Algebraic Number Theory

Jingming Cui

1 Algebraic integers

Definition 1.1. A finite extension of Q is called algebraic number field.

Let K be an algebraic number field. Two fundamental questions arise:
1. How to define the ring of integers in K7
2. How to generalize the unique factorization theorem?

Definition 1.2. K algebraic number field. An element o € K is called integral over Z if its

minimal polynomial has coefficients in Z.

Proposition 1.1. « € K is integral over Z iff there exists f(z) € Z[X] monic such that f(«) = 0.

Proof. = clear.

<=: Suppose that f(X) = X"+a; X" '+ -+a, and f(X) = [[_, fi(X)™ be factorization
in Q[X] with all the leading coefficients 1. Then from Gauss Lemma f;(X) € Z[X], of f(X)
being irreducible. Since f(a)) = 0, there exists ¢ such that f;(a) = 0. O

Proposition 1.2. An element « € K is integral over Z iff Z[a] is finitely generated Z-module.

Proof. =: Suppose that « is integral over Z, then « satisfies an equation

" +a " '+ ta, =0, €’

n—1

Thus Z[a] is generated by 1,«a, - , &

<: If Z[a] is finitely generated as a Z-module. Let (31, - , 8, be a set of generators of Z[q]
over Z. Consider the map «-: Z[a] — Z[a]. It is a homomorphism of Z-module with respect to
the basis 81, -, Bn, it has associated matrix A € M« (Z). Let f(X) = det(X-1d,, —A) € Z[X]
with leading coefficient 1, then f(«) = 0. By Hamilton—Cayley Theorem, « is integral over Z. [



Corollary 1.1. Suppose that «, 8 integral over Z, then o + 8, a8 are both integral over Z. In

particular, all the integral element in K form a subring of K, denoted Ok .

Proof. Tt is clear that a + §,af € Z[a, 8]. By assumption Z[a],Z[3] is finitely generated Z-

module. Let ai, - ,a, be a set of generators for Zla], 81, - ,8s be a set of generators for

Z[B]. Then {c;f;}1<i<r forms a set of generators of Z[a, 5]. As Z is noetherian, the submodule
<j<s

1
Zla + B8], Z]af] C Z|a, 5] are both finitely generated as Z-module. By the previous assumption
a+ B, af are both integral over Z. O

Proposition 1.3. Let K be algebraic number field. Then Ok is a lattice in K, i.e., O is a
free Z-module of rank [K : Q] and O ®z Q = K. Moreover it contains all the subrings of K

which is finitely generated as Z-module.

Proof. 1) We show that Ok ®7 Q = K. For a € K, it satisfies an equation:
Q" +a "t ta, =0, @ €Q

Take ¢ € Z such that ¢-a; € Z, i = 1,--- ,n. Then ¢*(a" + 12" 1 +--- +a,) = 0, so
(ca)™ + (cay)(ca)t +---+c" Y ca,) =0. Asca; €Z,i=1,--- ,n and ¢ € Z, we obtain
that ca is integral over Z. It follows that ca € Ok, s0 a € O ®7Q, and so K C O ®7Q.
On the other hand, since O C K and Q C K, Og ®7 Q C K. Therefore K = Og ®7 Q.

2) We show that Ok is finitely generate as Z-module. If this holds, as Ok C K is torsion-free,
it will be a free Z-module of rank [K : Q]. By 1) there exists ay,- - , o, € Ok which forms
a basis of K over Q.

Let A be the Z-module generated by «ay,- -, a,, then A is a lattice in K and A C Og.
Consider the bilinear form (-,-): K x K — Q defined by (o, 8) + Trg/g(af). It is non-
degenerate as K/Q is separable. For a lattice L C K =~ Q", define LY = {a € K | (a,z) €
Z,Nz € L}. Tt is easy to verify that LY is still a lattice in K. So AY C O},. Notice
that Oy = {a € K | Trgg(azx) € Z,Vz € O} D Ok (a € Ok,z € Ok implies that
az € Ok, so Trg g(ax), the (n — 1)-degree coefficient belongs to Z. Thus O C AY. As

7Z is noetherian and AV is a lattice, we obtain that O is finitely generated.

3) Let A C K be a subring and it is finitely generated as a Z-module. We claim that
any element of A is integral over Z, which implies that A C Og. Indeed, let g1, -, B,
be generators of A over Z. Consider the homomorphism of Z-modules a-: A — A. Its

associated matrix lies in My, «,(Z). Same argument as before shows that « is integral.



(finite generation is necessary, see Z C Z[1/p], Z[1/p] is not finitely generated Z-module.)
This leads to a natural question: can we provide an abstract characterization of the ring of

integers Ok ?

2 Dedekind domain

All the rings in this section are noetherian integral domain.

Definition 2.1. Let A be a subring of B. An element 8 € B is integral over A if there exists
f(z) € A[X] with leading coefficient 1 such that f(5) = 0. This condition is also equivalent to
A[f] is finitely generated as A-module.

Proposition 2.1. For 5y, 82 € B. Suppose that (1, 82 are integral over A, then 1 + B2, 81062
are integral over A. Hence all the elements of B which are integral over A form a subring of B,
called the integral closure of A in B.

Example 2.1. K/Q finite, then Ok is the integral closure of Z in K.

Definition 2.2. A ring A is called integrally closed if its integral closure in Frac(A) is A itself.

Definition 2.3. A Dedekind domain is a noetherian integral domain, which is integrally

closed and of Krull dimension 1. (All the nonzero prime ideals are maximal).

Remark 2.1. Geometrically, A is an algebra over k, k = k, char(k) = 0, then A is of Krull
dimension 1 iff A is the ring of regular functions on an affine algebraic curve. It is integrally

closed iff the algebraic curve is smooth.

Example 2.2. Let A = C[[t?,#%]], then Frac(4) = C((t)), and the integral closure of A in
Frac(A) is C|[[t]].

Indeed, let x = t2, y = t3, then y/z = t and xz, y satisfy y?> = 23, so (y/x)? = z, and it follows
that t> = z. Thus ¢ is integral over A, C[[t]] is contained in the integral closure of C[[t?,¢%]]. But
C[[t]] is a PID, hence already integrally closed. Consequently C[[¢]] is the integral closure of A
in C((¢)).

Geometrically, consider the algebraic curve y2 = 22 in C2. A is the completed local ring of

the curve at 0. The introduction of ¢t = y/x is the blow-up at 0 of the curve.



Theorem 2.1. Let K be an algebraic number field, then O is a Dedekind domain.

Proposition 2.2. A PID is a Dedekind domain. In particular, Z and k[T] (k a field), are

Dedekind domains.

Proof. A PID is a noetherian integral domain. Moreover, a non-zero prime ideal in it is maximal.

So it only suffices to show that it is integrally closed. Fix x = a/b € Frac(A4) with (a,b) = 1. If

(@) ea () oo

for some c1,--+ ,¢, € A <= a" + c1a" b+ coa" 22 + -+ b =0 <= a" = —b(cra" ! +

it is integral over A, then

c2a™ " 2b + -+ ¢,b"1). By the unique factorization theorem of PID, a,b have common factor,

contradiction to the assumption. O

From the proof, a UFD is integral closed.

Theorem 2.2. Let A be a Dedekind domain with Frac(A) = K. Let L be a finite separable
extension of K. Let B be the integral closure of A in L, then B is a Dedekind domain.

Ok is the integral closure of Z in K, Theorem 2.2 + Proposition 2.2 = Theorem 2.1.
Proof. 1) B is integral domain because B C L, L is a field.

2) B is noetherian.

Proposition 2.3. Same assumption as in Theorem 2.2, then B is finitely generated A-
module and B ® 4 K = L. Moreover, B contains all the subrings of L which is finitely

generated as A-module.

If the proposition holds, B is finitely generated A-module implies that B is finitely generated
A-algebra. Hence by Hilbert basis theorem, B is noetherian.

Proof of Proposition. 1) B®a K = L. Fix x € L, it satisfies 2" + a;2" ' +---+a, =0
with aq,--- ,a, € K. Let ¢ € A be such that cay,--- ,ca, € A, then ¢"(z" +ayz" * +
-+ +ap) = 0. It follows that (cx)™ + (arc)(cx)” 1+ + (ane) -1 =0, so cx € B,

and so B®s K = L.
2) Let B1,-++,08n (where n = [L : K]) be elements of B which forms a basis of L
over K. Let A = Y | AB; be a finitely generated A-module. Consider the non-

degenerate bilinear form (-,-): L x L — K, (z,y) = Trp g (zy). For a A-module
contained in L, les MY = {x € L | (z,M) C A}. Clearly AY D BY. and AY is



generated by dual basis 8y,---, 8y of Bi,---, B, where (8;,8)) = dij. Moreover
BY ={reL|(x,B) C Ay ={x € L|Try/x(xb) € A,Vb € B} D B. It contains B
because Try, /i (xb) € A forany z € B. So AY D BY D B. Because A is noetherian and

AV is a finitely generated A-module, B C AV is also finitely generated as A-module.

O

3) B is integrally closed.

Proposition 2.4. Let A C B C C be inclusions of noetherian integral domain. Suppose

that B is integral over A, and C' is integral over B, then C is integral over A.

4) dim(B) = 1.
Lemma 2.1 (Going down). Let A be a subring of B. Suppose that B is integral over A.
Let p C q C B be prime ideals such that pN A =gN A, then p = q.

Assuming the lemma holds, suppose that dim(B) # 1, then there exists prime ideals
0Cp<CqC B. Apply the lemma, get 0C pN A C gN A C A, contradicts to dim(A) = 1.
O

Example 2.3. 1) PID is Dedekind ring.

2) O C L finite.
Example 2.4. Let d be an odd square-free integer. Let K = (@(\/&) Let t =a+b/d € K,
a,b € Q. Then xz € O iff
Trg/o(x) = 20 € Z,
Nmg q(z) = a® —b*d € Z.

20 € Ziffa€ 3Z. Ifa= 25 then b = % and d = 1 (mod 4) for Nmg g(x) € Z. This
implies that
0 Z+4+7yd d=3 (mod4),
ZJrZHFT‘/a d=1 (mod 4).
Example 2.5. Consider factorization in Og. K = Q(\/g), O = 7 + Z+/5. We can define
the condition of irreducible, and factorization into irreducible elements. Note that 6 = 2 -3 =
(1 +/5)(1 — +/5). Verify that 2,3,1 4 /5,1 — /5 are all irreducible. Suppose that 2 = (a +
bV/5)(c+d\/5) where a, b, c,d € Z. Tt follows that 4 = (a% —5b%)(c? —5d?), s0o b = d = 0, a®c® = 4.
Thus ac = £2, one deduce that a = +2,¢ = £1 or a = +1,¢ = +2. For irreducible z,y € Ok,



there exists common divisors. It is the ideal generated by z,y in Ok . Back to Example, consider
(2,1 +5), (2,1 —v5), (3,1 ++/5), (3,1 —+/5). Verify that they’re both all maximal ideals,

hence prime.

3 Localization and completion

We consider local properties of Dedekind ring.

Let p be a prime number, define

a 1 .
Lpy = {g €QlabeZ,(ab) = l,pfb} =7 {g,ﬂ;ﬁppnme}

One can verify that the ideals of Z,) are all of the form p"Z,y, n € N. In fact, any x € Z,) can
be uniquely written as « = p"(a/b) where a, b coprime to p and n > 0. Then a/b is invertible in
Z(p), s0 we have (z) = (p").

Define a function val,: Z,) — Z U {oo} extend Q — Z U {oo} by = = p"(a/b) — n and
0 — oo. It satisfies the property:

1) valy(zy) = valy(z) + val,(y),
2) val,(z +y) > min{val,(x), val,(y)},
3) val,(z) =00 <= x=0.

val, is called p-adic valuation.

Therefore, we can define a norm |- [, : Q — R as |z|, = p~¥2»(®) then it satisfies
1) |z ylp = |zlplylp,

2) |z +ylp < max{[z(p, [ylp} < [l + |ylp,

3) |z|p >0, and |z|, =0 <= z=0.

This norm is called p-adic norm.

Define dj, : Q x Q — Rx¢ as dp(z,y) = |x — ylp, then
1) dp(z,y) < dp(x, 2) + dp(2,y), V2 € Q,
2) dp(z,y) >0, and dp(z,y) =0 <= z =y.

So d,, defines a metric on Q (also on Z and Z,)).



Remark 3.1. The definition above has arithmetic significance.

—n —n

dp(z,y) <p = |lz—ylp, <p < val(r—y)>n < z=y (modp") (ifz,ye€Z).

That is, the higher the congruence between x and y, the closer are x and y.

Recall that to solve a Diophantine equation

fl(xl7"' 71:71) = Oa

where fi(x1, - ,x,) € Z[xy, -, 2y].

fm(xla"' axn) = 07

We can solve it mod p", i.e., find (a1, ,an) € (Z/p"Z)" such that f;(ai, -+ ,a,) =0 (mod p")
holds for all 1 < 4 < m. The solution becomes ever closer to the actual p-adic solution when
r — 400.

Notice that Q (resp. Z, Zy)) is not complete with respect to d,,. Let Q, (resp. Z,) be the
completion of Q (resp. Z) with respect to dp. (For a metric space (X,d), can always make it
complete by means of Cauchy sequence. More precisely, a sequence {z,}neny in X is called a
Cauchy sequence if Ve > 0, 3N € N such that d(z,, z,) < €, Vm,n > N. Two Cauchy sequences
{zn}, {yn} are equivalent iff lim,, o d(2n,yn) = 0. Let X be a set of the equivalence class of

Cauchy sequences, then d extends to X and ()/f ,d) is complete.)

Proposition 3.1. We have

+o00
Ly, = {Zanp" | an, € {0,1,--- ,p—l},VnENU{O}}
n=0

and

+oo
QP{pmzanpn|mezaan€{oala”' 7p1}7vn€NU{0}}'

n=0
Proof. Let {x,} be a Cauchy sequence with respect to d,. For arbitrary fixed m > 1, there exists
N such that d, (@, Tn) = |Tn — Tp|p < p~™ holds for all n,n’ > N. That is, v,(z, — z,) > m,
Tn = Ty (mod p™). Take 0 < y,, < p™ such that y,, = lim,— 100 T (x,) (mod p™). From
definition y,, = ym_1 (mod p™~1). Since 0 < y; < p, there exists unique ag € {0,1,--- ,p — 1}
such that y; = ag. Since 0 < yo < p? and y2 = y; = ag (mod p), it follows that p | (y2 — ag) and
0 < (y2 —ag)/p < p, so there exists a unique ay € {0,1,---,p— 1}. such that yo = ag + a1p. By
repeating the process, one can find a sequence {a,, } such that vy, = ag +a1p+ -+ + apm_1p™ !
holds for all m. Now we claim that {y.,,} is a Cauchy sequence which is equivalent to {x,}.

n—1

Indeed, since Y — Ym = AmP™ + Aps1p™ T + -+ ap_1p" "t we have p™ | (yn — Ym), SO



[Yn, — Ym|p < p~™. For arbitrary e > 0, one can choose m with p~™ < g, then for every n,n’ > m
we have |y, — yn/|p < p~™ < e. That is, {ym} is a Cauchy sequence in Z, and then define a
element in Z,,, denoted as Zj;i% anp™. Fix m, we have z,, = y,, (mod p™) holds for n sufficiently
large, so |Zp — Ym|p < p~™. Given € > 0, we can choose m with p~" < ¢, and for n sufficiently
large |z, — Ym|p < €. Hence every element in Z, can be written as ZO% anp”

Assume that 370 a,p" = S 2 b,p" in Z,. Fix m > 1, there exists Ny such that
Ziv Ol(an —by)p"| < p~™ for all N > Ny. That is 22[701 app™ = ZN_ 'bp™ (mod p™),
then 3" anp”™ = S byp™ (mod p™). Note that 327" anp™, S0 bp™ < p™, it follows
that Zn o Gnp" Z;T:_OI b,p™ holds for every m. Consequently a,, = b,, for all n.

