnpxp mod pnpZp. (More precisely, one can choose the np-th component of pnpxp.)

It follows that xp − rp
pnp ∈ Zp. Let c =

∑
xp /∈Zp

rp
pnp ∈ Q, then x − c ∈ Ẑ. This implies that

AQ,f = Q+ Ẑ.

Therefore only need to prove Z is dense in Ẑ. That is, if we can find m ∈ Z such that

m ∈ (x− c) + U , then c+m ∈ (x+ U) ∩Q. Let x′ = (x′2, x
′
3, · · · ) ∈

∏
p Zp. Need to find m ∈ Z

such that m− x′p ∈ Up for all p ∈ S and m− x′p ∈ Zp for all p /∈ S. Since x′p ∈ Zp, for m ∈ Z we

must have m−x′p ∈ Zp. Up is open neighborhood of 0, there exists ap ≥ 1 such that papZp ⊂ Up,
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then it suffices to find m ∈ Z such that m − x′p ∈ papZp for all p ∈ S. One can choose tp ∈ Z

with tp ≡ x′p mod papZp, so only need to find m ∈ Z such that m ≡ tp mod pap for all p ∈ S. It

is OK by the Chinese Remainder Theorem.

Proposition 14.2 (Strong approximation). Q is discrete and cocompact (i.e., Q\AQ is compact)

in AQ.

Proof. Take V =
(
− 1

2 ,
1
2

)
×
∏

p Zp. If q ∈ Q ∩ V , then q ∈ Q ∩
⋂

p Zp = Z, which forces q = 0.

Thus Q is discrete in AQ.

For x = (xv)v∈|Q| ∈ AQ, there is only finitely many places where xp /∈ Zp, so there exists

c ∈ Q such that x− c ∈ R×
∏

p prime Zp. This implies that

AQ = Q+

R×
∏

p primes

Zp

 ,

so

Q\AQ = Q\Q+

R×
∏

p primes

Zp

 =

Q ∩ R×
∏

p prime

Zp

 \
R×

∏
p prime

Zp

 = Z\

R×
∏

p prime

Zp

 .

Projection to the first component, get homomorphism Z\R ×
∏

p prime Zp → Z\R with kernel∏
p prime Zp. One get continuous surjection [0, 1] ×

∏
p prime Zp → Z\R ×

∏
p prime Zp. Note

that it is restriction of R ×
∏

p prime Zp → Z\R ×
∏

p prime Zp, so it is continuous. [0, 1] is

bounded and closed then compact,
∏

p prime Zp is compact by Tychonoff Theorem. Therefore

Q\AQ = Z\R×
∏

p prime Zp, as the continuous image of compact set, is compact.

Let A×
Q be the group of invertible elements in AQ, called the group of idèles of Q. Explictly,

A×
Q =

(x∞, x2, x3, x5, · · · ) ∈ R× ×
∏

p prime

Q×
p | xp ∈ Zp, x

−1
p ∈ Zp for all but finitely many p


=

(x∞, x2, x3, x5, · · · ) ∈ R× ×
∏

p prime

Q×
p | xp ∈ Z×

p for all but finitely many p

 .

Attention: Consider A×
Q with the induced topology from AQ, then the inverse ι : A×

Q → A×
Q

defined by x 7→ x−1 is NOT continuous! Let pn be the n-th prime number, define x(n) =(
x
(n)
∞ , x

(n)
2 , x

(n)
3 , · · ·

)
by x

(n)
∞ = 1, x

(n)
pn = pn and x

(n)
q = 1 for all primes q ̸= pn. Let U∞ ×∏

p∈S Up ×
∏

p/∈S Zp be a open neighborhood of 1, here |S| < +∞, 1 ∈ U∞ and 1 ∈ Up for all

p ∈ S. Then pn /∈ S for n sufficiently large, one get x(n) → 1 under the topology of AQ. However,
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(
x(n)

)−1
/∈ R×

∏
p prime Zp since its pn-th component is p−1

n . Note that R×
∏

p prime Zp is open

neighborhood of 1. So
(
x(n)

)−1 ̸→ 1.

Consider the embedding A×
Q ↪→ AQ × AQ defined by x 7→ (x, x−1) for

(
A×

Q ,×
)
to be a

topological group, it is enough to take restriction of topology on AQ × AQ by the embedding ι.

That is, V ⊂ A×
Q open iff there exists open W ⊂ AQ ×AQ such that V = ι−1(W ). Then one can

get the topology of A×
Q is generated by the set of open subsets of the form

U∞ ×
∏
p∈S

(1 + papZp)×
∏
p/∈S

Z×
p ,

U∞ ⊂ R open containing 1. Indeed, recall that the basis of topology of AQ has the form U∞ ×∏
p∈S Up×

∏
p/∈S Zp. LetW1×W2 =

(
U

(1)
∞ ×

∏
p∈S1

U
(1)
p ×

∏
p/∈S1

Zp

)
×
(
U

(2)
∞ ×

∏
p∈S2

U
(2)
p ×

∏
p/∈S2

Zp

)
be an open neighborhood of (1, 1). If ι(x) =

(
x, x−1

)
∈ W1 ×W2, then xp ∈ Z×

p for p /∈ S =

S1 ∪ S2. On the other hand, for p ∈ S, we have xp ∈ U
(1)
p and x−1

p ∈ U
(2)
p (if p /∈ S1,

U
(1)
p = Zp; if p /∈ S2, U

(2)
p = Zp). Since U

(1)
p , U

(2)
p ⊂ Qp open, there exists ap ≥ 1 such that

1 + papZp ⊂ U
(1)
p ∩ U (2)

p . We claim that (1 + papZp)
−1

= 1 + papZp. For arbitrary xp ∈ Zp,

1+ papxp ≡ 1 mod pZp since ap ≥ 1. Then 1+ papxp ∈ Z×
p , (1 + papxp)

−1 ∈ Z×
p ⊂ Zp. Moreover

(1 + papxp)
−1 − 1 =

1−(1+papxp)
1+papxp

= −papxp (1 + papxp)
−1 ∈ papZp. One get (1 + papxp)

−1 ∈

1+papZp. Therefore (1 + papZp)
−1 ⊂ 1+papZp. It then follows that (1 + papZp)

−1
= 1+papZp.

Therefore xp ∈ 1 + papZp ⊂ U
(1)
p ∩ U (2)

p implies that x−1
p ∈ U

(1)
p ∩ U (2)

p . Also we can choose

U∞ = U
(1)
∞ ∩

{
x∞ ∈ R× | x−1

∞ ∈ U (2)
∞

}
. Consequently, U∞ ×

∏
p∈S (1 + papZp) ×

∏
p/∈S Z×

p ⊂

ι−1(W1 × W2). For the converse, given U∞ ×
∏

p∈S (1 + papZp) ×
∏

p/∈S Z×
p , one can choose

W1 = U∞ ×
∏

p∈S (1 + papZp) ×
∏

p/∈S Zp and W2 = R ×
∏

p∈S (1 + papZp) ×
∏

p/∈S Zp making

ι−1(W1 ×W2) = U∞ ×
∏

p∈S (1 + papZp)×
∏

p/∈S Z×
p , so U∞ ×

∏
p∈S (1 + papZp)×

∏
p/∈S Z×

p is

precisely open. We conclude that the topology of A×
Q is generated by the set of open subsets of

the form

U∞ ×
∏
p∈S

(1 + papZp)×
∏
p/∈S

Z×
p ,

U∞ ⊂ R open containing 1.

Consider Q× ↪→ A×
Q defined by x 7→ (x, x, · · · ). Define ∥ · ∥Q : A×

Q → R+ defined by

(xv)v∈|Q| 7→ |x∞| ×
∏

p prime |xp|p. Note that xp ∈ Z×
p iff |xp|p = 1, it is well-defined. It is

a group homomorphism.

Theorem 14.1 (Product formula). For arbitrary x ∈ Q×, ∥x∥Q = |x|∞ ×
∏

p prime |x|p = 1.

Proof. ∥ · ∥Q is multiplicative, and number in Q× can be factored as product of prime numbers,

it is enough to verify for x = p. ∥p∥Q = |p|∞
∏

ℓ prime |p|ℓ = p× p−1 = 1.
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Let A×,1
Q =

{
x = (xv) ∈ A×

Q | ∥x∥Q = 1
}
≤ A×

Q , then Q× ↪→ A×,1
Q .