Fix x € Q and write z = p™(a/b), a,b € Z coprime to p. We prove that 1/b can be ex-
panded p-adically. Since p { b, b is invertible in Z/p"Z for all » > 1. Then for every r > 1,

there exists a unique ¢, such that 0 < ¢, < p" and be, = 1 (mod p"). Since be,y1 = 1

(mod p™t1), we have bc,y1 = 1 (mod p"), so0 ¢, 41 = ¢, (mod p"). Therefore |c,11 — ¢,| <

p~", {¢-} is a Cauchy sequence, and converges to ¢ in Z,. Note that bc, = 1 (mod p")
for all 7, |bc, — 1|, < p~" for all 7, so bc = 1. Thus ¢ = 1/b € Z,, 1/b = 3/ a,p"
where a, € {0,1,---,p — 1}. Moreover {a,} is essentially periodic sequence. So Q, D Q =

{:I:p Zn oanp" | an € {0,1,--- ,p—1},Vn € N and {a,} is essentially periodic}.

Let {z,} be a Cauchy sequence in Q, then there exists N such that |z, — z,/|p < 1 for
all n,n’ > N. Thus |z, —zn]|p, < 1, Le., vp(xy —zn) > 0, S0 vp(x,) > min{v,(xn),0}. Let
m = min{v,(zn),0} € Z, it follows that v,(x,) > m for all n > N, so v,(p~"x,) > 0, ie,
UYn € Z(p). Set y, = p~"x,, we have x, = p™y, where y, € Z(p) for all n > N. Note that
[ — Ynilp = [p7™ (X0 — Tn)|p = D20, — Tur]p — 0 since |x,, — 2|, = 0, {yn} is a Cauchy
sequence. Thus {y,} — y € Z, for some y. Therefore z = p™y = p™ ::6 a,p™, where a,, €
{0,1,--- ,p—1}. For the converse, given z = p™ Z:i% a,p™ and consider s, =p™ > _ a,p" €
Q, since [sr — sp|p < p~(mtr+D L5 1 is a Cauchy sequence, and so p™ _ Oanp € Qp. We

finish the proof. O

Remark 3.2. For a Cauchy sequence {xn} the proof shows that we can find unique 0 <

n=1»

Yn < P", Yni1 = Yn (mod p™) for all n such that {y,} > forms a Cauchy sequence which is

equivalent to {z,,},>5. It also implies that

Z,= @Z/p" = {(1‘1,3}2, )€ H Z/p" | €p41 = xn  (mod p"),Vn € N},
neN

which gives an algebraic expansion for Z,. In general, let A be a noetherian integral domain,



I C A an ideal, can define the I-adic completion of A as A; = @A/I”.

Let A be a ring. S C A is called a multiplicative subset if 1 € S and S is closed under
multiplication. Define a relation on A x S: (a,s) ~ (b,t) iff there exists u € S such that
u(at — bs) = 0.

One verifies that

1) (a,s) ~ (a,s);
2) (a,5) ~ (b,t) iff (b, 1) ~ (a, 5);
3) (a1,s1) ~ (ag, s2), (as, s2) ~ (as, s3) implies (a1, s1) ~ (as, s3).

Define S~ A as the set of equivalence class in A x S, equipped with

a b __ at+bs
1)s+t_ st
a b _ ab

2)5 t st

get the ring of fraction of A with S.

Example 3.1. 1) Take f € A, f £ 0. Let S = {f"}7%, then S~ A = {f% lae AneNU {o}} c
Frac(A), denoted as Ay.

f(xl’... ’xn)vn

the ring of rational functions on C™ which has poles along V(f) = {(z1,-- ,z,) € C" |
f(x17"' vmn) - 0}'

In case that A = Clxq, -+ , 2], then Ay = {M |g € Cleg, - ,x,],m e NU{O}},

2) Let p C A be a nonzero prime ideal. S = A\ p is a multiplicative subset. Let A4, =
(A\ p)~LA, call it the localization of A at p.

Proposition 3.2. Let A be a ring and S C A be multiplicative set. Then

1) the ideals in S™!A are all of the form S~'a, a C A an ideal.

2) the prime ideals in S~!A are in bijection with the prime ideals in A which is disjoint from

S.

Corollary 3.1. Let p C A be a prime ideal, then the prime ideals in A, are in bijection with

the prime ideals contained p. In particular it has unique maximal ideal pA,.
Extension to A-module M. Define a relation on M x S, (m, s) ~ (n,t) iff u(mt —ns) = 0 for

some u € S. Similarly can verify that it is an equivalence relation. Define S~'M as the set of

equivalence class in M x S, equipped with



1)

2)

«[3

+ 2 = mns y n e M, for arbitrary s,t € S.

» |

- = &, for arbitrary a € A, m € M, s,t € S.

Get an S~!A-module S~'M, called the localization of M with respect to S.

Proposition 3.3. Let A be a ring. S C A is a multiplicative set.

1) For an exact sequence M; — My — Mz of A-module, the induced sequence S™1M; —

S™IMy — S~ M5 is exact.
2) Let M be an A-module, then M ®4 S~ 1A = S~1M. In particular S7! A is a flat A-module.
3) For A-modules M, N, we have S™!M ®g-14 S7I!N = S~ H(M ®4 N).
Proposition 3.4 (Local-Global Properties). Let M be a A-module, TFAE:
1) M =0
2) M, =0 for any prime ideal p C A
3) My =0 for any maximal ideal m C A.

Proposition 3.5. Let A be a noetherian integral domain, then A = A, inside Frac(A).

p prime

Lemma 3.1 (Nakayama). Let A be a local ring, noetherian integral domain. Let M be a finitely
generated A-module. Suppose M = mM, then M = 0.

Corollary 3.2. Let A be a noetherian local ring with maximal ideal m. Let M be a finitely
generated A-module. Suppose it has a submodule N such that M = N +mM, then M = N.

Corollary 3.3. Same hypothesis as in Corollary 3.2. Suppose that the image of z1,--- , 2, € M

in M/mM form a basis of this vector space, then z1,--- ,z, generates M.

Let G be a topological abelian group, i.e., it is equipped with a topology such that G xG Ha
and the inverse G — G are both continuous with respect to this topology.

For a € G, let T,: G — G defined by = — = + a be the translation by a, then T, is a
homeomorphism. Indeed, T, has a inverse T_,, clearly T, is the composition of z — (z,a)
and (z,a) — = + a, so is continuous, and similarly T, is continuous. So the topology of G is

determined by the topology around 0 € G.

Proposition 3.6. If {0} is closed in G, then G is Hausdorff.

10



Proof. Recall that a topology space X is Hausdorfl iff Ax = {(z,2) |z € X} C X x X is closed.
Notice that Ax is the preimage of {0} for the map

fiGxG—G, (zy)r—z-—y
As f is continuous, if {0} is closed, then Ax is closed as well. O
Proposition 3.7. Let H be the intersection of all the open neighborhoods of 0 € G, then
1) H is a subgroup of G.
2) H is the closure of {0}.
3) G/H is Hausdorff.
4) H =0 iff {0} is closed iff G is Hausdorff.

Proof. 1) Need to show that H is closed under addition and taking inverse. For i: G — G

defined by z + —x, it is a homeomorphism, so i~!(U) remains open. Thus

itH)=i"' () Ul= () i')= () V=E

0€U open 0€U open 0€V open

For pi: G x G — G defined by (z,y) — x + y, we have

p I H) = () U= () e

0€U open 0€U open

Since =1 (U) is open in G x G, it contains H x H, so u~Y(H) D Hx H, i.e., H D u(H x H).
Therefore H is closed under addition. Consequently, H is a subgroup of G.

2) x € H iff x lies in any open neighborhood U of 0, iff 0 € x — U for every open neighborhood
U of 0, iff every neighborhood of x contains 0, iff 2 € {0}.

3) Recall that a subset in G/H is closed iff its image under natural projection G — G/H. By
2), 0y € G/H is closed. By Proposition 3.6, G/H is Hausdorff.

4) If H = {0}, we have {0} = {0} from 2), so {0} is closed. If {0} is closed, G is Hausdorff
from Proposition 3.6. If G is Hausdorff, for any z € G, x # 0, there exists U, >, V30
such that U, NV = (. It follows that ¢ H, so H = {0}.

O

11



Assume that 0 € G has a countable fundamental system of open neighborhood, we can define
the completion G using Cauchy sequence. By definition, a sequence {z,} in G is a Cauchy
sequence iff for any open neighborhood U of 0, there exists N € N such that x,, — z,,, € U for all
n,m > N. Two Cauchy sequences {z,},{yn} are equivalent iff lim, o (2, — y») = 0. Then G

is defined as the set of equivalence class of Cauchy sequences.

Remark 3.3. The natural map i: G — G defined by z — (z,z,---) is not automatically
injective. In fact, Ker(i) = Nycp open U = H. So i is injective iff H = {0} iff G is Hausdorff.

Proposition 3.8. The morphism i: G — G is injective iff G is Hausdorff.

In the following, suppose 0 € G has a fundamental system of open neighborhood consisting
of subgroups, i.e., there exists a sequence G = Gy > G1 > G5 > --- such that U < G is open iff

U contains G,, for some n.
Example 3.2. The p-adic topology for Z is given by the sequence Z D pZ D p?Z D - --.

Proposition 3.9. In the above situation, all the groups G, are open and closed at the same

time. G is totally disconnected if it is Hausdorff.

Proof. G, is open by definition. Since G,, is a subgroup of GG, G admits a coset decomposition,
Le, G =GnUU,gq, (¢ + Gn) is disjoint union. So Gy = G\ U,¢¢, (¥ + Gn) is closed.

A topological space is totally disconnected iff its connected components are single points.
It only need to show the connected component containing 0 is {0}. Let Cy be the connected
component containing 0. It follows that Cy C G,, for all n, otherwise Cy = (CoNG,,)U(CoN(G\
G,,)) implies that Cj is not connected. Thus Cy C (,—, Gn. If G is Hausdorff, C 2, G,, = {0},
so Cp = {0}. O

For such topology abelian group G, its completion G is constructed with Cauchy sequence.
Notice that for a Cauchy sequence {z,} in G, let m,: G — G/G,, lim 7 (2n) = T (2N)

for some N > 0. As explained in the construction of Z, we have

é:yLnG/Gn = {(Il,l‘g,"') € H G/Gyp | xpe1 mod G, = x,,Vn € N}.

neN

It is equipped with a topology which is generated by translations of open sets of the form

G, = {(O,-~~ 0,2y, Tpy1, ) € H G/Gyp | peq mod Gy, = x,,Vn € N}

neN

Proposition 3.10. Suppose that |G/G,| < +oo for all n € N, then Gisa compact topological

space.
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G/Gn — G/Gy by (x)h2) + zp and B [[,en G/Gn —

Proof. Define two continuous a,: [] -
G/G, = G/Gpi1

neN
G/Gp by (zm)} 2] = Zny1 mod G, (note that it is the composition of T, cx
and natural map G/Gpy1 — G/G,), where [ [, .y G/Gy, is equipped with the product topology.
Since |G/Gp| < 400, it is Hausdorff, so Agq, is closed, and so (an,8n) ' (Ag/q, ) is closed.
Hence G = Myen(@n: Br) (A, ) is closed in [], . G/Grn. By assumption, G/G,, is finite,

hence compact. By Tychonoff Theorem, [] G /G, is compact, so G is compact as G is closed

neN
in [[,enG/Gn- O
Example 3.3. Z, is compact as |Z/p"| = p" < +o00.

Question: Is completion an exact functor?

Definition 3.1. 1) A projective system is a sequence of abelian groups {4, }.en equipped

with translation morphism 7, : A,+1 — A,. Its projective limit is defined as

lim A, = {(ml,xg,-w) € [] An | mn(@ni1) = 2n,Vn € N}

neN

equipped with topology generated by translation of open sets of the form

{(o,m 0,20, g1, ) € [ mn(@nga) = 20, V0 € N}

neN

2) The projective system {A,}nen is said to satisfy the Mittag-Leffler condition if =, is

surjective for n > 0.

3) Given projective systems {A,}, {Bn}, {Cn}, if we have commutative diagram of exact se-

quences
0 —— Apy1 —— Bpta Cht1 0
| | |
0 A, B, Cn 0

for all n, we say that there is an exact sequence of projective system

0 {AN} ? {Bn} {Cn} O
Is it true that the sequence
0—— lgnnAn — @an — lgnnCn — 0

is exact?

13



Theorem 3.1. Suppose that we have an exat sequence of projective systems

0 {4,} {B,} — {Cp,} — 0,

then the sequence
0—— I'&nnAn —_— @an —_— l'&nnCn
is always exact. If {A,} satisfies Mittag-Leffler condition, the sequence
0 — lim A, — lim B, —— lim ¢, —— 0
is exact.

Proof. Let A = [] A,, define d*: A — A defined by (z,)n — (zn — Tn(Tni1))n where

neN

Tt Apy1 — A, is the translation map, then gnn A, = Ker(dA). Similarly we can define

(B,dP),(C,d®). By assumption, we have commutative diagram with exact sequence

0 Api1 By —— Chyy —— 0
0 A, B, Cy 0

so we obtain commutative diagram of exact sequence

0 A B C 0
N
0 A B C 0

By snake lemma, get the long exact sequence
0 —— Ker(d?) —— Ker(d?) —— Ker(d“) —— Coker(d*) —— Coker(d?) —— Coker(d®) —— 0 .

By @n A, = Ker(d*) get the first exact sequence.

For the second assertion, as Linn A, = %iinnzno A,,, can assume that 7T;?Z Apy1 — Ay s
always surjective, then d4: A — A defined by (z,,) — (2, — Tp(2n41)) is surjective: For (a,) €
A = [l,eyAn, the equation z, — m,(Tny1) = a, can be solved as 7, is surjective. Thus

Coker(d?) = {0}, the second assertion holds. O

Corollary 3.4. Let G be a topological abelian group with topology defined by a sequence of

subgroups {G,, }nen. Suppose that we have exact sequence

0 G’ G G 0
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and G',G" are equipped with topology induced from G (defined by {G' N G} and {7(G,)}

respectively), then the sequence

is exact.

Proof. We have (G'+ G,,)/Gn = G'/(G' N Gy). On the other hand, (G/G,)/(G' +G,)/G,) =
G/(G'+ Gy), so G/(G'+ G,) = (G/G")/7(G,) = G"/nw(Gy,). Clearly Ker(G/G,, — G/(G' +
Gpn)) =(G'+G,)/G, =Im(G'/(G'NG,) = G/G,,). Hence we have short exact sequence

0 —— G /(' NGCy) — CJGr —— G" [7(Gr) — 0 .

Note that G'/(G' N Gpy1) — G'/(G' N G,,) is always surjective, {G'/(G' N G,,)} satisfies the
Mittag-Leffler condition. By Theorem 3.1 we finish the proof. O

Corollary 3.5. Let G be a topological abelian group with topology defined by a sequence of
subgroup {G,, }nen, then é/é; >~ G/G,,. In particular G = G and G is Hausdorff.

Proof. Fix n and consider the exact sequence

0 G, G G/G, —— 0.
Equip G,, and G/G,, with the induced topology, then for arbitrary m > n,
0 — G,/Gn, — G/G, — G/G,, —— 0

is exact. By Theorem 3.1, get

0 —— lim Gn/Gp — lim G/Gp — lim GG — 0

| |
G G

we obtain é/é; ~G/G,.
From definition G = lim (é/é;) = I&Hn(G/Gn) =G. O

Definition 3.2. Let A be a commutative ring, a C A be an ideal, M be an A-module. A=
I'Lnn A/a™ is called a-adic completion of A. It is a topological ring. M= I&Hn M/a™M is called

a-adic completion of M. It is naturally an A-module.

Question
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1) Is M = M ©4 A? What is M — A?

2) Is A a flat A-algebra?

3) If A is noetherian, does A remain noetherian?
For 2), given an exact sequence of A-module

0 M, M M, 0,

is the sequence
0*>M1®A2—> M®Aﬁ—> M2®Aﬁ*>0

exact?

Natural question: Does the a-adic topology on M induced the a-adic topology on M;? That is,
{a"M N M’} ~ {a™M'}? This is equivalent to for arbitrary n € N, there exists m € N such that
a™M' C a®M N M’; and for arbitrary m € N, there exists n € N such that a" M N M’ C a™M’.

Definition 3.3. A filtration of M by A-modules
M:MQDMlDMQD"'

is called a-filtration if aM,, C M, 4 for all n € N. It is called a stable a-filtration if aM,, = M, 41
for all n > 0.

Remark 3.4. {a"M} is a stable a-filtration.

Lemma 3.2. All the stable a-filtration on M defines the same topology on M.

Proof. Only need to show they define the same topology as {a”M}. Let {M,} be a stable a-
filtration, then a”M = a™My C M, by definition. So the topology defined by {a™M} is coarser
than by {M,}. On the other hand, there exists ng such that a"M D a"M,, = M, ., for all
n > ng. Therefore the topology defined by {M,} is no coarser than that by {a”M}. The two

topology are equivalent. O

Definition 3.4. 1) Let A* = @~ ,a", a’ = A, with the ring structure z,, - T = Tz, €
a™™™ for x,, € a™ and x,, € a™. This makes A* a graded ring, with a” being the degree n

component of A*.

2) For a a-filtration {M,,} of M, defined M* = &, , M,. It is equipped with a A*-module
structure by x; - m; = x;m; € M;,; for any z; € a’ and m; € M;. Then M* is a graded

A*-module with M,, being the degree n component of M*.
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Geometrically, let X = Spec A and Z = V(a) C X. The blow-up along Z is Blz; X = Proj A*.

Lemma 3.3. If A is noetherian, a C A is an ideal, then A* is noetherian.

Proof. By assumption, a is finitely generated, let x1,---,z, be a set of generators. Define
AXy, -, Xy 2 A" =Ada®a®? @ - by X[ X2 s 2t - 2% € a”. It is a morphism of
graded algebra and it is surjective. By Hilbert Basis Theorem, A[X},--- , X,,] is noetherian. So
A* = Alxq, -+ ,x,] is noetherian since the quotient ring of a noetherian ring is also noetherian.

O

Lemma 3.4. Let A be a noetherian ring, M a finitely generated A-module. Let {M,} be a

a-filtration, then the following conditions are equivalent:
1) {M,} is a stable a-filtration.
2) M* is a finitely generated A*-module.

Proof. First assume that {M,,} is stable, there exists Ny such that M,,+1 = aM,, for all n > ny.
So for arbitrary m > ng we have M,,, = a™~ "0 M,, . We claim that A*(My® M1 & --- B M,,) =
M*. Clearly A*(My® My @ ---® M,,) C M*, given x € M* homogeneous, on the other hand
note that Mo ® M1 & --- & M,,, C A*(My® My & --- @ M,, and M,, = a™ ™M, C A*M,,
for m > ng, we then obtain A*(My & M; & --- & M,,) D M*. Since M is finitely generated
and A is noetherian, My, --- , M,, as submodule of M is also finitely generated, it follows that
My & --- & M, is finitely generated as A*-module, hence M* is finitely generated A*-module.
Now assume that M* is finitely generated as A*-module, we can choose homogeneous 1, - -+ , x4

which generates M*. Let n; = degx; for 1 < i < s and let r = max{nj,--- ,ns}, we prove
that M,, = aM,,_1 for n > r + 1. From definition M, D aM,_;. For the converse, we have
M, C Y av "M, =>a-a" "M, C> aM,_1 = aM,_;. We finish the proof. O

Theorem 3.2 (Artin-Rees Lemma). Let A be a noetherian, a C A be an ideal, M finitely
generated A-module. Let {M,,} be a stable filtration. Let N be a A-submodule of M, then the
induced filtration {M,, N N} is a stable a-filtration. In particular, the topology on N is induced
from the a-adic topology on M is equivalent to the a-adic topology on N.

Proof. {M, NN} is an a-filtration: a(M,NN) C aM,,NaN C M, 1NN. Let N* =@ 7 (M, N
N). It is an A*-submodule of M*. Since {M,,} is a stable a-filtration, M™* is a finitely generated
A*-module by Lemma 3.4. As A* is noetherian, N* is finitely generated A*-module. By Lemma
3.4, {M,, N N} is a stable a-filtration. O
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Taking M,, = a” M we obtain what is usually known as the Artin—Rees Lemma:
Corollary 3.6. There exists an integer k such that
(a"M)N M =a"" ((abM) 0 M)
for all n > k.

Corollary 3.7. Let A be a noetherian ring, a C A be an ideal, let M be a finitely generated

A-module, then for any exact sequence

0 M,y M Moy 0

we have the exact sequence of a-adic completion

0 M, M M, 0.
Proof. If we equip M7 and M> with the topology induced from the a-adic topology of M, we get

an exact sequence

O*>]\//[\1/ M ]\72/ 0

from the proof of Corollary 3.4. By Artin—Rees Theorem, the induced topology are exactly the

a-adic topology. So the exact sequence is exactly what we want. O

Question: M=M RA A?

For every n we have natural projection A A/a™, by tensoring M we obtain //1\®A M —
(A/a™)®@4 M = M/a™M. Thanks to the universal property of inverse limit, we obtain A@s M —
lim M/a"M = M.

Proposition 3.11. Let A be a commutative united ring, a C A an ideal. Let M be a finitely gen-
erated A-module, then the morphism A®a M — M is necessarily surjective. If A is noetherian,

it is an isomorphism.

Proof. By assumption, there exists a surjective A-module morphism ¢: FF = A" — M. It is clear
that F = lim F/a"F = ]’gln(A/a”)T = (@n A/a”) = A" = F @4 A since limit commutes

with limit in a category. Let N = Ker(¢), we get an exact sequence

0 N F M 0.

Tensoring A get exact sequence

NOjA— 3 FOAA — MR4A—0

| ¢ |

~ —

0 N F M 0
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where M and N are the completion of M and N with respect to the topology induced from
F. The exactness of the bottom row is from Corollary 3.7. Since a cF — Mis surjective and
B: F®a A— Fisan isomorphism, v: M ® 4 A — M must be surjective. If A is noetherian, N
is finitely generated. the induced topology in N is the a-adic topology by Artin—Rees Lemma.
The first assertion applies to «: A® AN — N (note that N C F is finitely generated), hence «

is surjective. Diagram chasing show that Ker(v) = 0. So v is an isomorphism. O
Corollary 3.8. If A is noetherian, then Ais a flat A-algebra.

Proof. For exact sequence of finitely generated A-module

0 M, M M, 0,

we get the exact sequence of a-adic completion

o~

0 M, M M, 0
[ 12 12

04)M1®A24)M®A24)M®A;{4>0
Note that flatness can be checked on the inclusion a < A for any ideal a of A, and a must be
finitely generated since A is noetherian. Hence Ais a flat A-algebra. O
Question: If A is noetherian, is A noetherian?

Proposition 3.12. Let A be a noetherian ring, a C A be an ideal, A is the a-adic completion

of A, then

1) @= Aug;
2) a" = a”;

3) an/a"tt =a"/a" ! so @, a/a" Tt =P a"/am T
4) a is contained in the Jacobson radical of A.

Proof. 1) By assumption, a is finitely generated. By Proposition 3.11, A ®4 0 — @ is an

isomorphism. Its image is Aa. So A\®A a2 Aa=ad.
~ n ~ o~
2) (@)" = (Aa) = Aa™ = a” since a” is also an ideal.

3) We have already seen A/a” = A/a" = A/a". So a"/a"*! = Ker (/T/a/”E — /T/Eﬁ) =
Ker (A/a"™! — A/a") = a"/a™ 1.
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4) z € a implies that 2" € @, so #" = 0 in A/@", and so (1 —z)(1 +z + --- + 2" 1) =
1—2" =1in A/a". Note that 1+ 2+ - +2™ 1 =1+z+ -+ 2" (mod @), we
have 1 +x+ 22+ € lgln ﬁ/ﬁ” = A admits inverse 1 — z in g, and so z lies in Jacobson
radical of A.

O

Corollary 3.9. Let A be a noetherian ring. m C A a maximal ideal, then m is the maximal

ideal of A.

Proof. By the assumption A/f = A/m, get @ is the maximal ideal of A. By 4) in Proposition

3.12, m is contained in the Jacobson radical of A\, so must be the unique maximal ideal of A O

Definition 3.5. 1) Let A be a commutative unitary ring, a C A be an ideal. Define Grqy(A) =
Ala®aj/a® ®a?/a® D ---.
2) Let M be an A-module, {M,} is a a-filtration. Define Gr(M) = @, , M, /M,+1. So we
can define a Grq(A)-module structure on Gr(M).

Geometrically, let X = Spec A and Z = V(a) C X, the normal cone is defined by Cz,/x =
Spec, (@nzo a”/a”“). In particular, if = is a closed point, then C,,x = Spec(Grm,(A)),
which is the tangent cone of X at x. Here m, C Ox , is the maximal ideal of the local ring at x.

Proposition 3.13. Let A be a noetherian ring, a C A an ideal, then
1) Grq(A) is noetherian;

2) If M is finitely generated A-module, {M,,} is a stable a-filtration, then Gr(M) is finitely
generated Gr,(A)-module;

N

3) Gra(A) = Crg (A)

Grq(A4)

Grz (X)

Proof. 1) A is noetherian, a is finitely generated, let x1,--- ,z, be a set of generators for a.

Consider the morphism (A/a)[X1,- -+, X,] = Gre(A) = A/a® a/a®> ® a®/a® & - -+ defined
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by X; — x;, it is surjective. So Gry(A) is a finitely generated A/a-algebra. Since A is
noetherian, so is A/a. By Hilbert Basis Theorem Grq(A) is noetherian.

2) By assumption, {M,,} is a stable a-filtration, so there exists ng € N such that M, 1,, =
a” My, . So oo My, /My 11 is generated by M, /Mp,+1 over Grq(A). Forn =0, ,no—

n=no

1, M,, C M is finitely generated, so M,, /M, 11 is a finitely generated A/a-module (M,,/aM,, —
M, /M, +1 and M,,/aM, is generated by image of generators of M,, as A-module). Gr(M) =
B M, /M1 @ D50, Mn/Mpy1 is finitely generated as Grq(A)-module.

n=0

3) Consequence of a”/a"™! = q"/a"*+1.

O

Lemma 3.5. Let ¢: A — B be a morphism between filtered abelian groups (i.e., ¢(4,) C B,
for all n), let Gr(¢): Gr(A) = @:z Ay /Ans1 — Gr(B) be the induced morphism and (Z: A=
@n A/A, — B be the induced morphisms, then

1) If Gr(¢) is injective, then (;AS is injective;
2) If Gr(¢) is surjective, then $ is surjective.
Proof. We have the commutative diagram of exact sequence

0— A, /A1 —— AJAp1 —— AJA, —— 0

lGrn () l@m lqbn

0—— Bn/Bn+1 E— B/BnJrl — B/Bn — 0
If Gr(¢) is injective, we show by induction ¢,, are all injective. In general by the Snake Lemma,

0 —— Ker(Gr,(¢)) —— Ker(¢p+1) — Ker(¢,

Coker(Gr, (¢)) —— Coker(¢py1) — Coker(¢p,) —— 0
If ¢, is injective, then ¢, 11 is injective. Since A; = A and B; = B, ¢1: 0 — 0 is injective, so
all ¢,, are injective, i.e., 0 = A/A, — B/B,. Since @1 is left exact, we get 0 — I.LHA/A,Z i)
liy B/B,,.
If Gr(¢) is surjective, similarly we can show that ¢,: A/A, — B/B, — 0 is surjective.
Moreover, by the above exact sequence we get Ker(¢,1) — Ker(¢,). The projective system

{Ker(¢,,)} satisfies Mittag-Leffler condition. For the exact sequence
0 — {Ker(¢n)} — {A/A} — {B/B,} — 0
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we get the exact sequence

. ~ 3.5
OﬁkinnKer(d)n) A B 0

In particular, qAﬁ is surjective. O

Proposition 3.14. Let A be a commutative unitary ring, a C A ideal. Suppose that A = A. Let
M be an A-module equipped with an a-filtration {M,,}. Suppose that Z:B M,, = {0}. Suppose
that Gr(M) is finitely generated Gry(A)-module, then M is finitely generated as A-module.

Proof. Let &; be a set of generators for Gr(M) = :ico M, /M, 1. Without loss of generality,
we can suppose that & are all homogeneous, say of degree n;. Let z; be a lift of &; in M,,,. For
n € N, let A[—n] be the graded ring with

A if 1 < n,

A[—n]l =

a=m ifi>n+1.
Then Gr(A[-n]) = 0®---0® A/a® a/a® ® --- = Grq(A)[—n]. Let F = @,.; A[—n;] with
filtration F; = @@,
¢: F — M defined by 1[—n;] — z;, then ¢ is a morphism of filtered A-module. Indeed, it

A[—n;];. Since A[—n;] = A, F is free finitely generated A-module. Define

only suffices to check at every component A[—n;], if j < n;, we have A[—n;]; = A, it follows
that ¢(A[—ni];) = Az; C M,, C M;; if j > n; + 1, A[-n;]; = a/~™, which implies that
P(A[—nil;) = o/ May; C o/ "M, C M;. Now Gr(F) = @,.; Gra(A)[—n;], by assumption,
Gr(¢) is surjective. By Lemma 3.5, $ is surjective, i.e., F ﬂ M — 0. Note that m =
@j A/Al—n]; = lim A/a™ = A and completion commutes with finite direct sum, we obtain
F =~ F. Moreover ﬂlnoio M, = {0} implies that M — M is injective. Hence we have the
commutative diagram

F— M

|k

P25 M

Since 5 is surjective, and i is surjective, ¢ must be surjecctive. Hence M, as the quotient module

of finitely generated module F, is finitely generated A-module. O

Corollary 3.10. Same hypotheses as in Proposition 3.14, but suppose that Gr(M) is a noethe-

rian Grq(A)-module, then M is a noetherian A-module.
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Proof. Let N be a sub-A-module of M, then a(NNM,,) C aNNaM,, C NNM, 41, the a-filtration
{M,,} on M induces the a-filtration {N NM,},, on M. If {M,,} satisfies the Hausdorff condition,
so does {N N M, },. By assumption, Gr(M) is noetherian Grq(A)-module. So Gr(N) C Gr(M)
is finitely generated. By Proposition 3.14 N is finitely generated as A-module. Thus M is

noetherian A-module. O
Corollary 3.11. Let A be a noetherian ring, a C A an ideal, then A is noetherian.

Proof. Need to show that A is noetherian as A-module. Note that A is complete and Hausdorff.
Since A is noetherian, Grq(A) is noetherian ring by Proposition 3.13 (a), i.e., Grq(A) is noetherian
as Grq(A)-module. Moreover, Proposition 3.13 gives Grg (21\) = Gry(A4). By Corollary 3.10, A

is noetherian as A-module. O

Note that M — M has kernel (1123 a™ M.

Theorem 3.3 (Krull). Let A be a noetherian ring, a C A an ideal, M is finitely generated
A-module, M= l&nn M/a™M, then Ker (M — ]/\4\> = ﬂ+°% a”M is equal to

n=

{m € M | 3 € a such that (1 + a)m = 0}.

Proof. Let N = ﬂ;:& a™M, it is a sub-A-module of M. Note that N Na"M = N, the topology
induced from M on N is trivial, i.e., Y = {, N}. On the other hand, N has a-adic topology. By
assumption, we can apply Artin—-Rees Lemma, to conclude that the two topology are equivalent,
i.e., the a-adic topology on N is trivial. Hence aN C N open, forces aN = N. Consider the
identity map N — N = aN. N is submodule of M, M is finitely generated A-module, A is
noetherian, we obtain N is finitely generated A-module. Assume that zq,--- ,z, are generators

of N, since N = aN, for every i we have x; = Z;:1 ai;;, where a;; € a. Write

T
(1) | 1] =0

Ty

By multiplying ad]j (Id—(aij) 1§i§r>7 we have det (Id—(aij) éér) z; = 0 for all 7. It follows
= 1<5<r

1<5<r

that det (Id —(asj) 1??) N =0, get the existence of a € a such that (1 + «)N = 0. Therefore
1<j<r
N0 a"M = N € {m € M | 3a € a such that (1 + a)m = 0}.
On the other hand, for m € M such that (1+a)m =0, a € a, then m = (—a)m = (—a)?*m =

- = (—a)™m implies that m € ﬂj;% a” M. O
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Corollary 3.12. Let A be a noetherian integral domain, a C A an ideal, ﬂ:i% a” = {0}.