Proposition 14.3. Q× is discrete and cocompact in A×,1
Q .

Proof. Discrete only need to find U containing 1 in A×,1
Q such that U ∩ Q× = {1}. Let U∞ =(

1
2 ,

3
2

)
, set U =

(
U∞ ×

∏
p prime Z×

p

)
∩ A×,1

Q . Assume that x ∈ U ∩ Q×, it follows that x ∈ U∞

and x ∈ Z×
p . Write x = a

b with a, b ∈ Z and gcd(a, b) = 1. If there exists prime p | b, then

x /∈ Zp, a contradiction. Thus b = ±1, which implies that x ∈ Z. If there exists prime p | x,

then x ∈ pZp, contradicts to x ∈ Z×
p . Thus x = ±1. Combine x ∈

(
1
2 ,

3
2

)
get x = 1. Therefore

U ∩Q× = {1}. Indeed, above proof shows that Q× is discrete in A×
Q .

By definition, x = (x∞, x2, x3, · · · ) ∈ A×,1
Q , then xp ∈ Z×

p for all but finitely many p. For

finitely many p, there exists np such that xp ∈ pnpZ×
p . Take c =

∏
xp /∈Z×

p
pnp ∈ Q×, then c−1xp ∈

Z×
p , c

−1x ∈ R× ×
∏

p prime Z×
p . By the product formula, ∥c−1x∥Q = ∥c−1∥Q∥x∥Q = 1 · 1 = 1. On

the other hand, c−1xp ∈ Z×
p gives

∣∣c−1xp
∣∣
p
= 1. Hence

∣∣c−1x∞
∣∣
∞ = 1, that is, c−1x∞ ∈ {±1}.

This implies that

A×,1
Q = Q× ×

(
R× ×

∏
p

Z×
p

)
= Q× ×

{±1} × ∏
p prime

Z×
p

 .

Thus

Q×\A×,1
Q = Q×∩

{±1} × ∏
p prime

Z×
p

 \
{±1} × ∏

prime

Z×
p

 = {±1}\

{±1} × ∏
prime

Z×
p

 =
∏

p prime

Z×
p .

Let π : Zp → Z/pZ be natural projection, then Z×
p = π−1(Z/pZ)×. Since (Z/pZ)× ⊂ Z/pZ is

closed, Z×
p ⊂ Zp is closed. Recall Example 3.3, Zp is compact. Therefore Q×\A×,1

Q is compact

by Tychonoff Theorem.

Now let K be a finite extension of Q, then OK is a free Z-module of rank n = [K : Q].

lim←−
a ideal

OK/a =
∏
p

ÔKp =
∏
p

Zp ⊗Z OK = Ẑ⊗Z OK .

Define

AK,f =

(∏
p

ÔKp

)
⊗OK

K =
(
Ẑ⊗Z OK

)
⊗OK

K = Ẑ⊗Z K =
(
Ẑ⊗Z Q

)
⊗Q K = AQ,f ⊗Q K.

It follows that

AK,f =

(xp)p∈|K|f ∈
∏

p∈|K|f

Kp | xp ∈ ÔKp for all but finitely many p

 .
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More precisely, since K = (OK \{0})−1OK , every x ∈ AK,f =
(∏

p ÔKp

)
⊗OK

K can be written

as x = a
c , where a = (ap)p ∈

∏
p ÔKp and c ∈ OK \ {0}. If c /∈ p, then c is invertible in ÔKp,

then
ap

c ∈ ÔKp. That is, xp ∈ ÔKp for all but finitely many p. For the converse, assume that

x = (xp)p ∈
∏

pKp and xp ∈ ÔKp for all but finitely many p. For each p with xp /∈ ÔKp, there

exists mp ∈ Z such that xp ∈ p−mpÔKp. Choose 0 ̸= c ∈
∏

xp /∈ÔKp
pmp ⊂ OK ⊂ ÔKp, then

cxp ∈ ÔKp for all p, one get x = cx
c ∈

(∏
p ÔKp

)
⊗OK

K.

Let AK,∞ = AQ,∞ ⊗Q K = R⊗Q K.

Proposition 14.4. Let τ1, · · · , τr be all the real embeddings of K, τr+1, τr+1, · · · , τr+s, τr+s be

all the complex embeddings of K, then K ⊗Q R =
∏r

i=1 R×
∏s

j=1 C.

Proof. Since K is finite extension of Q, then char(K) = 0, there exists α ∈ K such that K =

Q(α). Let f(X) ∈ Q[X] be the minimal polynomial of α, then f(X) = f1(X) · · · fr(X)fr+1(X) · · · fr+s(X) ∈

R[X]. Here fi(X) = X − τi(α) for 1 ≤ i ≤ r and fr+j(X) = (X − τr+j(α)) (X − τr+j(α)) for

1 ≤ j ≤ s. It follows that

K⊗QR = (Q[X]/f(X))⊗QR = R[X]/f(X) =

r∏
i=1

R[X]/fi(X)×
s∏

j=1

R[X]/fn+j(X) =

r∏
i=1

R×
s∏

j=1

C.

Define AK = AK,∞ × AK,f , with topology generated by∏
v|∞

Uv ×
∏
v∈S

|S|<+∞

Uv ×
∏

v∈|K|f−S

ÔKv.

(AK ,+,×) is a topological ring. Let A×
K be the group of invertible elements in AK , i.e.,

A×
K =

(xv)v∈|K| ∈
∏

v∈|K|

K×
p | xv ∈ ÔKv, x

−1
v ∈ ÔKv for all but finitely many v


=

(xv)v∈|K| ∈
∏

v∈|K|

K×
p | xv ∈ ÔKv

×
for all but finitely many v


with topology generated by sets of the form∏

v|∞

Uv ×
∏

v∈S⊂|K|f
|S|<+∞

Uv ×
∏

v∈|K|f−S

ÔKv

×

where Uv ∋ 1. Then (A×
K ,×) forms a topological ring.

Consider K ↪→ AK defined by x 7→ (x, x, · · · ).
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Proposition 14.5 (Weak approximation). K is dense in AK,f .

Proof. Let α1, · · · , αn be a basis of K as Q-vector space, then K = Qα1 + · · ·+Qαn. It follows

that AK,f = AQ,f ⊗Q K = An
Q,f . Then K ↪→ AK,f can be identified as Qn ↪→ An

Q,f . Now use

Proposition 14.1.

Proposition 14.6 (Strong approximation). K is discrete, cocompact in AK .

Proof. K ↪→ AK can be identified as Qn ↪→ An
Q. Moreover Qn\An

Q = (Q\AQ)
n. Apply Proposi-

tion 14.2.

Consider K× ↪→ A×
K defined by x 7→ (x, x, · · · ). Recall the proof of Proposition 14.4. For

v ∈ |K|, define | · |v : K× → R+ as

• v | ∞, corresponds to τ : K ↪→ R, take |x|v = |τ(x)|;

• v | ∞, corresponds to τ : K ↪→ C, take |x|v = |τ(x)|2;

• v ∤∞, correspond to prime ideal p ⊂ OK , take |x|v = q
− valp(x)
v , qv = |OK/p|. In particular,

x ∈ ÔKv

×
iff valp(x) = 0 iff |x|v = 1.

Define ∥ · ∥K : A×
K → R+ by (xv)v∈|K| 7→

∏
v∈|K| |xv|v and let A×,1

K = {x ∈ A×
K | ∥x∥K = 1}.

Theorem 14.2 (Product formula). For arbitrary x ∈ K×, ∥x∥K = 1. So K× ↪→ A×,1
K .

Proof. Enough to prove it for x ∈ OK \ {0}. We have the equality∏
v|∞

|x|v =
∏

τ : K↪→R
|τ(x)| ·

∏
σ : K↪→C/∼

|σ(x)|2 =
∣∣NmK/Q(x)

∣∣ = |OK/xOK |.

On the other hand,

|OK/xOK | =

∣∣∣∣∣∣
∏

valp(x)>0

OK/p
valp(x)

∣∣∣∣∣∣ =
∏
p

qvalp(x)v =
∏
v∤∞

(|x|v)−1.

Define

A×
K −→ A×

K,f −→ IK , (xv)v∈|K| 7−→ (xv)v∈|K|f −→
∏

p prime

pvalp(xp)

a group homomorphism. For arbitrary a ∈ K×, the image of a is
∏

p p
− valp(a) = aOK . So the

image of K× in IK is precisely PK . Then

CK : K×\A×,1
K −→ IK/PK = ClK
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is a group homomorphism. Furthermore it is surjective. Indeed, given
∏

p p
np + PK ∈ IK/PK ,

there are only finitely many np ̸= 0. Choose xp ∈ K×
p such that valp(xp) = np for np ̸=

0, and choose xp = 1 for all np = 0. Now one can choose (xv)v|∞ such that
∏

v|∞ |xv|v =(∏
v∈|K|f |xv|v

)−1

. More precisely, choose one v | ∞ and let xw = 1 for all w ̸= v. If v

correspond to K ↪→ R, let xv =
(∏

v∈|K|f |xv|v
)−1

; if v corresponds to K ↪→ C, choose xv ∈ C

such that |xv|2 =
(∏

v∈|K|f |xv|v
)−1

. Consequently x = (xv)v∈|K| ∈ A×,1
K satisfies CK(K×x) =∏

p p
np + PK . Then get short exact sequence

1 Ker(CK) K×\A×,1
K ClK 1

CK

Let A×,1
K,∞ =

{
x ∈ A×

K,∞ |
∏

v|∞ |xv|v = 1
}
.

Ker(CK) = K×\K×

A×,1
K,∞ ×

∏
v∈|K|f

ÔKv

×

 = O×
K\

A×,1
K,∞ ×

∏
v∈|K|f

ÔKv

×

 .

Given K×x ∈ Ker(CK), then there exists a ∈ K× such that
∏

p p
valp(xp) = aOK =

∏
p p

valp(a).

Therefore valp(xp) = valp(a) for all p ⊂ OK , one get a−1xp ∈ ÔKp

×
. From x ∈ A×,1

K and ∥a∥K =

1, one get ∥a−1x∥K = 1, then
∏

v|∞
∣∣a−1xv

∣∣
v
= 1. Therefore a−1x ∈ A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×
,

x ∈ K×
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
. On the other hand, if x ∈ K×

(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
,

there exists a ∈ K× and y ∈ A×,1
K,∞ ×

∏
v∈|K|f ÔKv

×
with x = ay. It follows that valp(xp) =

valp(a) for all p ⊂ OK prime. Then
∏

p p
valp(xp) = aOK ∈ PK implies that CK(K×x) = 1.

We conclude that Ker(CK) = K×\K×
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
. For the second, it suffices to

show K× ∩
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
= O×

K . Given a ∈ K× ∩
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
, then

a ∈ ÔKp for every prime p, so valp(a) = 0, aOK = OK . That is, a ∈ O×
K . The converse is clear.

Consequently we get exact sequence

1 O×
K\
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
K×\A×,1

K ClK 1
CK

Theorem 14.3. K× is discrete and cocompact in A×,1
K .

Proof. Discrete: Since A×,1
K is a topological group, it is enough to find open neighborhood U of 1

in A×,1
K such that U ∩K× = {1}. For v | ∞, let Uv be a sufficient small open neighborhood of 1,

for v ∤∞, let Uv = ÔKv. For x ∈ U∩K×, if x ̸= 1, then |x−1|∞ is sufficiently close to 0 for v | ∞

and for v ∤∞ x−1 ∈ ÔKv for |x−1|v = q
−v(x−1)
v ≤ 1. It follows that ∥x−1∥K =

∏
v∈|K| |x−1|v

is sufficiently closed to 0, contradiction to the Product Formula.
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Cocompact: Need to show that K×\A×,1
K is compact. Idea: find a compact subset C in A×,1

K

such that

C −→ A×,1
K −→ K×\A×,1

K

is surjective. Since the continuous image of compact is also compact, we getK×\A×,1
K is compact.

Lemma 14.1 (Minkowski). There exists a constant N = N(K) such that for any x ∈ A×
K such

that ∥x∥K > N , there exists y ∈ K× such that |y|v ≤ |xv|v for all v ∈ |K|.

Proof of Lemma. Since AK is a locally compact topological group and it is abelian, there exists

a Haar measure µ on AK . It descends to a Haar measure K\AK , still denoted µ. Since K\AK

is compact, the volume µ (K\AK) < +∞. Let

C =

{
x ∈ AK | for v | ∞, |xv|v ≤

1

4
; for v ∤∞, |xv|v ≤ 1

}
⊂ AK

compact, then µ(C) < +∞. Let N = µ(K\AK)/µ(C). For x ∈ A×
K such that ∥x∥K > N , then

µ(xC) = ∥x∥Kµ(C) > µ(K\AK). The natural projection xC → K\AK cannot be injective.

Thus there exists c1, c2 ∈ C such that y := c1x − c2x ∈ K×. Then |y|v = |c1 − c2| · |x|v. For v

real, then |y|v ≤ (|c1|v + |c2|v) · |x|v ≤ 2
4 |x|v < |x|v. For v complex, |y|v ≤

(
1
2 + 1

2

)2 |x|v = |x|v.

For v ∤∞, then |y|v ≤ max{|c1|v, |c2|v} · |xv|v ≤ |xv|v. y satisfies the condition.

Fix x ∈ A×
K such that ∥x∥K > N(K), let

E = {a ∈ AK | |av|v ≤ |xv|v, ∀v ∈ |K|} ,

then E is compact in AK . Indeed, for v | ∞, {av | |av|v ≤ |xv|v} is closed and bounded subset

in R or C, so compact; for v ∤ ∞, {av | |av|v ≤ |xv|v} = ϖ
valv(xv)
v ÔKv is also compact since

ÔKv is compact. For α ∈ A×,1
K , we have ∥αx∥K = ∥α∥K · ∥x∥K = N(K). By Lemma 14.1, there

exists y ∈ K× such that |y|v ≤ |αx|v for all v ∈ |K|. This is equivalent to |α−1y| ≤ |x|v, that

is, c1 := α−1y ∈ E. Since α−1 ∈ A×,1
K , same argument implies existence of y′ ∈ K× such that

c2 := y′α ∈ E. By construction, α = yc−1
1 = y′

−1
c2, so yy

′ = c1c2. Let E′ be the image of

E ×E under the multiplication map AK ×AK
·−→ AK , then E′ is compact in AK and c1c2 ∈ E′.

On the other hand yy′ ∈ K. So yy′ = c1c2 ∈ K ∩ E′. Since K is discrete in AK and E′ is

compact, the intersection K ∩ E′ is finite. Let K× ∩ E′ = {γ1, · · · , γN}, then yy′ = c1c2 = γi

for some i. By construction, y′α ∈ E, (y′α)−1 = y′
−1
α−1 = (yy′)−1yα−1 = γ−1

i yα−1 ∈ γ−1
i E.

Consider the embedding ι : A×
K ↪→ AK ×AK defined by x 7→

(
x, x−1

)
, A×

K is homeomorphism to

ι(A×
K). Let C = ι−1

(⋃N
i=1(E × γ

−1
i E)

)
, then C is compact in A×

K . The equation y′α ∈ E and

(y′α)−1 ∈ γ−1
i E says that y′α ∈ C. We finish the proof.
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Corollary 14.1 (Hermite–Minkowski). ClK is finite.

Proof. Recall that A×,1
K,∞ ×

∏
v∈|K|f ÔKv

×
= A×,1

K ∩
(
A×

K,∞ ×
∏

v∈|K|f ÔKv

×)
is open in A×,1

K .

Let q : A×,1
K → K×\A×,1

K be quotient mapping, if U ⊂ A×,1
K open, then q−1(q(U)) =

⋃
a∈K× aU

open, which implies that q(U) is open. Therefore Ker(CK) = q
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
is open

subgroup of K×\A×,1
K . One get K×\A×,1

K =
⋃

g gKer(CK). Thanks to Theorem 14.3, take finite

subcover, we obtain
(
K×\A×,1

K

)
/Ker(CK) = ClK finite.