Proof. By Krull’s Theorem, (2% a = {m € A | 3o € a such that (1 +a)m = 0} = {0} as A is
integral. O

Corollary 3.13. Let A be a noetherian ring, a C Jac(A). Let M be a finitely generated A-
module, then (% a”M = {0}.

Proof. By Krull’s Theorem, ﬂ::(’) a"M = {x € M | 3o € asuch that (1 + a)x = 0}. Since
a C Jac(A), 1+ a € A, so (14 a)z = 0 implies that 2 = 0. O

Consequently, let A be a noetherian local ring with maximal ideal m. Let M be a finitely

generated A-module, then ﬂ:i% m"M = {0}.

4 Localization of Dedekind ring

Let K/Q be finite extension, let Ok be the integral closure of Z in K, then Ok is a Dedekind
ring, i.e., it is integrally closed of Krull dimension 1. Let p be a non-zero prime ideal, let O,

be its localization at p.

Proposition 4.1. Let A be a Dedekind ring, p C A is non-zero prime ideal, then A, is a

Dedekind local ring.

Proof. It is known that the prime ideals of A, is in bijection with the prime ideal of A contained
in p. Since A is of Krull dim 1, so does A,.

For the second assertion, we can show that S~!A is integrally closed for any multiplicative
subset S. Let z € Frac(A). Let z € Frac(A) be integral over S™'A, then it satisfies 2" +
az” '+ 4a,=0,a1, - ,an, € STLA. Take ¢ € S such that caq,--- ,ca, € A. Multiply the
equation by ¢”, get (cx)™ +ajc(cz)" 1 +agc?(cx)" 2 + - - +aycc” ! = 0, which implies that cx

is integral over A, socx € A, x € ST1A. O

Then we conclude

Proposition 4.2. Let K/Q be finite extension, let Ok be the integral closure of Z in K, then

Of,, is a noetherian integral domain, and it is integrally closed of Krull dimension 1.

Theorem 4.1. Let A be a noetherian integral domain, suppose that A has unique non-zero

prime ideal, then A is integral closed iff A is a PID.
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Corollary 4.1. Let K/Q be a finite extension, p C O a non-zero prime ideal, then O, is
PID.

Definition 4.1. A principal ideal domain with unique non-zero prime ideal is called a discrete

valuation ring.

Let A be a PID with unique non-zero prime ideal m, then m is also maximal. Then A\m = A*.

Let m = (), consider the filtration A D m = (7) D m = (7%) D ---. Since A is noetherian local
ring, from Corollary 3.13 (taking M = A), ﬂ::g) m” = {0}. For any z € A\ {0}, there exists

n such that € m™ \ m"*!. Thus z = 7"u, u € A\ m. We can define val: A — NU {co} by

r = m"u — n. It satisfies
1) val(zy) = val(x) + val(y);
2) val(z + y) > min{val(z), val(y)};
3) val(z) = o iff 2 = 0.

In fact, val can be extended to K = Frac(A4) — Z U {oo}, x = a/b = #"u + n, here n € Z and

u € A\ m. It also satisfy the above three properties.

Definition 4.2. Let K be a field. Suppose that there exists val: K — Z satisfies 1), 2), 3), we

call K a discrete valuation field, and val is a discrete valuation.

Proposition 4.3. Let A be a noetherian integral domain, it is a DVR iff there exists a discrete

valuation val: K = Frac(4) — Z U {oo} such that A = {a € K | val(z) > 0}.

Example 4.1. Let A = C[[X,Y]] and m = (X,Y). Consider the descending chain A 2 m 2
m? 2o Given 0 # f = 3, .5 ga; X'Y7 € C[[X,Y]], the set {i +j | ai; # 0} is not empty,
let d be the minimal element of this set. Hence f € m?\ m%!, we have (/% m"” = {0}.
Thus for arbitrary f € A\ {0}, let val(f) = min{i + j | a;; # 0}. One can verify that val
satisfies 1), 2), 3), but A is not a DVR. Indeed, (X,Y) is not principal ideal. Extend val to
val: C((z,y)) — Z U {0} as before, calculate R = {z € C((z,y)) | val(z) > 0}. Choose
X/Y € K, we have val(X,Y) =1—-1=0, but X/Y ¢ A= C[[X,Y]]. This implies that A C R.

Proof of Theorem. We have show that PID must be integrally closed, it remains to prove the
converse.

Let m be the maximal ideal. For z € m, x # 0, consider A/(x). For a € A, let @ be its image
in A/(z), let Ann(a) ={bec Ajba=0in A/(x)} ={bec A|bac (x)} ={bec A|x|ab}. It
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is an ideal of A, and it contains (z). Let ag € A such that ¢ = Ann(ag) is maximal under the
inclusion relation.

Verify that q is a prime ideal, then ¢ = m. Suppose that there exists by, bs € A such that
biby € q but by ¢ q, by ¢ q. Then b1bsay = 0 implies that by € Ann (bjag). On the other
hand for arbitrary ¢ € q, we have cag = 0, so ¢ (bjag) = 0. It follows that ¢ C Ann (b;ag). So
q+ (b2) C Ann (byag), contradiction to the maximality of q. That is, q is a prime ideal. Moreover
A has only one nonzero prime ideal, ¢ = m.

Let 7 = xz/ag, if b € q = Ann (ag), there exists ¢ € A such that bag = x¢, so b = we.
That is b/t = ¢ € A, 7~ !q C A. We claim that 7—'q = A. Suppose not, then 77 1q C q
since A is local ring with maximal ideal m = q. From A is noetherian, q is finitely generated

A-module, 77!

is integral over A by a technic with Hamilton—Cayley Theorem. (More precisely,
if M is finitely generated A-module, and u € Frac(A) satisfies uM C M, then u is integral
over A.) By assumption, A is integrally closed, so 7= € A, i.e., ap/x € A, x| ap. But then
Ann(ag) = {b € A | o | agb} = A, contradiction to Ann(ag) = q & A. Therefore, 77 1q = A.
We claim that q = (7). For arbitrary b € q, since 77 1q C 4, b = 7 - (b/7) € (), so q C (7).
From 1 € 77 1q = A, there exists ¢ € q such that ¢ = 7, so (7) C g. By Corollary 3.13 (taking
M = A), 25 m™ = {0}. Therefore, z = 7"u, where u € A\ m = A*. For I C A, suppose that

I= (1, ,x.), let © = 7"u;, n; € Nand u; € A*. Let n = min{nq,--- ,n,}, then I = (7™),

i.e., A is PID. O

Corollary 4.2. Let A be a Dedekind ring, then A, is a PID (DVR) for any p C A prime
non-zero.
Definition 4.3. Let A be a noetherian integral domain of Krull dimension 1, let m be a maximal

ideal of A. A is said to be regular at m if m/m? is of dimension 1 as k = A/m-vector space.

Why this definition? Let C C C2? be an algebraic curve defined by f(z,y) = 0, where
f(x,y) irreducible, let A be the coordinate ring on C, then A = Clx,y]/(f(z,y)). By Hilbert’s
Nullstellensatz, all the maximal ideals of A are of the form mp = {p(z,y) € A | ¢(P) = 0}
where P € C. By Taylor expansion, the cotangent space of C at P is mp/m%, the tangent space
of C at Pis (mp/m%)”. Hence C is regular at P iff dime (mp/m%) = 1.

Proposition 4.4. Let A be a noetherian integral domain of Krull dimension 1, let m C A be

the maximal ideal, then A is regular at m iff A, is PID iff A, is integrally closed.

Proof. First we prove: m/m? & mA, /m?Ay, as k = A/m = A, /mAy-vector space. Indeed, note
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that we have short exact sequence

by the exactness of localization we obtain

0 — (m?) —— mp —— myp/(m?) ——0,

m

which implies that (m/m?)y, = mAy/m?Ay,. On the other hand we have m - (m/m?) = 0, for
arbitrary s ¢ m, its image in k = A/m is invertible, so m/m? = (m/m?),,.

If Ay is PID, let mAy, = (), then mAy, /m2 A, = (7)/(7?) is generated by 7 over k = A/m.
So dimy, (mAm/m2Am) < 1. Since m ¢ m?Ay,, 7 # 0, dimy, (mAm/mQAm) = 1. So A is regular
at m.

Conversely, if A is regular at m, then mA, /m?A,, is 1-dimensional as A/m-module. Since
An is a local ring, by Nakayama’s Lemma, mA, = (7) for some m € mA,. Let I C A, be
nonzero ideal. Consider S = {r >0|I Cm"Ay, = (77)}. Since I C A, = m°A,, S is not
empty. A is noetherian local ring, by Corollary 3.13, ﬂrzo m" Ay = {0}, so S admits an upper
bound. Let ¢ be the maximal element, we have I C (7?) but I ¢ (7**1). Choose z € I\ (w'*1).
However, z € I C (7'), one can write z = wfu with u € Ay. Since u ¢ (), it is a unit. Hence
nt=au~t €I, (nt) C I C (nt), that is, I = (xt).

Clearly PID is UFD, hence integrally closed. From Theorem 4.1, noetherian domain with
dimension 1 is integrally closed iff it is DVR. From DVR is PID, A,, is PID iff it is integrally
closed. O

Theorem 4.2. Let A be a noetherian integral domain, then A is a Dedekind ring iff A, is DVR

at any non-zero prime ideal p C A.

5 Unique factorization theorem

Let A be a Dedekind domain.

Definition 5.1. 1) A fractional ideal of A is a finitely generated A-submodule of K =
Frac(A).

2) Let a,b be fractional ideals of A, we define a-b = {finite sum of a;b; | a; € a,b; € b}. It is

a fractional ideal.
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Proposition 5.1. The nonzero fractional ideals of A form a group under the above product,

denoted Ig.

Corollary 5.1. Let a,b be fractional ideals of A. Suppose that a, = b, for all p C A prime,
then a = b.

Proof. Let ¢ = ab™ !, then ¢, = apb, ' = A, implies that ¢ C My =, Ap = A (note that A is
integral domain). Thus ¢, = A, for all p. Therefore ¢ is not contained in any maximal ideal of

A. More precisely, if ¢ C m, then ¢, = Ay C mA,, a contradiction. So ¢ = A and a = b. O

Proposition 5.2. Let « € K \ {0}, then there exists only finitely many prime ideal p C A such
that valy (z) # 0.

Proof. Write z € K* as x = a/b where a,b € A\ {0}. Then {p | val,(z) # 0} C {p | valy(a) #
0} U {p | val,(b) # 0}. Only need to prove for € A\ {0}. Suppose that there are infinitely
many prime ideals p,, C A, n € N such that val, (z) # 0, then val, () > 1 implies that = € p,

for all n € N. So there exists descending chain

PL2piNpe 2prNp2Nps D - D (x).

Indeed, we want to show p1 N ---Np, 2 p1N--- NPy NPyg1. since A is Dedekind domain, every
nonzero prime ideal is maximal, so p; ¢ p,,4+1. For every i = 1,--- . n choose a; such that a; € p;
and a; € ppy1. Thenay---a, €p1N---Npy, but ag---a, € pr N--- NP, NPprrr. Take inverse,
we get

Pt C(pinp2) S (pinpenps) S C(ah,

contradiction to the assumption that A is noetherian, O

Theorem 5.1. Let A be a Dedekind ring, then any fractional ideal can be factorized uniquely

into product of prime ideals and their inverse.

Proof. Let a be nonzero fractional ideal, there exists d € A\ {0} such that da C A, it follows
that a = d~!(da) where da is nonzero ideal of A. Note that (d)~! is the inverse of principal
ideal (d), it is enough to prove the Theorem for a C A. Since A is noetherian, a is generated by
finitely many elements. If a, # A, holds for some prime ideal p, we have a C p. In particular,
if z € a, then x € p. However, for x € A\ {0}, Proposition 5.2 says that there are only finitely
many nonzero prime ideals p satisfy p 3 x, so there are only finitely many nonzero prime ideals

p satisfy ap, # A,, denoted as pi,--- ,p,. Let a C A be nonzero ideal, since A, is DVR, there
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exists n; such that a,, = p;*Ay,,. Define b = [[/_, p’'*, then a, = b, holds for all prime ideals p.
From Corollary 5.1 a = b.
For the uniqueness, assume that a = Hp pre = Hp p™. For arbitrary nonzero prime ideal q,

we have aqg = q"1 A3 = q™1A,. Since A4 is DVR, nqy = mq, which yields the uniqueness. O

Definition 5.2. Let Px C Ik be the subgroup generated by (z), z € K*. We call Clg = I /Pk
the class group of K (or O).

If Clg = {e}, for arbitrary fractional ideal a, there exists € K* such that a = (z). That
is, every fractional ideal is principal fractional ideal. In particular, every nonzero ideal a C A is

principal ideal, A is PID.
Theorem 5.2. Let K be a finite extension of Q, then Clg, the class group of Ok, is finite.

Lemma 5.1 (Chinese Remainder Theorem). Let A be a Dedekind ring, p1,--- ,p, be distinct

non-zero prime ideals, n1,--- ,n, € N, then there exists isomorphism
T T
A/l =P Ay
i=1 i=1

Proof. Consider the morphism of rings A 2, [T;_, A/p}* Verify that it is surjective by induction
on r. r = 1 is obvious. In general, it is enough to show A LN AfpTt x A/p5?---pir is
surjective. Notice that p* + p5? - pP* = A, we can find z € p7* and y € p5? - - pI** such that
x4+ y = 1. This implies that z = 0 (mod p7*), z =1 (mod p3?---pP~) and y = 1 (mod p7?),
y = 0 (mod p53?---pir). For any a,b € A, to find z € A such that z = a (mod pi*), 2 = b
(mod p52---pPr). One can take z = ay + bx to solve the equation. Clearly Ker(¢) = (._, p;" =

[T, i, we conclude the isomorphism. O

Proposition 5.3. Let A be a Dedekind ring, K = Frac(A). Suppose that A has only finitely

many nonzero prime ideals, then Clgx = {e}, i.e., A is a PID.

Proof. By Theorem 5.1, it is enough to show the prime ideals are principal. Let py,---,p, be
all the non-zero prime ideals. Since Ay, is DVR, p;A,, 2 p?A,,, which implies that p; # p?.
Take m; € A such that 7; € p; \ p?. By the Lemma 5.1 we can find x; € A satisfying z; = m;
(mod p?) and x; =1 (mod p;), Vj € {1,---,r} \ {i}. So val, (x;) = 1 and valy, (;) = 0. Thus
(@) =TT o = . 0
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6 Behaves of prime ideal under field extension

Let A be a Dedekind ring with Frac(A) = K. Let L be a finite separable extension of K, B is
the integral closure of A in L. For p C A non-zero prime ideal, pB = Hfm p B¥. Recall that the
proof of Theorem 5.1 implies that N A = p.

Definition 6.1. 1) ey is called the ramification index of L/K at ‘P.

2) Since PN A = p, we have natural inclusion A/p — B/PB. The residue field kyy = B/P is
an extension of k, = A/p. The degree fy = [ky : kp] is called the residue degree of 3.

3) If ey =1 and kg /k, is separable we say that L/K is unramified at 8. Otherwise call it

ramified.
4) If ep =1 and fy =1 for all P over p, we say that L/K is split at p.

5) If p =P°* and fip = 1, we say that L/K is totally ramified at p.

Proposition 6.1. Let K € M C L be a tower of finite separable extension, let C' be the
integral closure of A in M, B be the integral closure A in L. For nonzero prime ideal ¥ C B,
let Q ="PNC, then er/xp =en/ka-er/myp and fr/xp = fu/xa - fomg

B c
|

T c L
Q c c M
p ¢ A c K

Proof. In a Dedekind ring, if pB = H‘«B’\p P’“»", by localizing we obtain pBy = PL/K% By.