Corollary 14.2 (Dirichlet unit theorem). Let µK be the roots of unity in K, then µK\O×
K is

rank (r + s− 1) free abelian group. O×
K
∼= µK × Zr+s−1.

Proof. Open subgroup Ker(CK) must be closed, from K×\A×,1
K is compact, Ker(CK) is compact.

The projection A×,1
K,∞×

∏
v∈|K|f ÔKv

×
→ A×,1

K,∞ induces continuous surjectionO×
K\
(
A×,1

K,∞ ×
∏

v∈|K|f ÔKv

×)
→

O×
K\A

×,1
K,∞, it then follows thatO×

K\A
×,1
K,∞ is compact. DefineH =

{
(tv)v|∞ ∈ Rr+s |

∑
v|∞ tv = 0

}
.

Consider group homomorphism

A×,1
K,∞ −→ H, (xv)v|∞ 7−→ (log |xv|v)v|∞ .

It is well-defined since x ∈ A×,1
K,∞ iff

∏
v|∞ |xv|v = 1 iff

∑
v|∞ log |xv|v = 0. Moreover it is

continuous surjective, given (tv)v|∞ ∈ H, then for v corresponding to K ↪→ R let xv = etv ∈

R× and for v corresponding to K ↪→ C let xv = etv/2 ∈ C×, we have |xv|v = etv for all

v | ∞, and its image is precisely (tv)v|∞. Let L
(
O×

K

)
=
{
(log |u|v)v|∞ | u ∈ O×

K

}
⊂ H, so

above surjection induces continuous surjection O×
K\A

×,1
K,∞ → L

(
O×

K

)
\H, which implies that

L
(
O×

K

)
\H is compact.

Now prove L
(
O×

K

)
is discrete. For arbitrary R > 0, if u ∈ O×

K satisfy |log |u|v| ≤ R,

then for arbitrary τ : K ↪→ C we have |τ(u)| ≤ eR. The Z-linear automorphism ·u admits

character polynomial
∏

τ : K↪→C(X − τ(u)) = Xn + a1X
n−1 + · · · + an ∈ Z[X]. Hence ai =

(−1)i
∑

{τ1,··· ,τi}⊂{τ : K↪→C} τ1(u) · · · τi(u), so |ai| ≤
(
n
i

)
eRi. Note that #Z∩

[
−
(
n
i

)
eRi,+

(
n
i

)
eRi
]
<

+∞, there are only finitely many such polynomial Xn + a1X
n−1 + · · · + an. Fix τ0 : K ↪→ C,

since τ0(u) is root of some polynomial Xn + a1X
n−1 + · · · + an, so there only exists finitely

many such τ0(u), combine τ0 injective there are finitely many u ∈ O×
K such that |log |u|v| ≤

R. Consequently #L
(
O×

K

)
∩
{
(tv)v|∞ ∈ H | |tv| ≤ 1 for all v | ∞

}
< +∞. If F := L

(
O×

K

)
∩{

(tv)v|∞ ∈ H | |tv| ≤ 1 for all v | ∞
}
̸= {0}, then

{
maxv|∞ |tv| | (tv)v|∞ ∈ F, (tv)v|∞ ̸= 0

}
ad-

mits minimal element, say δ > 0. If (tv)v|∞ ∈ L
(
O×

K

)
and |tv| < δ, then |tv| < 1, and so

(tv)v|∞ ∈ F . Then get maxv|∞ |tv| ≥ δ, a contradiction. So (tv)v|∞ = 0. Thus L
(
O×

K

)
∩
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{
(tv)v|∞ ∈ H | |tv| < δ for all v | ∞

}
= {0}. (If F = {0} we just need to choose δ = 1.) 0 is

isolated point of L
(
O×

K

)
. We obtain L

(
O×

K

)
⊂ H is discrete subgroup.

Now H is R-vector space of dimension r + s − 1, L
(
O×

K

)
⊂ H is discrete and cocompact,

L
(
O×

K

)
is rank r + s− 1 lattice in H.

Finally determine the kernel of O×
K → H defined by u 7→ (log |u|v)v|∞. For u ∈ O×

K ,

(log |u|v)v|∞ = 0 iff |u|v = 1. For arbitrary m we have |um|v = 1. Above proof shows that

#{um | m ≥ 0} < +∞. So there exists m′ > m ≥ 0 such that um
′
= um, u ∈ µK , get Ker ⊂ µK .

On the other hand for u ∈ µK , there exists N ≥ 1 such that uN = 1. From |u|Nv = |uN |v = 1

and |u|v > 0 we have |u|v = 1, so log |u|v = 0. That is, u ∈ Ker, µK ⊂ Ker. We conclude

Ker
(
O×

K → H
)
= µK .

We have short exact sequence

1 µK O×
K L

(
O×

K

)
0 ,

where O×
K → L

(
O×

K

)
is defined by u 7→ (log |u|v)v|∞.

15 Integration on Adèles and Idèles

For v ∈ |K|,

• If Kv = R, then dxv be the Lebesgue measure on R.

• If Kv = C, we take the measure |dz ∧ dz| = 2dxdy

• If v ∤∞, we take the Haar measure on Kv such that dxv

(
ÔKv

)
= 1.

Lemma 15.1. For a ∈ K×
v , then d(axv) is still a Haar measure on Kv and d(axv) = |a|vdxv.

Consequently dxv

|xv|v defines a Haar measure on K×
v , and∫

O×
v

dxv
|xv|v

= 1− q−1
v , qv = |OK/pv|

where ÔKv = Ov.

Proof. First consider v archimedean place. If Kv = R, then dy = |a|dx = |a|vdx; if Kv = C,

then d(az) = 2d(Re(az))d(Im(az)) = |a|2Cdxdy = |a|vdz.

Now let v ∤ ∞. First consider a ∈ OK \ {0}. Since both d(axv) and dxv are Haar measure,

we get d(axv) = c · dxv for some c ∈ R. Compute d(axv)(Ov) = dxv(aOv) = dxv
(
pv(a)

)
. Note
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that Ov/p
v(a) is a finite group of cardinal q

v(a)
v since pj/pj+1 = O/p, and

Ov =
⊔

[a]∈Ov/pv(a)

a+ pv(a),

we get

1 = dxv(Ov) =
∑

[a]∈Ov/pv(a)

dxv

(
a+ pv(a)

)
=
∣∣∣Ov/p

v(a)
∣∣∣dxv (pv(a)) = qv(a)v · dxv

(
pv(a)

)
,

which implies that

dxv

(
pv(a)

)
= q−v(a)

v = |a|v.

Thus

c =
d(axv)(Ov)

dxv(Ov)
=
|a|v
1

= |a|v.

Remark 15.1. In the proof, we get dxv (p
n
v ) = q−n

v .

Now from dxv = d (πn
v π

−n
v xv) = qnv d (π

−n
v xv) implies that d (π−n

v xv) = qnv dxv. For the unit

u ∈ O×
v we have d(uxv) = dxv. Thus for arbitrary a ∈ K×

v , by writing a = uπm
v where u ∈ O×

v

and m ∈ Z, we obtain d(axv) = |a|vdxv.

By the equation d(axv) = |a|vdxv, we get

d(axv)

|axv|v
=
|a|vdxv
|a|v|xv|v

=
dxv
|xv|v

.

So dxv

|xv|v is a Haar measure.

Now ∫
O×

v

dxv
|xv|v

=

∫
O×

v

dxv

since |xv|v = 1 holds for all xv ∈ O×
v . We have partition Ov = O×

v ⊔ p. So

1 =

∫
Ov

dxv = dxv(Ov) = dxv
(
O×

v

)
+ dxv(p) = dxv

(
O×

v

)
+ q−1

v ,

which implies that ∫
O×

v

dxv = 1− q−1
v .

For AK , take the product measure dx of

• Kv = R, dx;

• Kv = C, 2dxdy;
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• v ∤∞, Haar measure such that dxv(Ov) = 1.

Proposition 15.1. Let C ⊂ AK be compact subset, then dx(C) < +∞.