The ramification index is local. Since pCq = Q°M/x2Cq, we have pByp = (pCq)Byp =
(Qem/x.2(Cq) By = (QBgp)®M/%.2, From QBsy = PBCL/M¥ By, we obtain pBy = (PeL/M® By )M/ 502,
That is, pByp = PeM/x2¢/M% By, On the other hand pBy = meL/Kmng. Hence er/x g =
EM/K,Q €L/ MpB-

We have inclusion kp C kg C kg, 50 fr/xp = fu/ra - fomg- O

Proposition 6.2. B is finitely generated A-module and we have B ®4 K = L. In fact, B is a
locally free A-module of rank [L : K].

Proof. The first assertion has been shown.
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For the second assertion, need to show that B, is a free A,-module of rank [L : K] for
arbitrary p C A prime non-zero. Since A is a Dedekind ring, A, is a PID and B, C L is a
torsion-free finitely generated Ap-module. It follows that B, is a free Ay-module of finite rank.
Moreover By, ®4, K = (B®a Ap) ®4, K =2 B®4 K = L. On the other hand if B, = A,[JL:K],
then B, ® A, K = KKl which implies that KZK] 2 [ as K-vector space. Thus B, is a free

Ap-module of rank [L : KJ. O

Proposition 6.3. For p C A a non-zero prime ideal. Suppose that pB = Hmlp Per | then

D ep-fo=I[L:K]
PBlp

Proof. By the Chinese Remainder Theorem

B/pB = B/F™>.
PBlp

Since B, is free Ay,-module with rank [L : K], we have B, & ALL:K], it follows that By, /pB, =
(Ap/pAp)[L:K} >~ (A/p)BKl. Thus B, /pB, is A/p-vector space with dimension [L : K]. Note
that B/pB = B, /pB,, B/pB is A/p-vector space with dimension [L : K]|. On the other hand,
since B is Dedekind ring, By is DVR, so BBy = (m) where 7 is a uniformizer. By has
filtration By D PBy D P?By D -+ D P By. Since P'By = (7*), we have isomorphism
BJP = By/¥By = PiBy /T By. From [B/F : Afs] = fys, we have dima, (B/F) =
dimayp (Byp/P¥ Byp) = 3.2, dimayy (P By /P! By) = 372, dimayy(B/PB) = eq fy, then
we get

D e fo=I[L:K]
PBlp
O

Theorem 6.1 (Dedekind). Suppose that B = Ala], let f(X) € A[X] be the minimal polynomial
of a. For p C A non-zero prime ideal, let f(X)modp = [[;_, fi(X) be the fractorization
into irreducible polynomials with leading coefficient 1, here fi(X) € (A/p)[X] = k[X]. Let
fi(X) € A[X] be a lifting of f;(X) with leading coefficient 1. Let ¥; = pB + fi(a)B, then §; is
maximal and pB = [/, B and fo, = deg (fi(X)).

Proof. By assumption, B = Ala] = A[X]/(f(X)), B/pB = (A/p)[X]/ (f(X)) = kp[X]/ (IT;_, fi(X)%) =
[T ke[X]/ (E(X))El Calculate,

B/Y; = B/ (pB + fi(a)B) = (B/pB)/ (0B + fi() B)/pB) = ((A/p)[X]/ (F(X))) / (fi(X)) = ku[X]/ (fi(X))
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is a field since f;(X) is irreducible in kp[X]. So B; C B is a maximal ideal and fy, = [B/B :
A/p] = [kp[X]/ (fi(X)) : ky] = deg (fi(X)). From pB C P;, we have p C B; N A. However A is
a Dedekind ring, p = PB; N A. We have

T

I3 =] ®B+ fi(e)B)* CpB+]] fi(e)® - B.
i=1 i=1

i=1
Let @ be the image of a in B/pB. Since [[,_, fi(a)® mod pB =[],_, f; (@) = f (@) mod p =
0 mod p (note that in B/pB = k,[X]/ (f(X)), @ is precisely the image of X), [[/_, fi(a)% - B C
pB, we have surjection B/ [[._, B* — B/pB. Both sides are ky-vector space. Compare their
dimension, dimy, (B/pB) = [L : K] = deg(f) = >;_; eideg (f;), we have fy, = deg (fi(X)).
On the other hand, the Chinese Remainder Theorem gives B/ []i_, B = @,_, B/B{". Thus
dimg, (B/TTi_y B5) = Soi_, dimy, (B/B5) = S eifp, = Doy deg (fi). We have isomor-
phism pB = [],_, Be. O

Example 6.1. K = Q (\/—71), Ok =7 [\/jl] The minimal polynomial of v/—1 is f(X) =
X2 + 1. For p prime, f(X) = X241 mod p.

If p=2, X? +1 = 0mod 2 has root 1 with multiplicity 2, i.e., X2+ 1 = (X + 1)? mod 2.
From Dedekind Theorem 27 [\/——1] = P2, where Py = 20 + (1 + \/jl) Ok = (1 + \/jl)
Then 2 = (1 ++/—1)” = P2 implies that K/Q ramified at P with ey = 2. X2+ 1 = 0 mod p
has multiple roots iff A = —4 = 0 mod p, i.e., p = 2, so only ramified over 2.

Now consider case p # 2. If p = 1 mod 4, then X2 +1 = (X — a)(X + a) = modp, where
a € F, satisfies a> = —1 mod p. So pZ [\/——] = P1Po. That is K/Q splits at 2. If p = 3 mod 4,
X? + 1 is irreducible in F,[X], pZ [\/——1] is a prime ideal.

7 Galois action

Suppose that L/K is a finite Galois extension with Galois group Gal(L/K) = G. For ‘P lying
over p, o(*P) remains a prime ideal, Vo € G and o(P)NA =c(PNA) = o(p) =p. So G acts on
the set {P C B | P | p}.

Proposition 7.1. The action of G on the set of prime ideals on B lying over p is transitive.
Consequently, all the ramification index ey (resp. residue degree fyz) takes the same value e,

(resp. fp) and we have [L : K] = e, fyg, where g, is the number of prime ideals over p.

Proof. Suppose that the action is not transitive, then there exists 3, P’ | p such that P’ # o (B)
for all 0 € G. By the Chinese Remainder Theorem we can find x € B such that € P’ but
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x ¢ o(P) for all 0 € G. (More precisely, one can choose x =0 (mod ') and z =1 (mod o (P)).)
Then Nz, (2) = [[,c o(x) € B’. On the other hand = € B, so x is integral over A, and so o(x)
is integral over A since o fix A. For arbitrary 7 € G, 7 (N /x(2)) = [[,cq 70(2) = [[,eq o) =
N,k (x), which implies that N /i (x) € K. Note that A is Dedekind ring, so is integrally closed,
Ny k(xz) € A. Hence Ny /() € B'NA=p CP. As P is prime, there must exists o € G such
that o(z) € PB. Contradiction!

Applying the Galois action to pB = [[72, B get e; = e;. If o(P;) = P, then o induces a
field isomorphism B/B; — B/B; defined by z + B, — o(x) + PB;. Since o fixes A, the induced
isomorphism fixes A/p. Thus f; = [ky, : ky| = [kgp, : ky] = f; for all i,5. So [L : K] =

Lyeifi = epfy = epfogp- 0

For P | p define Dy = {0 € G | o(P) = P} called the decomposition group. Note
that Dy acts on kg = B/P and it keeps k, = A/p invariant. We get group homomorphism
Dy — Autkp (krp)

Proposition 7.2. Suppose that kg is separable over kp, then it is Galois, and the morphism

Dy — Auty, (k) is surjective.

Proof. Need to show that kgq/k, is normal. Let « € B and T = x + P € kyp. Consider
f(X) = [l,eq(X —o(x)). The coefficients of f(X) are elementary symmetric polynomials of
o(x), so they belongs to L = K. On the other hand x € B integral over A, since A is integrally
closed, f(X) € A[X]. Mod ‘B, get (X — ) H‘Zif (X - W) € kp[X]. That is, f(X) splits into
linear factors over the field kg. So every ky-conjugate of T € kg still lies in ky. Therefore kg /ky
is normal.

For the second assertion, since ky/ky is finite separable, we can find @ € kg such that
kg = ky [@] thanks to the Primitive Element Theorem. The the Galois action on kg is reflected
by its action on @. To show that Dy — Auty, (ky) is surjective, need to show that the Galois
conjugate of @ are of the form o (@), 0 € Dy. Take a@ € B such that o = @ (mod ) and
a =0 (mod o7 (P)) for all o € G\ Dy by the Chinese Remainder Theorem. It is a lifting of
@and o(a) €Pforall o € G\ Dy <= o(a) =0in ky for all ¢ € G\ Dy. The polynomial
oee (X —o(a)) € ALX]. Mod 5, get XN [T, (X - @) € ky|X] where N = |G| — | Dgs],
o HJGDm (X - W) € kp[X]. Now since kg /ky is Galois arbitrary 7 € Auty, (kyp) will send

@ to some conjugate 7 (@). So there exist o € Dy such that 7 (@) = o(«), we obtain 7 =0. O

Let Iy = Ker (Dy — Auty, (ky)) called the inertia subgroup. If ky/k, is Galois, then
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Auty, (kp) = Gal(ky/ky), by Proposition 7.2 get the exact sequence

1 Iq} Dgp Gal(kqg/kp) — 1.

Since G acts on P C B | P | p} transitively, and Dy is the stabilizer of B, we have g, =
|Orb(B)| = [G : Dy]. From |G| = [L : K|, we have Dy = [L : K|/gy. [L: K] = e, fpgp implies
that |Dg| = ep fp. | Gal(kg/ky)| = [kgp : kp] = fp. From the short exact sequence get |Ip| = ep.
The order of the inertia group is exactly the ramification index.

For K a number field (finite extension of Q) or finite separable extension of F),(X), the residue
field k, is a finite field. For case K/Q finite, choose nonzero prime ideal p C Ok. Then there
exists some prime p such that p N Z = (p), which induces injection Z/pZ — Ok /p. But Ok is
finitely generated Z-module with rank [K : Q], then O /p is finite dimension Z/pZ-vector space.
That is, Ok /p is a finite field. For case K/F,(X) finite separable, let A be the integral closure
of F,[X] in K, choose nonzero prime ideal p C A. Then there exists some prime p such that
pNF,[X] = (h(X)) where h(X) € F,[X] is irreducible. F,[X]/(h(X)) is a finite field. Then A/p
is finite extension of Fp[X]/(h(X)), so is finite field.

Now let K be a number field or finite separable extension of F,(X). Suppose that k, = Fg,
since [ky : kp] = fp, we have ke = F s, . ky/k, must be Galois, and Gal(ky/ky) is generated by
the Frobenius ¢: kpg — kg defined by o — a?. Thanks to Proposition 7.2, let Fryz be a lifting
of ¢ in Dy, i.e., Frg(a) = a? mod B, Vo € B called it a Frobenius at B.

1 Iq_; Dgp Galkp (km) — 1

Frg ——— ¢

In case that e, =1, Iy = {e}, we have isomorphism Dy = Gal(ky/k,), the lifting is unique.

If e, = 1, Frp € Dy is unique. From Proposition 7.1, for arbitrary 93’ there exists 7() = P’.
Now we claim Dy = 7Dg7 ! and Frop = 7 Fry 771, Indeed, for v € G, v € Dy iff (') =
iff y7(P) = 7(P) iff 77 1y7(P) =P iff v € 7Dp7*. Thus Dy = 7Dyp7 1. Since Fryy € Dy, we
have 7Frqy 771 € Dy Given any x € B and let y = 77 !(z). From Fry(y) = y? (mod P), we
have 7 Frgs 771 (2) = 7 Frgs (y) = 7(y?) (mod 7(P), ie., 7Frgy 77 (z) = 29 (mod P’). Thanks to
the uniqueness of lift, Frgy = 7 Frgs 77 1. The conjugacy class of Frys in G depends only on p.
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8 Completion

Let A be a Dedekind ring, p C A be a nonzero prime ideal, L/K = Frac(A) finite separable
extension. B C L be the integral closure of A in L. Suppose that pB = []._,; B;". Let
;1; = mn A/p™ be the completion of A with respect to p. Let K, = Frac (;1;), then K, is the
completion of K with respect to p. Similarly for By, Lyz. By = B ®4 A, is a finite Ay-module
of rank [L : K]. Therefore

3

B®A;1\p = B®j (mA/wL) :yLnB/pnB :@B/Hm?ei :yﬂl B/gTe = H@B/;ﬁ?ez = HE;E
n n n i=1 =1

noi=1 i=1 n

Hence
Lok Ky = (Bos K)ok Ky = Boa Ky = (Bea k) o K = [[ By, o, K.
=1

Let m (resp. w) be uniformizer of A, (resp. By,). from pBy, = B;’ By,, we have m = u;w® for
some u; € B‘IX%‘ It follows that Eq; 7 K, = Es;[l/w] = Frac (E‘g) = Lg,. Hence

Lo Ko =[] I,
=1

and

r

i=1

Notice that Zl\p and Ec; are DVR (Let R be DVR with maximal ideal m, then R = lim R/m™
is also a DVR), in particular, they are Dedekind rings. Note that qu is integral closed in L, .
Since B is a finitely generated A-module, B ® 4 ;1; is a finitely generated //l\p—module. It follows
that Ec;;, as a direct summand of B ® 4 :4\,,7 is finitely generated as A\p—module since //l\p is DVR
so is noetherian. Thus qu is integral over Zl\p. Consequently the integral closure of Zl\p in Lo,
is precisely Eq;

By, < Ly,

A4 < K

From pB = [[j_, ', we have pBy, = ' By, it follows that pBy, = % By, = (F: By, )
The ramification index is also e;. Thanks to Proposition 3.12 1) and 3), A, /pA, = A,/p = A/p.
Similarly By, /i By, = B/Pi. This implies that | By, /BBy, : Ap/pA,| = [B/F: : Afp] = fi
the residue degree is also f;. Using the method of the proof of Proposition 6.3, get [Lys, : K] =
eifi
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Suppose L/K is Galois, Gal(L/K) = G. Let B D P | p C A. Recall Dy = {0 € G |
o(B) = P} o(P) = P implies that o(P") = o(P)" = P". So Dy acts on B/P" for each
n. These actions are compatible with natural projections B/B"T1 — B/PB", so it acts on
é; = @n B/%", and it keep :47, = @n A/p™ invariant. Therefore Dy acts on L, keeping K,
invariant. Get morphism of groups: Dy — Autg, (Lg). Since By is a DVR, from Corollary 3.13,
Ker (qu — E;) =50 P" By =0, so By — By, and so L = Frac (By) C Frac (E;) = Ly.
If 0 € Dy acts trivially on Ly, then it acts trivially on L, Dy < Autg, (Lg). On the other
hand |Dg| = epfy, = |Autg, (Ly)|, Dy = Autg,(Ly). Moreover |Autg, (Ly)| = [Ly : K]
implies that Leq/K) is Galois, so Autg, (Ly) = Gal(Lyp/Kp).

1 —— Iy —— Gal(Lyp/K,) —— Gal(kp/ky) —— 1.

Let LY = L‘%‘. Since L3/ K, is Galois, and Iy < Gal(Lg /K, ), then Gal (Lm/L%) = Iy by the
Galois correspondence, Gal(L%/Kp) = Gal(Lyp/K,)/Ip = Gal(kg /ky).

Let Op be the ring of integers of L%, Lo = mﬁ; N Op, and kg = Op/PBo be the residue
field, clearly we have k, C ko C ky. Since kg /k, is separable, kg /ko is separable, so there exists
@ € kg such that ky = ko (@). Choose a € E; be a lift of @. Define f(X) = Haelm (X—0o(a)) e
Oo[X], mod BBy, get F(X) = [Ler, (X —@) — (X —a)™! € ko[X] since every o € Iy
fix ky. So the minimal polynomial of @ over ko must divide f(X). However, kg /ko is separable,
the minimal polynomial admits no multiple roots, so must be X —a@. That is, @ € ky. We
obtain kyp = ko. Now f, = [kg : ko][ko : kp] implies that fL‘Bp/Km‘Bo = [ko : kp] = fp. On
the other hand [LY; : K| = | Gal(ksp/ky)| = fp. Since [Lg @ K] = €Ly, /K, o1y /1, 300 WE
have ero /x, g, = 1, 80 L%/Kp is unramified. [Lgyp : L%] = eL\p/Lf)n7q3§;qu3/L?p,q3§;. From
[Lyp : L] = ey and fLm/ng,‘nE; = [kyp : ko] = 1, get €Ly /18 BBy = O Therefore Loy /LY is
totally ramified.

Theorem 8.1. Let A be a complete DVR with fraction field K, let p be the uniqueness maximal
ideal of A. Let k be the residue field. Let f(X) € A[X] be a united polynomial such that f(X)
modulo p is irreducible and separable, then L = K[X]/(f(X)) is an unramified extension of K
and all the unramified extension of K arise in this way. Consequently there exists a bijection

between the finite unramified extension of K and the finite separable extension of k.

Proof. First we show f(X) is irreducible in K[X], which implies that L = K[X]/(f(X)) is a
field. Assume conversely, f(X) = g(X)h(X) in K[X]. In K®P, the roots of g(X) and h(X) are
roots of f(X), so integral over A. The coefficients of g(X) and h(X) are elementary symmetric

polynomials of these roots, so integral over A. Note that A is integrally closed in K, we obtain
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g(X),h(X) € A[X]. Mod p, get f(X) = g(X)h(X), contradicts to f(X) irreducible in A/p[X].
Thus f(X) is irreducible in K[X], L is a field with [L : K] = deg(f).

Let B = A[X]/(f(X)). Verify that it is a DVR, then it must be the integral closure of
Ain L. Since B/pB = A/p[X]/ (f(X)) is a field. pB is a maximal ideal of B. pB is the
unique prime ideal of B lying over p, so pB is unique maximal ideal of B. Moreover, as p is
principal, pB is principal as well. B is finitely generated A-module, and A is noetherian, so
B is noetherian domain since B C L. Let X be X modulo f(X), then B = A[X], which
implies that B is integral over A. If ¢ C B is nonzero prime ideal, for 0 # b € q, we have
" +ab"t +--- +a, =0 for some aj, --,a, € A. Take such a relation of minimal degree;
then a,, # 0; otherwise, we can cancel a factor b to obtain an integrality relation of lower degree.
It follows that a, = —b(b" ' +a1b" 2 +---+a,_1) € qN A = p. Thus pB C q implies that
q = pB. That is, pB is the unique nonzero prime ideal of B. Now B is a 1-dim noetherian local
ring whose maximal ideal is principal, B is DVR.

Applying Dedekind Theorem, since f(X) is irreducible and separable, the extension B/A is
unramified.

Conversely, let L be an unramified extension. Let B be the integral closure of A in L.
Since A is complete DVR, K = K, s0 L = L @x K, = Hgmp L. But L is a field, so there
exists a unique P lying over p. From ey = 1 and ky/k, is finite separable extension. Then
kyp = ky [@] for some « in B. Moreover [L : K| = epfyp = fpp = [kyp : kp]. Let f(X) be the
minimal polynomial of v in K, since « is integral over A, similarly we can prove f(X) € A[X].
f(X) = f(X) mod p satisfies f (@) = 0. Since deg (f(X)) = deg(f(X)) = [K(a) : K] < [L: K],
and deg (@) = [ky : kp] = [L : K], we have deg (f(X)) = [L : K] and f(X) is irreducible. Then
f is irreducible and separable. Therefore K[X]/(f(X)) is unramified extension. On the other
hand K[X]/(f(X)) = K(«) C L and [K(«) : K] = deg(f(X)) = [L : K] gives K(a) = L. We
obtain L = K[X]/(f(X)).

We have a bijection between the finite unramified extension of K and the finite separable

extension of k. Indeed,

{finite unramified extension of K} +—  {finite separable extension of k},
L/K  <—  ky/k.
O

Theorem 8.2. Let A be a complete DVR with fraction field K, let p be the uniqueness maximal
ideal of A. Let k be the residue class. Let f(X) = X" +a; X" '+ .- +a, € A[X] be such
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that a; € p(1 <i < n), and a, € p \ p?. Such polynomials are called Eisenstein polynomial. Let
L = K[X]/(f(X)), then L is totally ramified over K, and all the totally ramified extension of K

arises in this way.

Proof. First prove f(X) is irreducible in K[X], then L = K[X]/(f(X)) is a field. Similar to the
proof of Theorem 8.1, we factor f(X) = g(X)h(X) in A[X]. Assume g(X) = X" + b X"~ ! +
<o+ b, and A(X) = X* 4+ ¢ X7t + - + ¢, where r,s > 0 and r + s = n. Mod p, get
F(X)h(X) = f(X)=X",507G(X)=X"and h(X) = X*. Thus b, € p and ¢, € p, which implies
that a, = b,cs € p?, a contradiction. So L is a field and [L : K| = n.

Let B = A[X]/(f(X)). Verify that it is DVR, then it is the integral closure of A in L.
Similar to the proof of Theorem 8.1, let x = X mod f(X), then B = A|[x] implies that B is
integral over A. Let B = pB+ (z) C B, then B/P = A/p[X]/ (f(X), X) = kp[X]/(X™, X) = ky
implies that 9 is maximal. Similar to the proof of Theorem 8.1, 5B is the unique nonzero prime
ideal of B. Moreover pB = (a,) and a, = (X" + 1 X" ' + .-+ +a,1X) C (X) in B. So
B =pB+ (z) = (an) + (x) = (z) is principle in B. B is DVR.

Applying the Dedekind Theorem to B/A, as f(X) = X", B is totally ramified over A.

Conversely, let L/K be a totally ramified extension, let B be the integral closure of A in L.
Let [L : K] = n, then there exists a unique prime ideal 8 C B lying over p, and pB = PB",
B/B = A/p. Let w € B be a uniformizer, then 7 = uw”, u € B* is a uniformizer of A. Clearly
K C K(w) C L. Assume C be the integral closure of A in K(w), and let Q = P N C, then
w € Q. It follows that wB =P C OB, so P = QB. Since we have QBy = PL/X-¥ By = P By,
€K (w)/K,9 = N thanks to Proposition 6.1. However ex(x) k0 < [K(w@) : K],son = [L: K] <
[K(w): K] <[L:K]=n,get K(ww)=L. Let f(X)=X"+a X" '+---+a,_1X +a, be the
minimal polynomial of @ over K. From L = K(w), deg(f) = n. Moreover @ € B integral over
A implies that f(X) € A[X]. In B we have @" + a;@" ! + -+ + a, = 0. Assume conversely
there exists a; ¢ p, take i maximal such that a; ¢ p. Then a;w™ ™! € P~ \ P ~+1. However
;" = (@t F a1 @ T g @ - 4a,) € PP a contradiction. Hence
ai, -+ ,a, € p. Now assume conversely a,, € p?, then a, € PB>". But w” = —(alw"_l 4+ -4
a,) € P!, a contradiction since w is uniformizer. We get a; € p(1 < i < n) and a,, € p\ p?,

f(X) is a Eisenstein polynomial. Thus B = A[w|, L = K[w| = K[X]/(f(X)). O
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9 Discriminant

Suppose that B = Ala] for some o € B, let f(X) € A[X] be the minimal polynomial. By the

Dedekind Theorem, the factorization of pB is determined by the factorization of f(X) mod p €

A/p[X]. Thus there exists P | p such that L/K is ramified iff f(X) mod p = 0 has multiple root.
Let ap = a, g, -+ , ' be the oot of f(X) in K®P, define

A = JI (@-a)=0"5" [ (ai—ay?

1<i#j<n 1<i<j<n
then f(X)modp has multiple root <= there exists ¢ # j such that a; = «; (mod ),
B C Ok and P |p < A(f) =0 (mod P) <= A(f) =0 (mod p) (Since the discriminant
can be expressed as a function of coeflicients of f(X) and f(X) € A[X], A(f) € A).
Note that

1 1 1
i Qs an
[ t-a)=|ot of -~ a2
1<i<j<n
ap™t apTt ap~t
Moreover 1,c,02,---,a™ ! is a basis of B as A-module. Let f1,---, 8, be a basis of B as

A-modules, let 0;: L — K*P, 4 = 1,--- ,n be all the K-embeddings. Since L/K is separable,

there exactly exists n embeddings. Let

01(ﬁ1) 02(51) Un(ﬁl)

B, = o1(B2) 02(.52) Un('ﬁz)

Ul(ﬁn) GQ(BH) O'n(ﬂn)

Then there exists g € GL,(A) such that

B1 1
B2 !

=g ,
Bn an~t
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which implies that det(g) € A*. So

oi(B1) oi(1)

oi(B2) oi()
. =9 .

oi(Bn) oi(a"1)

Let
1 1 1
(65} (65) (7%
AO - Oé% OZ% a’l% bl

oF !t o ant

then By = gAy, so det(Bg) = det(g) - det(Ap), so (det(By)?) = (det(Ag)?) = (A(f)).
Consider

o1(B1) o20f1) -+ on(Pr) o1(B1) o1(B2) -+ o1(Bn)

BoBoT: 01(.52) 02(.52) o on(B2) o2(B1) 02(.52) Un(.52)

(o1 (577,) g2 (ﬁn) e On (ﬁn) On (ﬁl) On (ﬂ2) tee Jn(ﬂn)

= (Z Uk(ﬁi)%(ﬁj))
k=1 1,7=1

= (Z Uk(ﬁzﬂj))
k=1

= (TrL/K(Bzﬂj))i,j:L--- n’

ij=1, 0

Hence (A(f)) = det(BoBy) = det (Trr, x(8:8;)) In general, given a basis W =

{B1, -, Bn} of L over K, define

i,j=1,--,n"

Ap kw = det (Trp x (8iB;5))

ij=1,n"
Here Ak w depends on the basis W. If W’ is another basis of B over A, then (Ap/xw/) =

(Ar/xw).
In general, B is a locally free A-module of rank n = [L : K|. For p C A an ideal, then B, is
a free Ay-module of rank n = [L : K|. Take a basis {f1,--- ,0,} of B, as Ap-module, define

Apsr =det (Trp x(8:B;)) € Ay,

4,j=1,,m
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More intrinsically, consider the bilinear form
(, ) LxL-—K, (z,y)— Trp/x(zy).

If z,y € B, then zy € B integral over A, Try /x(zy) € K is also integral over A, which implies
that Trp/x(zy) € A since A is integrally closed in K. It restricts to non-degenerated bilinear
form

(,):BxB— A.

Localized at p, get
(, >p:Bp><Bp—>Ap.

Then det (Try,x (8i5;5))

Proposition—Definition 9.1. Let d, = val, (A k), then d, # 0 for only finitely many p C A.

o is the discriminant of the bilinear form (, ), .
i,j=1,---,n p

Hence the product
A= ][] »*

p prime

is well-defined, we call it the discriminant for L/K.

Proof. Let aq,--- ,a, € B such that they form a basis of L/K, let A = @, Aa; C B. Then
A, C By for all p C A prime. Let 5q,---, B, be a basis of B, over Ay, then

o B1
o Ba
=49
Qnp ﬁn

for some g € GL,,(K) N M,,(4;). Let 01, ,0p,: L — K, it follows that

o1(a1) o2(cr) - on(an) o1(B1) o2(f1) - on(Pr)
: : . : =g : : :
01 (an) 02(an) o Un(an) 01 (ﬁn) U2(ﬁn) e Un(ﬁn)
Let
oi(a1) o2(1) - onlar) o1(B1) o2(B1) -+ on(B1)
Al = : : : , B'= : : : ;
01 (an) 02(an) t Un(an) 01 (ﬁn) U2(ﬁn) T Un(ﬁn)
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get det(A’A'T) = det(g)?det(B'B'T) = det(9)?Ar/kp. g € Mn(Ap) implies that det(g) €
Ap. Since o € B for all i, Try g (asay) € K integral over A, so Trz/k(a;a;) € A, and so
det (TrL/K(O‘iO‘j))i,j:L---,n € A. Now val, (det(A’A’T)) = 2valy(det(g)) + valp (AL kp), it
follows that d, < val, (det (TrL/K(a,-aj))ijzl n) On the other hand Ay /g, € A, gives
dy > 0. Therefore

0 S dp S valp (det (TrL/K(aiaj))i,j:Lm m) .

Since A is Dedekind ring,

(det (TI'L/K(O(Z'OKJ'))Z.’].:LM m) _ Hpvalp (dct(TfL/K(Ocioéj))i,j=1,u. ,n) .
p

There are finitely many p C A such that val, (det (TrL/K(oziaj))i P n) # 0. So dy # 0 for
finitely many p. Ay k is finite product, so is well-defined. O

10 Different

Recall that we have the non-degenerated bilinear form
(,):BxB-—A, (z,y)— Trp/k(zy).

Consider BY = {z € L | (z,y) € A,Vy € B}. We have BY = Homu(B, A) defined by =
(y = Trp (xy)), since B is a finitely generated A-module, BY is also a finitely generated A-

module. It is an A-module inside L, it is a fractional ideal of L. Moreover BY D B.

Definition 10.1. Let 6.,/ = (BY)™! ={z € L | 2zBY C B} C B, it is called the different of
extension L/K.

Definition 10.2. Consider the group homomorphism Ny, : I, — Ik such that Ny (B) =
p/®, where p = PN Ok and fy =[O /P : Ok /p] is residue degree. For general fractional ideal

A= [Ty B, let Np /i (%) = [Ty Noje (B)™* = [T (B N Opc)™3 /.

5L/K C B C L

AL/K - A C K
Proposition 10.1. 1) Let K C M C L be a tower of finite separable extension, then Ny, /i =

NM/K ONL/M'

2) Let L/K be a finite Galois extension with Gal(L/K) = G, then N,/ x (B)Or = [[,cc 0 (B).
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3)

4)

Proof.

Prop

For x € L*, then N k(%)) = (Nz/x(2)).
Let K be a finite extension of Q, a C Ok be nonzero ideal, then N /g(a) = |Ok /a|Z.

1) Let f C Op be a nonzero prime ideal, let p = PN O and q = P N Op.
Then NL/K(‘B) = pr/K,‘p_ OH the Other hand NM/KONL/M((B) = NM/K (qu/M'm) =
NM/K(GI)fL/M’"’3 = (PfM/K"‘)fL/M’m~ Hence Nz /x(B) = Nar/x oNp/ar(B) since fr/xp =

Iy r,qfryne -

Let p = PN Ok. Suppose that pOr, = []._, B¢. Suppose that Py =P, then r = |G/Dy.
Therefore [[, . o(R) = [Ty B = [T, B = (I, ¥ = pfOL. Note that
NL/K(‘B)OL = pfOL, we obtain NL/K(m)OL = HUEG 0’(513)

For arbitrary € L™, we have
) =¥+,
B

which implies that

Np/k((z HNL/K DL fﬂ)_HpZWpfmUm(f).
p

Use the fact

p (N2 (@) = fovp()
Blp

get

NL/K Hp”p NL/K :1))) Hpip\p f‘!ﬁ“‘n(ﬁ)
p

Consequently Ny /g ((z)) = (NL/K(x)).

For distinct nonzero prime ideals p;,p; C Ok, by the Chinese Remainder Theorem,

Ok /p} p] = Ok /p}* % OK/p , which implies that ’(’)K/pZ p] = |Ok /p}" ‘(’)K/pj”
Let p C Ok be a nonzero prime ideal, we have (’)K,D/JJ(’)Kp = Ok /p. Consider the filtration

Okyp D POky D -+ D p"Oky, get Ok /p"| = |OKP/pnOKp| =11, ’PFIOKP/PZ-OK“ _
Ok/1l,»™| = I1, |0k /p["". Enough to
verify for @ = p. Assume pNZ = pZ and f = [Og/p : Fp, then Ng/q(p) = p/Z. So
Ok /p| = p’Z = Ng g (p).