Proof. For every x = (xv)v ∈ C, there exists a neighborhood U (x) =
∏

v U
(x)
v where U

(x)
v = Ov

for all but finitely many v ∤ ∞. Since C is compact, one can take finitely many U (i) with

C ⊂
⋃m

i=1 U
(i). Clearly for all but finitely many v ∤ ∞ we have U

(i)
v = Ov for every i, then

Cv ⊂ Ov for all but finitely many v ∤ ∞. There exists compact open subset Cv ⊂ Kv such that

Cv = Ov for all that but finitely many v ∈ |K| and C ⊂
∏

v∈|K| Cv.

dx(C) <
∏
v∈S

|S|<+∞

dxv(Cv)
∏
v/∈S

dxv(Ov) =
∏
v∈S

|S|<+∞

dxv(Cv) < +∞.

On A×
K , we take the product measure d×x

• v | ∞, dxv

|xv|

• v ∤∞, 1
1−q−1

v

dxv

|xv|

Then

vol
(
O×

v

)
=

∫
O×

v

1

1− q−1
v

dxv
|xv|

= 1.

Proposition 15.2. For any compact open subset C of A×
K , d×x(C) < +∞.

Theorem 15.1. ∫
K\AK

dx =
∣∣∆K/Q

∣∣ 12 .
Proof.

AK = K +

∏
v|∞

Kv ×
∏
v∤∞

Ov


implies that

K\AK = K\K +

∏
v|∞

Kv ×
∏
v∤∞

Ov


=

K ∩∏
v|∞

Kv ×
∏
v∤∞

Ov

 \
∏

v|∞

Kv ×
∏
v∤∞

Ov


= OK\

∏
v|∞

Kv ×
∏
v∤∞

Ov

 .
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The projection

K\AK = OK\

∏
v|∞

Kv ×
∏
v∤∞

Ov

 −→ OK\
∏
v|∞

Kv

has kernel OK\
(
OK ×

∏
v∤∞Ov

)
=
∏

v∤∞Ov (here OK ⊂
∏

v|∞Kv as the image of diagonal

embedding). Thus we get short exact sequence

0
∏

v∤∞Ov K\AK OK\
∏

v|∞Kv 0 ,

which implies that∫
K\AK

dx =

∫
OK\

∏
v|∞ Kv

∫
∏

v∤∞ Ov

dxfdx∞ =

∫
OK\

∏
v|∞ Kv

dx∞.

since ∫
∏

v∤∞ Ov

dxf = vol

∏
v∤∞

Ov

 = 1.

Suppose thatK has r real embeddings σ1, · · · , σr and s complex embeddings σr+1, σr+1, · · · , σr+s, σr+s.

Then
∏

v|∞Kv = Rr×Cs. It is known that OK is a free Z-module of rank [K : Q] = r+2s=: n.

Let α1, · · · , αn be a set of basis ofOK over Z. Let vi = (σ1(αi), · · · , σr(αi), σr+1(αi), · · · , σr+s(αi)) ∈∏
v|∞Kv, then v1, · · · , vn generates a lattice L in

∏
v|∞Kv = Rr × Cs, and∫

OK\
∏

v|∞ Kv

dx∞ = vol (L\Rr × Cs) = 2sdx
(
L′\Rr × R2s

)
where L′ is the image of OK ↪→ Rr × R2s given by

x 7→
(
σ1(x), · · · , σr(x),

σr+1(x) + σr+1(x)

2
,
σr+1(x)− σr+1(x)

2
, · · · , σr+s(x) + σr+s(x)

2
,
σr+s(x)− σr+s(x)

2

)
.

Then

∫
OK\

∏
v|∞ Kv

dx∞ = 2s·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

σ1(α1) · · · σ1(αn)
...

. . .
...

σr(α1) · · · σr(αn)

σr+1(α1)+σr+1(α1)
2 · · · σr+1(αn)+σr+1(αn)

2

σr+1(α1)−σr+1(α1)
2 · · · σr+1(αn)−σr+1(αn)

2

...
. . .

...

σr+s(α1)+σr+s(α1)
2 · · · σr+s(αn)+σr+s(αn)

2

σr+s(α1)−σr+s(α1)
2 · · · σr+s(αn)−σr+s(αn)

2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

σ1(α1) · · · σ1(αn)
...

. . .
...

σr(α1) · · · σr(αn)

σr+1(α1) · · · σr+1(αn)

σr+1(α1) · · · σr+1(αn)
...

. . .
...

σr+s(α1) · · · σr+s(αn)

σr+s(α1) · · · σr+s(αn)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
∣∣∆K/Q

∣∣ 12 .
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Theorem 15.2. ∫
K×\A×,1

K

d×,1x =
2r(2π)shKRK

|µK |
,

where hK is the class number, RK is regulator, and µK is roots of unity in K×.

Proof. We have split exact sequence

0 A×,1
K A×

K R×
+ 0

∥·∥K
,

where for arbitrary r ∈ R×
+, define (xv)v∈|K|: fixing a place v0 | ∞, if v0 corresponds to a real

embedding, take xv0 = r; if v0 corresponds to a complex embedding, take xv0 =
√
r, and for all

v ̸= v0 take xv = 1. Thus we get A×
K = A×,1

K × R×
+, d

×x = d×,1x× dr
r . We have exact sequence

1 O×
K\
(
A×,1

K,∞ ×
∏

v∤∞O×
v

)
K×\A×,1

K ClK 1 ,

then∫
K×\A×,1

K

d×,1x = hK ·
∫
O×

K\(A×,1
K,∞×

∏
v∤∞ O×

v )
d×,1x = hK ·

∫
(O×

K\A×,1
K,∞)×

∏
v∤∞ O×

v

d×,1x = hK ·
∫
O×

K\A×,1
K,∞

d×,1x∞.

Here every element a ∈ O×
K satisfy vp(a) = 0 for every prime ideal p ⊆ OK , so a ∈

∏
v∤∞O×

v ,

which implies that the fundamental domain of O×
K\
(
A×,1

K,∞ ×
∏

v∤∞O×
v

)
is
(
O×

K\A
×,1
K,∞

)
×∏

v∤∞O×
v . By the unit theorem of Dirichlet, O×

K
∼= µK × Zr+s−1. Let u1, · · · , ur+s−1 ∈ O×

K

be a set of generators for Zr+s−1. Note that

A×,1
K,∞ =

(xv)v|∞ ∈ Rr × Cs |
∏
v|∞

|xv|v = 1

 .

Consider

φ : A×,1
K,∞ −→ H =

(xv) ∈
∏
v|∞

R |
∑
v

xv = 0

 ⊂ Rr × Rs

defined by

(xv)v|∞ 7−→ (log |xv|v)v|∞ .

Then it is well-defined, surjective, and

Ker(φ) =
∏

Kv=R
{±1} ×

∏
Kv=C

U(1).

If Kv = R, we have dxv

|xv|v = d (log |xv|v); if Kv = C, write xv = ρeiθ, it follows that dxv

|xv|v =

2dρ
ρ dθ = d (log |xv|v) dθ. It follows that

d×,1x∞ = 2r(2π)sdx,
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where dx is Lebesgue measure on H. However, φ
(
O×

K

)
is the lattice Λ in H generated by

wi = (log |ui|v)v|∞

and φ kills µK in O×
K . We have∫

O×
K\A×,1

K,∞

d×,1x∞ =
2r(2π)s

|µK |

∫
Λ\H

dy.

Let δ⃗ =
(
nv

n

)
v|∞, nR = 1, nC = 2, then δ⃗ is a normal vector of H with norm 1. Then∫

Λ\H
dy =

∣∣∣det(δ⃗, w1, · · · , wr+s−1

)∣∣∣=: RK

called the regulator of K.

16 Functional equation of Riemann ζ-function

Recall the Riemann ζ-function

ζ(s) =

+∞∑
n=1

1

ns
=

∏
p prime

1

1− p−s
, Re(s) > 1.

Let

ZQ(s) = π− s
2Γ
(s
2

)
ζ(s).

Theorem 16.1 (Riemann). The function ZQ(s) can be extended to a meromorphic function on

C, with simple poles at s = 0 and s = 1, and it satisfies

ZQ(s) = ZQ(1− s).

Proof. Recall Euler Γ-function

Γ(s) =

∫ +∞

0

e−tts
dt

t
.