T, ’(’)Kp/p(’)Kp| = |Ok/p|". Consequently,

O

osition 10.2. We have A /g = Ny /x(0r/K)-
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Proof. Enough to verify that Ay x, = Np/k (01K ) for arbitrary p C A prime. Consider the
bilinear form

<,>p:Bp><Bp—>Ap

Let B1,---,B, be a set of basis By over Ay, let f,---,8; be the dual basis of 81, ,Bx,
ie., <Bz,ﬁ]*> = d;;. So pr = ApB7 + -+ AyB;;. Since B is a Dedekind domain, B, is PID.
Thus 07k, = (6) for some 6 € B,. Moreover 6r/k, = (B;’)fl, 0B) = By, ie., B, =
Apopy + -+ AydB;. Thus 667,---,605; is a basis of By over A,. By definition,

Ar/kp = (det (TTL/K(ﬂiﬁj))i}j:L...,n)

o1(B1) o20B1) 0 on(Br) o1(B1) o1(B2) - o1(Bn)
o1(B2) o2(f2) - on(f2) o2(B1) o02(B2) - 02(B2)

= | det ) ) ) ) - | det ) . . .
g1 (/Bn) 02(/8n) e Un(ﬁn) o-n(ﬁl) O'n(ﬁ2) tee Un(ﬁn)
o1(f1) o2(B1) -+ on(B1) o1(687) o1(8B3) - 01(Br)
o1(B2) o02(B2) - on(B2) 02(6B7)  02(0B5) - 02(083)

= det . . . . ' det . . .
01(Bn) 02(Bn) - on(Bn) on(6B7) on(dB3) -+ on(0B;)

= (det (TrL/K(ﬁiB;))iJ:L,,, e NL/K(5))

= (N/k(9))

=N,k ((6))

=Np/x(0r/Kp)-

O

Lemma 10.1. Let L/K be a finite separable extension. Let a C K, b C L be fractional ideals,
then Trz/x(b) Ca <= bCaB- 62/11( Here Try g (b) == {Trp/k(z) |z € b} C K.

Proof. Trp/k(b) Ca <= a ' Try/k(b) C O <= Trpg(a'b) C O < a7 'bC Of =

-1 —1
5L/K <— bCaB-cSL/K. O

Proposition 10.3. Let K C M C L be a tower of finite separable extension, then 0r/x =

Sr/m Oy Aryk = Ny (Apyar) - AE@/A;@
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Proof. Let a C K be arbitrary fractional ideal. Then by Lemma 10.1, a C 52/1K =
Try k(a) C Ox <= Trayk (Trr m(a)) € Ok <= Trpu(a) C 6;41“( — acC 5;41/K5£/1M.

Sodr/x =0/m Ok
So

Ap/k =Np/x(0p/K)
=Nr/k(Om/x)NL/i(0r/m)
= Nuryx (Noae(aryx)) Naaye (Noyns (90/01))

L:M
= Nuyyk (5E\/1/K]) Nar/x (Ap/ar)

= Nuyx(Arym) - AE@/A;/?

Here we prove, if ¢ C L be a fractional ideal, then NL/M(CB) = ¢[E*M] " which implies that
NL/M(éM/K) = 65\5/]%] Write ¢ = HquM qn“, then

aB =[] @B = [T J]%"

qCOnm qCOn Plq

It follows that

NL/M(CB) = HHq"‘le"ﬂf‘ﬁ = an“ Zpg oSy Hq"q[L:M] = c[L:M].
9 Blq q q

O

Proposition 10.4. Suppose that B = Ala] for some a € B, let f(X) € A[X] be the minimal
polynomial, then 07 /x = (f'()).

Proof. Since B = Ala), 1,a,-+-,a" ! is a basis of B over A, where n = [L : K]. We prove
BY = (1/1/(a))B, in this case b1 = (BY)™" = ((1//())B)~" = (/'(a)).

Let f(X) be minimal polynomial of a, since L/K is separable, f'(a) # 0. In L[X] we
write f(X)/(X —a) =co+ a1 X + -+ cp_1 X" 1. Note that f(X)/(X —a) = X" + (o +
an-1) X" 2+ (a®+ap_1a+a,_2) X" 3+, 80co, + ,cn_1 € Ala] = B. Moreover cg,++ ,Cp_1
is also a basis of B over A. Let o1, - ,0, be K-embeddings of L/K, and let o; = o;(«), then
FX) =T (X — ) and f'(aq) = T,z — ar). Apply oi to f(X)/(X —a) = 32755 ¢; X7,
get f(X)/(X —a;) = Y17 0ilc;) X7, Let
f(X) X —a,

(X —ay) f'(a) :T#a —

6i(X) =
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Now f(X)/(X —a;) =377 701 0i(cj) X7, we have

e F(X) _ e
) = = Pl = 2 Flan

Lagrange interpolation gives X™ = Y"" | a™(;(X). That is,
n n—1 s .
=S (S () o) =5 (e (55 ) )

i=1 j=0 fa) j=0 \i=1

Srn () - o) o () -

That is, co/f' (@), - ,cn_1/f'(c) is dual basis of 1,a,--- ,a”~t. Consequently

Hence

Co Cn—1 _ 1
) T T e T P

O

Proposition 10.5. Let L/K be finite separable extension, let 8 C B be a nonzero prime ideal,
let p ="PN A, then L/K is ramified at B iff ‘P | 61,/ In this case p | Ap k.

Proof. Ramification is a local property, it depends only on the extension Lgq/K,. Moreover if
ok = llacn 0% then S kg = Pdx P | dp/k iff dyp > 0, which is also local. So we prove
under case Ly /K,. Let L% be the maximal unramified extension of K, contained in L, then
Ly /Lg; is totally ramified.

Now prove both Op,, /OL% and OL% /Ok, are generated by one element. Let q C OL%:
be the maximal ideal. Since L% is unramified, ((’)Lg3 /9)/(Ok, /pOk,) is separable, so we can
take « € OL%3 such that (’)Lgﬂ/q = Ok, /pOk, (@), where @ € OL%/q. Let g(X) € Ok, [X]
be the minimal polynomial of o over K,, then [(’)L%3 /a4 : Ok, /pOk,] < deg(g(X)). On the
other hand deg(g(X)) < [L§ : K] since Kp(a) C L. From [Org/a : Ok, /pOk,] = (L
K,], we obtain [K,(a) : Kp] = [LOq3 : Ky, combine Ky(a) C L} get Ky(a) = L. Since
(’)Lo /4 = Ok, /vOk, (@), 1,@,--- ,a"~1 generates OLom/q as Ok, /pOf,-vector space, where
r = [Lfrj : Ky]. It follows that Ok, [o] + pOk, (’)Loqu = (’)L&. Nakayama Lemma gives OLg3 =
Ok, [a]. Now consider totally ramified extension L /LO‘B' Let 7 be the uniformizer of O,
that is, POL,, = (7). Lyp/L is totally ramified implies that qOr,, = (POL,,)™ = (7) where
m = [Lyp : L%] and OL%/q = Oy /*BOL,,. For arbitrary x € Op,,, one can choose ag € (’)Lg3

such that © — ag € (7), i.e., there exists ¥y € Or,, such that x — ap = mz;. Similarly, repeating
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this process, get ag,*+ ,Gm_1 € OL%3 such that = — E;’;Bl a;mt € (M) = qOLy . Therefore

Ory = (’)Lg} [7] +qOL,,, by Nakayama Lemma Op,, = OL% [7].

Apply Proposition 10.4. We have 5L%/Kp = (¢'(a)). g(X) = ¢g(X) mod q is the minimal
polynomial of @ and ((’)LgB /20)/(Ok, /pOk, ) is separable implies that g’ (@) # 0. So ¢'(a) ¢ q,
¢'(a) is a unit in OLOfn’ 6L943/KP = (’)L%. Let h(X) € (’)Lg8 [X] be the minimal polynomial of 7
over L, we have deg(h(X)) = m. Write h(X) = X" + a1 X™ " + -+ + ay—1X + ap. Since
Ory = Opg [X]/(h(X)), then Oy, /40, = (OL& /q) X/ (R(X)). Note that Op, /q0p, =
O, /(7™), we get X™ € (h(X)), which forces h(X) = X™. Therefore ay,--- ,an, € q. For
m > 1, b (x) = mr™ 4+ (m — D)arm™ 2 + -+ + 2027 + A1 € (7). 0Ly /Lyo = (k' (7))
implies that B | § Lop/LY- Combine multiplicativity of different get the Proposition.

Moreover if m =1, Ly = L%, then 07, /k, = 6L%/KF = OL%, B 1o. O

11 Dedekind zeta function

Let K/Q be a finite extension.

Recall that Riemann zeta function

+o00
)=

ns
n=1

1 1 1
= II 1+_4§-+ 2s +-Zh +-
p p p

p prime

1
= II 1__p—s

p prime

converges absolutely for Re(s) > 1. The Dedekind zeta function is defined by

1
k()= N(a)®

1 1 1
- 1l <1 IO N OERINOR +)

PCOK
p prime

1
:HW

PCOK
p prime

Here N(a) = |Ok/al. By the Chinese Remainder Theorem N (p* - - p?r) = N(py)™* - - - N(p,)" .

Proposition 11.1. (x(s) absolutely converges for Re(s) > 1, hence it defines a holomorphic

function on Re(s) > 1.
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Proof. Take log of the product expansion,

> o (roprs) = X e

pCOK pPCOK n=1
p prime p prime

It follows that

> Jos (x| 3 5 e

PCOK PCOK n=1
p prime p prime

For Re(s) > 1, N(p) = p/ > p thanks to Proposition 10.1, so

3 §;< 3 Z§;< 3 *fm
nN(p)ch(s) - nanc(s) - nanc(s)

PCOK n=1 p prime p|p n=1 p prime n=1
p prime

since #{p : p | p} < [K : Q]. Now

+o0 1 +0o0 1
K:Q Y, D e <KUY Y

p prime n=1 p prime n=1
— Re(s)

p
<[K:Q] Z T pRe(®)

p prime

1 1
<[K:Q
[ ] 1 — 2— Re(s) Z pRe(s)

p prime

g 1 =
- [ ' Q] 1 — 2— Re(s) Z mRe(s)
m=1

converges as Re(s) > 1. O

Example 11.1. Consider the Gaussian integer ring 7Z [\/—1 CK=Q (\/—1). Here Z [\/—1]
is a ED, hence a PID.

1 1 JR 1
CK(S) - Z s s 4 Z / S
aCOk N(Cl) a€O0K /O N((“)) ! () £(0.0) N ((m o _1>>

We prove: for a = m + ny/=1 € Z [\/-1], (m,n) # (0,0), we have N((a)) = m? 4+ n?. From
(m+nv=1) (z +yv/—1) = (ma — ny) + (my + nx)v/—1, (a) is generated by a = m + ny/—1
and ay/—1 = —n + my/—1 as Z-submodule. That is, when x,y run over all the integers, (a)
corresponds to (mx —ny, nz+my). The sublattice of Z [m corresponding to (a) is generated

by the column vectors of

n m
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Therefore

|Z[\/W/(a)’:det e =m? +n?.

n

Consequently
+oo

CK(S) Z% Z;w m
(mn)#(0,0)
On the other hand recall Example 6.1, v/—1 has minimal polynomial X? + 1 with discriminant
A = —4, so the only ramified prime is 2. In Z [\/——1], we have (2) = (1 + \/—71) (1 — \/—71) =
(1 + \/—71)2 For odd prime number p, p is unramified. p splits iff X? + 1 has a solution in F,,
iff (’71) =1, ie., p =1 (mod 4). In this case (p) =pp, f =1, e =1, r = 2. It follows that
N(p) = N (B) = p. p inert iff X2+ 1 = 0 has no solution in F,, iff (*71) — _1,ie, p=3mod4.
In this case (p) is prime ideal in Z [v/—1], we have f = 2, e = 1, r = 1, so N((p)) = p*

Consequently,

1
(k(s) = H TN

PCOK
p prime
1 1 1
:1_2—3 H 1_ —s)\2 H 1_ —2s
(p):pﬁ( P p inert P
1 1 1
=i U g U gm0
e TP e LT
o I +—= I
p51m0d417p75p53m0d41+p78

We have G = Gal(K/Q) = {1,0}, where o (v/—1) = —v/—1. Let x: G — {£1} defined by
x(1) =1 and x(0) = —1 be a character. For p # 2, p is unramified. If p splits, Z [v/—1] /p = F),
aP = g for every x € Fp, so Fr, = 1, get x(Fr,) = 1. We have

1 1

1— X(Ejp) - 1 7pfs'

If p inert, Z [\/—1 /(p) = Fp2, so Fr, = o, which implies that x(Fr,) = —1.

11
1— x(Frp) B 1 +p*5
pS
Hence we obtain
1
CK(S) - C(S) H 1_ x(Fry)
P#2 p*
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Consider ¢: Z/4 — {£1} be Dirichlet character modulo 4, defined by

1 if n =1 mod 4,
¢(n) =9 -1 ifn=23mod4,

0 if n=0,2 mod 4.

Then N
1 o0
i) = 6) T g =)D 2
p#£2 ps n=1
as Re(s) > 1.

12 Representations of finite group

Let G be a finite group, V is finite dimensional C-vector space. A representation is a group
homomorphism p: G — GL(V) which satisfies p(g192) = p(g1)p(g2) and p(e) = Idy. The
character x,: G — C is defined by g — Tr(p(g9)). Equivalently, x,(g) is the sum of the
eigenvalues of p(g), counted with multiplicity. It is invariant under G-conjugacy. That is, it is a
class function. Let C(G) = {f: G — C} be the vector space of functions on G of dimension |G|,

define the inner product

(o )G = ﬁ 3 (9)(9).

e
Definition 12.1. Let p: G — GL(V) be a representation. A linear subspace W C V is called
a subrepresentation of p if p(¢g)/W C W for all g € G. p is called irreducible if it has no
nontrivial subrepresentation.

Define C[G] = {dec agg | ag € (C}, which is called the group algebra. If v =3 - a.9
and y = >, brh, thenzy =37, o agbn(gh). This makes C[G] an algebra. For z € G, define
L, : C[G] — CI|G] by y — zy, then G — GL(C[G]) given by z +— L, is a representation, called
the left regular representation. On the other hand, let p: G — GL(V), then V becomes a
C[G]-module by (deG agg) ‘v =3 cqagp(g)v. Consequently, the representation of G has

C[G]-module structure; and every C[G]-module gives a representation of G.

Proposition 12.1. 1) Let W C V be a subrepresentation, then there exists a subrepresenta-
tion W' of V such that V = W @ W’. In particular, any representation can be decomposed

as direct sum of irreducible representations.
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2) Let p, p’ be irreducible representations, then

1 ifp=p,
<Xp7Xp'>G -
0 ifp#yp.

Thus V=6p,, péB(XWXo/)G,

p' €lrr(G

3) ClG] = Gapehr(c) PEB dim(p),

For a subgroup H < G, a representation pg: H — GL(W), define the induced represen-
tation Ind% py as C[G] ®@cra) W. Here gh@w = g® pg(h)w for g € G,h € H and w € W. The
C|G]-module action is given by b- (z ® w) = (bz) ® w, where b,z € C[G] and w € W.
Theorem 12.1 (Frobenius reciprocity). Let p be a representation of G, py a representation of
H, then

Homg (Indg P, VG) — Homy (Vir, Ve),

which implies that

<X1nd§ pH? X0>G = <XpH ) Xp>H

13 Artin L-function

Let L/K be a finite Galois extension of Galois group G. For a representation p: G — GL(V),

where V is a finite dimensional C-vector space, define the Artin L-function as

L(s,p, L/K) = ] det (1d —p(Fr,) N(p)~*, V") "
pCOK
Lemma 13.1. For a matrix A € M,,x,(C),
X Tr(an )
log det(Id —At) = — Y - ————

n
n=1

Proof. Let A € M,,x,,(C), since C is algebraically closed, there exists invertible matrix P such
that PAP~! = T is an upper triangular matrix. Let A{,---, A, be the diagonal entries of T,

they are precisely eigenvalues of A. Therefore,

det(Id —At) = det(Id —Tt) = [ [ (1 = Ait),
Tr(A™) = Te(T7) Z AT
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When [t] sufficiently small, |A;t| < 1 for all ¢, so

m 00 \npin 400 m n o n\am
log det(Id — At) Zlog (1 —XN\t) ZZ)\’nt 722/\:; :,ZW
i=1n=1 n=1i=1 n=1

Proposition 13.1. L(s,p, L/K) is absolutely convergent for Re(s) > 1.

Proof. Take log of the RHS, get

+o0
— 3" logdet (Id —p(Fr,) N(p) 5, V) = Y ZTr Frp Vv p).

pCOK pCOK n=1

From d := dim¢ V' < +00, p(g) is of finite order, whose eigenvalues are all unity roots. Therefore

Tr (p (Frp)", V?) <dim V> < dimV =d.