Take change of variable t→ πn2t,

Γ(s) =

∫ +∞

0

e−πn2t(πn2t)s
dt

t
= πsn2s

∫ +∞

0

e−πn2tts
dt

t
.

Thus

π−sΓ(s)
1

n2s
=

∫ +∞

0

e−πn2tts
dt

t
.
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Thus

π− s
2Γ
(s
2

)
ζ(s) =

∫ +∞

0

+∞∑
n=1

e−πn2tt
s
2
dt

t

=
1

2

∫ +∞

0

(∑
n∈Z

e−πn2t − 1

)
t
s
2
dt

t

=
1

2

(∫ 1

0

+

∫ +∞

1

)(∑
n∈Z

e−πn2t − 1

)
t
s
2
dt

t
.

Let

θ(t) =
∑
n∈Z

e−πn2t,

then

θ(t) =
∑
n∈Z

e−πn2t = Θ(it) .

From

Θ

(
−1
it

)
= Θ

(
i

t

)
=
√
tΘ(it),

we have

θ

(
1

t

)
=
√
tθ(t).

Therefore ∫ +∞

1

(θ(t)− 1)t
s
2
dt

t
+

∫ +∞

1

(
θ

(
1

t

)
− 1

)
t−

s
2
dt

t

=

∫ +∞

1

(θ(t)− 1)t
s
2
dt

t
+

∫ +∞

1

(θ(t)− 1)t
1−s
2

dt

t
+

∫ +∞

1

t
1−s
2

dt

t
−
∫ +∞

1

t−
s
2
dt

t

=

∫ +∞

1

(θ(t)− 1)t
s
2
dt

t
+

∫ +∞

1

(θ(t)− 1)t
1−s
2

dt

t
+

2

s− 1
− 2

s
.

Jacobi theta function:

Θ(τ) =
∑
n∈Z

e2πiτ , τ ∈ h,

where h = {x+ iy | y > 0}. It is holomorphic on h.

Theorem 16.2 (Jacobi).

Θ(z + 2) = Θ(τ),

Θ

(
−1
τ

)
=
√
iτΘ(τ).
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This implies that Θ(τ) is a modular form of weight 1/2 for the subgroup Γ of SL2(Z) generated

by 0 −1

1 0

 and

1 2

0 1

 .

Corollary 16.1.

θ

(
1

t

)
=
√
tθ(t).

For f(x) ∈ L2(R) ∩ L1(R), define Fourier transform on R1 by

f̂(ξ) =

∫
R
f(x)e2πiξxdx.

It satisfies

1)
d

dx
f(x)

Fourier−−−−→ 2πiξf(ξ)

2)

2πif(x)
Fourier−−−−→ d

dξ
f(ξ)

Let S(R) be the Schwartz functions on R, they satisfy

lim
|x|→∞

|x|m
∣∣∣f (n)(x)∣∣∣ = 0, ∀n,m ∈ N.

Then the Fourier transform restricts to

S(R) −→ S(R), f 7−→ f̂ .

Theorem 16.3 (Poisson summation formula). For any f ∈ S(R) we have∑
n∈Z

f(n) =
∑
n∈Z

f̂(n).

Proof. Let

F (x) =
∑
n∈Z

f(x+ n),

then F (x) is a smooth function on R/Z = S1. Consider the Fourier expansion of F (x), its Fourier

coefficient is

an =

∫ 1

0

F (x)e−2πinxdx =

∫ 1

0

∑
n∈Z

f(x+ n)e−2πin(x+n)dx =

∫
R
f(x)e−2πinxdx = f̂(n).

71



Thus

F (x) =
∑
n∈Z

ane
2πinx =

∑
n∈Z

f̂(n)e2πinx.

Setting x = 0, get ∑
n∈Z

f(n) =
∑
n∈Z

f̂(n).

Lemma 16.1. Let f(x) = e−πx2

, then f = f̂ .

Proof. f(x) satisfies the equation

df

dx
= −2πx · e−πx2

= −2πx · f.

So its Fourier transform satisfies

2πiξ · f̂(ξ) = −i d
dξ
f̂(ξ),

i.e.,
d

dξ
f̂(ξ) = −2πξf̂(ξ).

Therefore

f̂(x) = Cf(x).

Compare

f̂(0) =

∫
R
f(x)dx =

∫
R
e−πx2

dx = 1.

So C = 1 and f̂(x) = f(x).

Proof of Corollary 16.1. Let f(x) = e−πx2

and f t(x) = f
(
x
√
t
)
= e−πx2t.

f̂ t(ξ) =

∫
R
f t(x)e2πiξxdx

=

∫
R
f
(
x
√
t
)
e2πiξxdx

=

∫
R
f(x)e

2πiξ x√
t
dx√
t

=
1√
t
f̂

(
ξ√
t

)
.

Thus

θ(t) =
∑
n∈Z

e−πn2t =
∑
n∈Z

f t(n) =
∑
n∈Z

f̂ t(n) =
∑
n∈Z

1√
t
e−πn2/t =

1√
t

∑
n∈Z

e−πn2/t =
1√
t
θ

(
1

t

)
.
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1)

ZQ(s) =
1

2

∫ +∞

0

(θ(t)− 1)t
s
2
dt

t

2) Poisson summation formula on (R,+).

17 Hecke L-function

Let K/Q be finite extension, a Hecke character is a continuous morphism χ : K×\A×
K → U(1),

it is a generalization of Dirichlet character. Consider the restriction χ|K×
v
: K×

v → U(1),

1) If Kv = R, χ|R : R = {±1} × R×
+ → U(1), x 7→ (sgn(x))a · |x|iθ, a = 0, 1, θ ∈ (0, 2π).

2) If Kv = C, χ|C : C = S1 × R×
+ → U(1), x 7→

(
x
|x|

)n
· |x|iθ, n ∈ Z.

3) If v finite, χv = χ|K×
v
: K×

v = ⟨π⟩ × OK
×
v → U(1) continuous. Let 1 ∈ U ⊂ U(1) small

enough, then there exists Uv ⊂ OK
×
v small enough (Uv can be take as 1 + πNOv), such

that χ(Uv) ⊂ U and χv

(
1 + πNOv

)
is a subgroup in U . For U small enough, it contains

no subgroup of U(1). So χv

(
1 + πNOv

)
= 1 for N ≫ 0. Let fx,v ∈ N∪{0} be the smallest

number such that 1 + pfx,v ⊂ Ker(χv).

Recall that for v ∈ |K|, we take the additive measure

• If Kv = R, then dxv be the Lebesgue measure on R.

• If Kv = C, we take the measure |dz ∧ dz| = 2dxdy

• If v ∤∞, we take the Haar measure on Kv such that dxv (Ov) =
∣∣∆Kv/Qp

∣∣− 1
2 . This implies

that vol (K\AK) = 1.

On A×
K , we take the product measure d×x

• If v | ∞, we take dxv

|xv|v , where dxv is the above additive measure.

• If v ∤∞, we take d×xv satisfying vol (O×
v , d

×xv) = 1.

Definition 17.1. fx :=
∏

v∈|K|f p
fx,v called the conductor of χ.

Definition 17.2.

L(χ, s) =
∏

p prime
p∤fx

1

1− χv(πv)
N(p)s

.
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Example 17.1. Let χp : Q×
p → U(1) be an unramified character (fx,p = 0). Calculate∫

Q×
p

1Zp
(x)χp(x)|x|spd×xp =

∫
Zp\{0}

χp(x)|x|spd×xp.

The character is unramified iff χp(Z×
p ) = 1. Zp \ {0} =

⊔+∞
n=0 p

nZ×
p , so∫

Zp\{0}
χp(x)|x|spd×xp|x|p =

+∞∑
n=0

∫
pnZ×

p

χp(x)|x|spd×xp

=

+∞∑
n=0

∫
Z×
p

χp(p
nx)|pnx|spd×xp

=

+∞∑
n=0

∫
Z×
p

χp(p)
np−nsd×xp

=

(
+∞∑
n=0

χp(p)
np−ns

)∫
Z×
p

d×xp

=
1

1− χp(p)
ps

.

Definition 17.3. For v ∈ |K|f , let ϕv be a locally constant function on Kv with compact

support. Let χv : K
×
v → U(1) be a continuous morphism, we define the local zeta integral

Zv(ϕv, χv, s) =

∫
K×

v

ϕv(x)χv(x)|x|svd×xv.

Let ϕ =
⊗

v∈|K|f ϕv such that ϕv = 1OKv
for all but finitely many v ∈ |K|f , define

Z(ϕ, χ, s) =

∫
A×

K

ϕ(x)χ(x)∥x∥sKd×x.

By definition

Z(ϕ, χ, s) =
∏
v

∫
K×

v

ϕv(x)χv(x)|x|svd×xv =
∏
v

Z(ϕv, χv, s).

If fv = 1Ov
, χv is unramified, then similar to Example 17.1 we have

Zv(1Ov
, χv, s) =

1

1− χv(πv)
N(p)s

.

From Proposition 10.1, if p ∩ Z = pZ, then N(p) = pf ≥ p, it follows that∣∣∣∣1− χv(πv)

N(p)s

∣∣∣∣ ≥ 1−
∣∣∣∣χv(πv)

N(p)s

∣∣∣∣ ≥ 1− 1

pRe(s)
,

which implies that ∣∣∣∣∣∣ 1

1− χv(πv)
N(p)s

∣∣∣∣∣∣ ≤ 1

1− 1
pRe(s)

.
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Therefore ∏
v/∈S

∣∣∣∣∣∣ 1

1− χv(πv)
N(p)s

∣∣∣∣∣∣ ≤
∏

p prime

(
1

1− 1
pRe(s)

)[K:Q]

= ζ(Re(s))[K:Q]

converges as Re(s) > 1. Here

S = {v | v | ∞} ∪ {v ∤∞ | ϕv ̸= 1Ov
} ∪ {v ∤∞ | χv is ramified}.

is a finite set. On the other hand Proposition 17.1 implies that Zv(ϕv, χv, s) is absolutely con-

verges for Re(s) > 0. We conclude that Z(ϕ, χ, s) absolutely converges for Re(s) > 1.

Proposition 17.1. For v ∈ |K|f ,

1) Zv(ϕv, χv, s) is absolutely converges for Re(s) > 0, and it extends to a rational function in

q−s
v .

2) There exists Lv(χv, s) ∈ C[[q−s
v ]], such that Zv(ϕv, χv, s) ∈ Lv(χv, s)C[q±s].

3) If χv is unramified (i.e., χv(O×
v ) = 1), then

Lv(χv, s) =
1

1− χv(πv)
N(p)s

and Zv(1Ov
, χv, s) = Lv(χv, s).

4) If χv is ramified with conductor pfv , fv ≥ 1, then Lv(χv, s) = 1 and

Zv(11+pfv , χv, s) = q1−fv
v (qv − 1)−1.

Proof. Since ϕv is locally constant and of compact support, it is enough to take ϕv = 1a+pN (see

the proof of Proposition 17.3).

Zv(1a+pN , χv, s) =

∫
K×

v

1a+pN (x)χv(x)|x|svd×xv.

1) If val(a) < N , then |x|sv = |a|sv, the integral is equal to

C[q±s
v ] ∋

∫
a+pn

χv(x)|a|svd×xv = |a|sv
∫
a+pn

χv(x)d
×xv.

2) If val(a) ≥ N , then a+ pN = pN , the integral equals∫
pN\{0}

χv(x)|x|svd×xv =

+∞∑
m=N

∫
πmO×

v

χv(x)q
−ms
v d×xv

=

(
+∞∑
m=N

χv(π)
mq−ms

v

)∫
O×

v

χv(x)d
×xv

=
χv(π)

Nq−Ns
v

1− χv(π)
qsv

∫
O×

v

χv(x)d
×xv.
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3) If χ is unramified, ∫
O×

v

χv(x)d
×xv =

∫
O×

v

d×xv = 1.

4) If χ is ramified, χv|O×
v
is non-trivial,∫

O×
v

χv(x)d
×xv = 0.

We have

Zv(11+pfv , χv, s) =

∫
1+pfv

d×xv = q1−fv
v (qv − 1)−1.

Now we consider the Fourier transform on (AK ,+).

Example 17.2. We define the nontrivial additive character on the local field.

1) If Kv = R, choose ψv(x) = e−2πix; if Kv = C, choose ψv(z) = e−2πi(z+z).

2) If Kv = Qp, choose ψv(x) = e2πi{x}. Here for x = a−np
−n + · · ·+ a−1p

−1 + a0 + · · · ∈ Qp,

define {x} := a−np
−n + · · ·+ a−1p

−1 ∈ Q.

3) If Kv/Qp is finite extension, consider

ψv : Kv
Tr−−→ Qp −→ Qp/Zp −→ Q/Z e2πix

−−−→ U(1).

is a continuous character. That is, ψv(x) = e2πi{TrF/Qp x}.

Proposition 17.2. Consider the bilinear pairing

Kv ×Kv −→ Qp −→ U(1), (x, y) 7−→ ψv(xy).

It is non-degenerated. It induces an isomorphism

K̂v = Hom(Kv,U(1)) ∼= Kv.

Definition 17.4. Function on Kv is called Bruhat–Schwartz if it is locally constant and of

compact support. Let S(Kv) be the space of Bruhat–Schwartz functions.

Proposition 17.3. For ϕv ∈ S(Kv), define its Fourier transform as

ϕ̂v(ξ) =

∫
Kv

ϕv(x)ψv(xξ)dx,

then ϕ̂v(ξ) ∈ S(Kv).
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Proof. Let ϕv ∈ S(Kv), let x ∈ Supp(ϕv), there exists open neighborhoood Ux ∋ x such that

ϕv|Ux
is a constant. One can choose ax + ϖnxOv ⊆ Ux, where ϖ is the uniformizer of Ov.

it follows that Supp(ϕv) ⊆
⋃

x∈Supp(ϕv)
ax + ϖnxOv. Since Supp(ϕv) is compact, there exists

finite subcover Supp(ϕv) ⊆
⋃m

i=1 ai + ϖniOv. If (a+ϖnOv) ∩ (b+ϖmOv) ̸= ∅, choose x ∈

(a+ϖnOv)∩(b+ϖmOv). We may assume n ≥ m, then a−x ∈ ϖnOv ⊆ ϖmOv, x−b ∈ ϖmOv,

and so a−b ∈ ϖmOv. Thus a+ϖ
nOv ⊆ a+ϖmOv = b+ϖmOv. Thus we may assume ai+ϖ

niOv

are disjoint, get

ϕv =

m∑
i=1

ci1ai+ϖniOv
.

So it only suffices to prove the Proposition for

1a+ϖnOv .

We have

̂1a+ϖnOv (ξ) =

∫
a+ϖnOv

ψv(xξ)dx = ψv(aξ)

∫
ϖnOv

ψv(xξ)dx

by replacing x 7→ a+ x. Since d (ϖnx) = |ϖ|ndx, by replacing x 7→ ϖnx we obtain

̂1a+ϖnOv (ξ) = |ϖ|nψv(aξ)

∫
Ov

ψv (xϖ
nξ) dx

Fix ξ, x 7→ ψv (xϖ
nξ) is an additive character. The character is trivial onOv iff TrKv/Qp

(xϖnξ) ∈

Zp for all x ∈ Ov iff ϖnξ ∈ δ−1
Kv/Qp

=
{
y ∈ Kv | TrKv/Qp

(xy) ∈ Zp for all x ∈ Ov

}
. If ϖnξ ∈

δ−1
Kv/Qp

, then ∫
Ov

ψv (xϖ
nξ) dx =

∫
Ov

dx =
∣∣∆Kv/Qp

∣∣− 1
2 .

If ϖnξ /∈ δ−1
Kv/Qp

, there exists x0 such that ψv (x0ϖ
nξ) ̸= 1, so∫

Ov

ψv (xϖ
nξ) dx =

∫
Ov

ψv ((x+ x0)ϖ
nξ) dx = ψv (x0ϖ

nξ)

∫
Ov

ψv (xϖ
nξ) dx,

which forces ∫
Ov

ψv (xϖ
nξ) dx = 0

We conclude

̂1a+ϖnOv
(ξ) = |ϖ|nψv(aξ)

∣∣∆Kv/Qp

∣∣− 1
2 1ϖ−nδ−1

Kv/Qp

(ξ).

Since ξ 7→ ψv(aξ) is locally constant and ϖ−nδ−1
Kv/Qp

is compact open, we get the conclusion.

Proposition 17.4. Consider the bilinear form

AK × AK −→ U(1), (x, y) 7−→
∏

v∈|K|

ψv(x, y),
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it is non-degenerated, hence

ÂK = Hom(AK ,U(1)) ∼= AK .

Proposition 17.5. For ϕ ∈ S(AK) =
∏′ S(Kv), define its Fourier transform as

ϕ̂(ξ) =

∫
AK

ϕ(x)ψ(xξ)dx,

then ϕ̂(ξ) ∈ S.

Theorem 17.1 (Poisson summation formula). For arbitrary ϕ ∈ S(AK), then∑
x∈K

ϕ(x) =
∑
ξ∈K

ϕ̂(ξ).

Proof. Consider

φ(y) =
∑
x∈K

ϕ(y + x), y ∈ AK .

The sum is convergent since ϕ is Bruhat–Schwartz. Then we have

φ(x) =
∑
ξ∈K

C(ξ)ψ(−ξx),

where

C(ξ) =

∫
K\AK

φ(x)ψ(ξx)dx.

One compute

C(ξ) =

∫
K\AK

∑
y∈K

ϕ(x+ y)ψ(ξx)dx

=

∫
K\AK

∑
y∈K

ϕ(x+ y)ψ(ξ(x+ y))dx

=

∫
AK

ϕ(x)ψ(ξx)dx

= ϕ̂(ξ).

Here ξy ∈ K implies that ψ(ξy) = 1. Hence∑
x∈K

ϕ(x+ y) =
∑
ξ∈K

ϕ̂(ξ)ψ(ξy).

Setting y = 0 we finish the proof.

Theorem 17.2.

Z(ϕ, χ, s) = Z
(
ϕ̂, χ−1, 1− s

)
.
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Proof. By definition

Z(ϕ, χ, s) =

∫
A×

K

ϕ(x)χ(x)∥x∥sKd×x =

(∫
A>1

K

+

∫
A<1

K

)
ϕ(x)χ(x)∥x∥sKd×x,

where A<1
K =

{
x ∈ A×

K | ∥x∥K < 1
}
. Indeed, the measure of A×,1

K is zero. For arbitrary s ∈ C,

there exists σ0 > max {1,Re(s)}, so ∥x∥Re(s)
K ≤ ∥x∥σ0

K on A>1
K . Hence

Z>1 =

∫
A>1

K

ϕ(x)χ(x)∥x∥sKd×x

converges for all s and

Z<1 =

∫
A<1

K

ϕ(x)χ(x)∥x∥sKd×x

converges for Re(s) > 1.

Now compute

Z<1 =

∫
K×\A<1

K

∑
α∈K×

ϕ(αx)χ(αx)∥αx∥sKd×x

=

∫
K×\A<1

K

∑
α∈K×

ϕ(αx)χ(x)∥x∥sKd×x

=

∫
K×\A<1

K

∑
α∈K

ϕ(αx)χ(x)∥x∥sKd×x− ϕ(0)
∫
K×\A<1

K

χ(x)∥x∥sKd×x.

Apply Theorem 17.1 to x 7→ ϕ(αx), note that∫
Kv

ϕv(αvxv)ψv(xvyv)dxv =
1

|αv|v

∫
Kv

ϕv(xv)ψ
(
α−1
v xvyv

)
dxv

=
1

|αv|v
ϕ̂v
(
α−1
v yv

)
,

we obtain

∥α∥K
∑
x∈K

ϕ(αx) =
∑
x∈K

ϕ̂
(
α−1x

)
.

That is, ∑
α∈K

ϕ(αx) = ∥x∥−1
K

∑
α∈K

ϕ̂
(
αx−1

)
.

It follows that

Z<1 =

∫
K×\A<1

K

∑
α∈K

ϕ̂
(
αx−1

)
χ(x)∥x∥s−1

K d×x− ϕ(0)
∫
K×\A<1

K

χ(x)∥x∥sKd×x

=

∫
K×\A<1

K

∑
α∈K×

ϕ̂
(
αx−1

)
χ(x)∥x∥s−1

K d×x+ ϕ̂(0)

∫
K×\A<1

K

χ(x)∥x∥s−1
K d×x− ϕ(0)

∫
K×\A<1

K

χ(x)∥x∥sKd×x

=

∫
(K×\A<1

K )
−1

∑
α∈K×

ϕ̂ (αx)χ(x)−1∥x∥1−s
K d×x+ ϕ̂(0)

∫
K×\A<1

K

χ(x)∥x∥s−1
K d×x− ϕ(0)

∫
K×\A<1

K

χ(x)∥x∥sKd×x

=

∫
A>1

K

ϕ̂ (x)χ(x)−1∥x∥1−s
K d×x+ ϕ̂(0)

∫
K×\A<1

K

χ(x)∥x∥s−1
K d×x− ϕ(0)

∫
K×\A<1

K

χ(x)∥x∥sKd×x.
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Similarly ∫
A>1

K

ϕ̂ (x)χ(x)−1∥x∥1−s
K d×x

converges for all s.

We have split exact sequence

0 A×,1
K A×

K R×
+ 0

∥·∥K
,

It follows that A×
K = A×,1

K ×R×
+, so A<1

K = A×,1
K × (0, 1), and so K×\A<1

K =
(
K×\A×,1

K

)
× (0, 1).

Thus

ϕ̂(0)

∫
K×\A<1

K

χ(x)∥x∥s−1
K d×x− ϕ(0)

∫
K×\A<1

K

χ(x)∥x∥sKd×x

= ϕ̂(0)

∫
K×\A×,1

K

χ(x)d×x

∫ 1

0

ts−1 dt

t
− ϕ(0)

∫
K×\A×,1

K

χ(x)d×x

∫ 1

0

ts
dt

t
.

If χ|A×,1
K

is nontrivial, then the above equation equals to zero. If not, χ depends only on ∥x∥ for

x ∈ A×
K , and there character R×

+ → C× must be (·)λ where λ = iR. Hence χ is trivial on A×,1
K

iff there exists λ = iR such that χ(x) = ∥x∥λ. It follows that

ϕ̂(0)

∫
K×\A<1

K

χ(x)∥x∥s−1
K d×x− ϕ(0)

∫
K×\A<1

K

χ(x)∥x∥sKd×x

= ϕ̂(0)

∫
K×\A<1

K

∥x∥s−1+λ
K d×x− ϕ(0)

∫
K×\A<1

K

∥x∥s+λ
K d×x

= ϕ̂(0)

∫
K×\A×,1

K

∫ 1

0

ts−1+λ dt

t
− ϕ(0)

∫
K×\A×,1

K

∫ 1

0

ts+λ dt

t
,

which is absolutely converges for Re(s) sufficiently large, and equals to

ϕ̂(0) vol
(
K×\A×,1

K

)
s− 1 + λ

−
ϕ(0) vol

(
K×\A×,1

K

)
s+ λ

.

Consequently, if χ|A×,1
K

is nontrivial,

Z(ϕ, χ, s) =

∫
A>1

K

ϕ(x)χ(x)∥x∥sKd×x+

∫
A>1

K

ϕ̂ (x)χ(x)−1∥x∥1−s
K d×x;

if χ(x) = ∥x∥λ, λ ∈ iR, then

Z(ϕ, χ, s) =

∫
A>1

K

ϕ(x)χ(x)∥x∥sKd×x+

∫
A>1

K

ϕ̂ (x)χ(x)−1∥x∥1−s
K d×x+

ϕ̂(0) vol
(
K×\A×,1

K

)
s− 1 + λ

−
ϕ(0) vol

(
K×\A×,1

K

)
s+ λ

.

We conclude that Z(ϕ, χ, s) admits meromorphic continuation, and satisfies the following func-

tional equation:

Z(ϕ, χ, s) = Z
(
ϕ̂, χ−1, 1− s

)
.
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