Consequently,
Frp ,V
> S [FOC) a5 S
pCOk n=1 pCOk n= 1
which converges as Re(s) > 1. O

Theorem 13.1. Let L/K be a finite Galois extension of Galois group G, then

1) Let p1, p2 be representations of G, then
L(s,p1 @ p2, L/ K) = L(s, p1, L/ K)L(s, p2, L/ K).
2) Let H<G, M = L let p be a representation of G/H, viewed as representation of G, then
L(s,p,L/K) = L(s,p, M/K).
3) Let H < G, let py be a representation of H, then
L <s, d$ pa, L/K) — L(s, prr, L/M).

Proof. 1) Clearly (Vi @ Vo) = V;" @ V,". So (p @pZ)(FrP”VIIFEBVQIF = Pl(Frp)|v11p ®
p2(Frp)|, . We can deduce

det (Id — (py @ p2)(Fr,) N(p) ™%, (Vi @ Va)'») = det (Id —p1(Fry) N(p) =%, v{p) det (Id —pa(Fry) N(p)~*, v;p) .
Taking the product over all p C Ok, we obtain
L(87p1 S p27L/K) = L(&Pla L/K>L(S7p2a L/K)
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2) Take nonzero prime ideal p C Og. Let P C Oy satisfy PN Ox = p. Let q = PN Oy
Recall that Dy (L/K) = {g € G : ¢ = B}, Ip = Ker (Dy(L/K) = Auto, /,(OL/B)),
Dy(M/K) = {g € Gal(M/K) : gq = q}, I; = Ker (Dg(M/K) — Auto, /,(On/q)). From
Gal(M/K) = G/H, Dq and I can be regraded as subgroup of G/H. H <G implies that
M/K is Galois.

To begin with we prove 7(Dy(L/K)) = Dq(M/K), where 7: G — G/H is natural projec-
tion. For arbitrary g € Dy (L/K), we have ¢8 =B, so 7(g)qg = g(BPNOnm) = ¢BNgOn =
PNOy =q. Son(g) € Dg(M/K). That is, 7(Dy(L/K)) C Dy(M/K). Now for arbitrary
g € Dy(M/K) C G/H, one can choose a representative g € G such that 7(g) = g. Since
g9 = q, we have gq = q. Moreover ¢B N Oy = g(P N On) = gq = q. Thanks to Propo-
sition 7.1, there exists h € H such that h(¢g®33) = 9B, which implies that hg € Dyp(L/K).
And 7(hg) = m(g) = g. This implies that 7(Dy(L/K)) D Dq(M/K). We conclude that
m(Dyp(L/K)) = Da(M/K).
Next we prove m(Ip(L/K)) = I4(M/K). For arbitrary g € Ip(L/K), we have g(z) =
x mod P, which is equivalent to g(x)—z € PB. Thus g(z)—z € PNOy = q, g(x) = z mod q.
So m(g) € Iq(M/K), we obtain w(Ip(L/K)) C I4(M/K). Take g € I(M/K), there exists
g € Dp(L/K) such that 7(g) =g. g € Dp(L/K) and g € I4(M/K) implies that ¢ =B
implies that g induces g € Gal((Or/B)/(Onr/q)). Here (O/PB)/(Onr/q) is extension of
finite fields, hence Galois. Thanks to Proposition 7.2, there exists h € H N Dy(L/K)
such that g~ is the image of h under Dy (L/M) — Gal((Or/B)/(On/q)). Hence hg acts
trivially on O /B, i.e., hg € Iy(L/K). On the other hand 7(hg) = m(g) = g. Thus we get
I(M/K) C m(Ip(L/K)). Consequently m(Ip(L/K)) = I4(M/K).
Now clearly we have m(Frq(L/K)) = Fry(M/K) and VI»E/K) = y1a(M/K) - Moreover
p(Fra(L/K)) = p(Frq(M/K)). We finish the proof.

O

Theorem 13.2 (Artin). Let K/Q be a finite Galois extension of Galois group G, then

(r(s) = H L(s, p, K/Q)™() — ¢(s) H L(s, p, K/Q)3m(®)
p€lrr(G) pe;"(,G)
pFAtriv

Proof.

II ZGs.p K/@U™®) = L(s,Ind{,; triv, K/Q) = L(s, triv, K/Q) = L(s, triv, K/K) = (x(s).
p€E€lrr(G)

O
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Theorem 13.3 (Brauer). Let G be a finite group, p: G — GL(V) a representation, then there

exists finitely many subgroups H; < G and characters x;: H; — C*, i =1,--- ,r such that
T
Xp =Y _niIndf x;
i=1

for some n; € Z.
Corollary 13.1. Let L/K be a finite Galois extension of Galois group G, with the above nota-
tions, let M; = L¥i, L, = LXer(xi) | then

r

L(s, p, L/ K) = [ [ L(s, xi, Li/M:)™

i=1
Proof.
T T T
L(s,p, L/K) = [ [ L(s,Ind xi, L/EK)™ = [ ] L(s, xi, L/M;)™ =[] L(s, xi, Li/M;)™.
=1 1=1 =1

O

Theorem 13.4. Let L/K be a finite abelian extension of Galois group G, let x: G — U(1) is a
nontrivial character, then L(s, x, L/K) extends to a holomorphic function on C, which admits a

functional equation.

Sketch of Proof. Through class field theory, every character x: G — U(1) corresponds to a
Hecke character of K. The Artin L-function L(s,x, L/K) is equal to the corresponding Hecke
L-function. Hecke L-function admits meromorphic continuation and functional equation. If x is
nontrivial, L(s, x, L/K) is entire; if x is trivial, we get Dedekind zeta function with simple pole

s=1. ]

14 Ag and Ag

Recall Z, = lim | Z/p™. Then
WmZ/n=  lm  Z/p)* & - &L/p" = H Ly =: Z.
n nzplll-“p:-” p prime

Define

Ag = Z&rQ= (z2,23,25,-+) € H Qp | zp € Z,, for all but finitely many p

p prime

54



Indeed, since Q = (Z \ {0})"'Z, one get Z ®z Q = (Z \ {0})"'Z, so element in Aq,f can be
written as a/N, where a = (a,)p € [[,Z, and N € Z\ {0}. I pt N, N € Z), so ap/N € Zy,.
But such there are only finitely many p with p [ N. On the other hand, given z = (2,), € [, Qp
with z, € Z, for all but finitely many p, we can choose N = Hmp ¢z, p"?. Then Nz, € Zj, for all
p, which implies that = Nz/N € 7 ®z Q=Aqy.

Let Ag =R x Ag ¢, call it the ring of adeéles of Q.

Ag = (Too, T2, 3,25, -+ ) E R X H Qyp | zp € Z,, for all but finitely many p

p prime

Let |Q| = {0,2,3,5,---}, Ag has a basis of topology of the form

H U, x H L.

ves v _s
SCIQl, |8 <+oo €lQl

(Ag,+, x) is a topological ring. Indeed, let Uss X [[,csUv X [l g5 Zp where [S| < 400, 0 €
Uss C R open and 0 € U, C Q, open. Then there exists 0 € Vo, C R such that Voo + Voo C U
and 0 € Vj, C Q, such that V, + V), C U, forall p € S. Let V = Ve X [[ e Vp X [[,¢5Zp, then
V' is a open neighborhood of 0 and V +V C U. Thus + is continuous at 0. —U is also open since
—Ux is open in R and —U, is open in Q,. Taking the additive inverse is continuous. Similarly
multiplication is continuous.

Consider Q — Ag defined by x +— (z,z,---). It is well-defined since if we can write = a/b,
a,b € Z and ged(a,b) = 1, there are only finitely many p with p | b, i.e., there are only finitely
many p with « ¢ Z,,.

Proposition 14.1 (Weak approximation). Q is dense in Ag ;.

Proof. For & = (oo, T2, 23, %5, -+ ) € Ag,r, let S C |Q| be finite set of places, let U = Hpes Up x
Hp¢s Z,. Need to find element in (z + U) N Q. By definition, there are finitely many p with
xp ¢ Z,. For such p, one can choose n, > 1 such that p"»z, € Z,. Moreover choose r, € Z such
that r, = p™x, mod p"»Z,. (More precisely, one can choose the ny,-th component of p"»x,.)
It follows that z, — i
Ags=Q+7Z

Therefore only need to prove Z is dense in Z. That is, if we can find m € Z such that

€ Zp. Let ¢ = erﬂ T ¢ Q, then # — ¢ € Z. This implies that

n
p PP

m € (v —c)+U, thenc+m € (z+U)NQ. Let ' = (25,25, --) € [, Zp. Need to find m € Z
such that m — 7, € U, for all p € S and m — ), € Z,, for all p ¢ S. Since z, € Z,, for m € Z we

must have m —x;, € Z,. U, is open neighborhood of 0, there exists a;, > 1 such that p»Z, C Uy,
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then it suffices to find m € Z such that m — x, € p®Z, for all p € S. One can choose t, € Z
with t, = a:; mod p?»Zy, so only need to find m € Z such that m = ¢, mod p?» for all p € S. It
is OK by the Chinese Remainder Theorem. O

Proposition 14.2 (Strong approximation). Q is discrete and cocompact (i.e., Q\Ag is compact)

in AQ.

Proof. Take V = (—%, %) X Hpr. IfqgeQnNV, thengeQn ﬂpr = 7Z, which forces ¢ = 0.
Thus Q is discrete in Ag.
For x = (z4)ve|g| € Ag, there is only finitely many places where x, ¢ Z,, so there exists

c € Qsuch that z —c € R x ][] Z,. This implies that

p prime

Ag=Q+ [Rx [[ z],

p primes

SO

QAg=Q\Q+(Rx [ Z|=(Q@nRx [] Z |\|Rx ] Z|=2\|Rx ][] %

p primes p prime p prime p prime

Projection to the first component, get homomorphism Z\R x Hp prime Zp —* Z\R with kernel

1, prime Zp- One get continuous surjection [0,1] x [] Z, — Z\R x [] Zy,. Note

Z, - Z\R x []

p prime p prime

that it is restriction of R X [, ine » prime Zp, S0 it is continuous. [0, 1] is

bounded and closed then compact, ] Z, is compact by Tychonoff Theorem. Therefore

p prime

Q\Ag =Z\R x Hp prime Zp, as the continuous image of compact set, is compact. O

Let AE) be the group of invertible elements in Ag, called the group of idéles of Q. Explictly,

A(E)f) = (Too, T2, 3,25, -+ ) € R™ x H Q) |xp € Zp,xgl € Zy, for all but finitely many p

p prime

= ¢ (oo, T2, T3, T5, -+ ) € R X H Q, | zp € Z, for all but finitely many p
p prime
Attention: Consider Ag with the induced topology from Ag, then the inverse t: Ay — Aj
defined by = — z~! is NOT continuous! Let p, be the n-th prime number, define z(") =
(xg),mgn)7xg"), . ) by xg.f) =1, J:z(,ﬁ) = p, and xén) = 1 for all primes q # p,. Let Uy X
[IesUp Hpes Z, be a open neighborhood of 1, here |S| < 400, 1 € Uy, and 1 € U, for all

p € S. Then p,, ¢ S for n sufficiently large, one get 2™ — 1 under the topology of Ag. However,
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(J:(”))71 ¢ R X [, prime Zp since its p,-th component is p, 1. Note that R x []
neighborhood of 1. So (z("))_l # 1.
Consider the embedding Ay < Ag x Ag defined by = + (v,27 1) for (A(S, x) to be a

p prime Zy is open

topological group, it is enough to take restriction of topology on Ag x Ag by the embedding .

That is, V C Aé open iff there exists open W C Ag x Ag such that V = ¢! (W). Then one can

get the topology of A@ is generated by the set of open subsets of the form

U x [ (0 +p™2,) x [] 2,
peS pgS

Uss C R open containing 1. Indeed, recall that the basis of topology of Ag has the form Uy, X

[Loes UpxIlpgs Zp- Let Wix Wy = (Uéi) X [pes, Uzgl) X [pgs, Zp) X (Ug) X [Tpes, UIEQ) * [pgs, Zp)
be an open neighborhood of (1,1). If «(z) = (x,x_l) € Wy x Wy, then x, € Z forp ¢ S =

S1 U S2. On the other hand, for p € S, we have z, € Uzgl) and x;l € UIEQ) (if p ¢ Sy,

Ulgl) = Zp; if p ¢ 5o, U,g2) = 7Z,). Since UISU,UIS” C Qp open, there exists a, > 1 such that

1+ p*Z, C U,El) N UIEZ). We claim that (1 —|—p“PZp)_l = 14 p*Z,. For arbitrary =, € Z,,
L+p%z, =1 mod pZ, since a;, > 1. Then 1+prz, € Z5, (1 +phra,) e Zy C Zyp. Moreover
(1+ptray) ' —1 = EE ) =

1+p*Z,. Therefore (1 +papr)*1 C 14p*Z,. It then follows that (1 + p“PZp)*1 =1+p™Z,.

pira, (1 +papxp)71 € p»Zy,. One get (1 +papa:p)71 €

Therefore z, € 1+ p*Z, C Uél) N Uéz) implies that z,' € Uz(,l) N UI(,2). Also we can choose
U = UL N {;z:oo eR* |zt e Ug)}. Consequently, Uss X [],cq (1 +p"Zp) X [[,¢5Zy C
=YWy x Wa). For the converse, given Uy, X [yes (1 +p*Zy) x [],¢5Z, , one can choose
Wi = Uso x [l,es (1 +p*Zy) x [ g5 Zp and Wo = R x [[ g (1 +p*Zy) x [],¢5 Zp making
LW x W) = Uy X [yes A+ p%Zy) x [pgs Zy s 50 Uss X [1pes (1 + " Zyp) X [1es Zy is
precisely open. We conclude that the topology of Aé is generated by the set of open subsets of

the form

Uso X H (14 p%7Z,) x Hzg,

pES p&S

U C R open containing 1.
Consider Q* < Ag defined by = ~ (z,2,---). Define || - [[g: Ay — Ry defined by
(@o)vejal = [Too| X I1, prime [Tplp- Note that @, € Z5 iff |z,), = 1, it is well-defined. It is

a group homomorphism.

Theorem 14.1 (Product formula). For arbitrary x € Q*, [zllg = [z]ee X [, prime [%lp = 1-

Proof. || - |l is multiplicative, and number in Q* can be factored as product of prime numbers,

it is enough to verify for x = p. |[pllo = [Plso [ 1/ prime [Ple =P X pl=1. O
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Let A6’1 = {z = (z,) € AJ | [lzllq = 1} < A, then Q% — A(S’l.

Proposition 14.3. Q* is discrete and cocompact in Ag’l.

Proof. Discrete only need to find U containing 1 in Aa’l such that U N Q* = {1}. Let Uy =
(3,2),set U = (Uoo X [T, prime Z;) NAg'. Assume that x € UNQX, it follows that = € Us
and x € Z,. Write z = { with a,b € Z and ged(a,b) = 1. If there exists prime p | b, then
x ¢ Z,, a contradiction. Thus b = %1, which implies that z € Z. If there exists prime p | z,
then x € pZ,, contradicts to # € Z;. Thus z = £1. Combine x € (%, %) get © = 1. Therefore
UNQ* = {1}. Indeed, above proof shows that Q* is discrete in Ag.

By definition, z = (2o, 22,23, ) € Aé’l, then z;, € Z; for all but finitely many p. For

1

finitely many p, there exists n, such that x;, € p"»Z). Take c = meﬂ; p™ € Q, then c 'z, €

2y, ¢ 'w € R* X[, prime Zy - By the product formula, [lc™'z(lg = [[¢ " [|g[lz[lg =1-1=1. On
the other hand, ¢~'z, € ZX gives |c’1:cp|p = 1. Hence ‘cflxooL)C =1, that is, ¢ tay, € {£1}.

This implies that
Aé’l =Q* x (RX X HZ?) =Q" x | {1} x H 7y
p p prime
Thus
QA =@ 0| {1} x [T z7 |\ [ {= = J] 25 | ={=0\ ({1 x [ 27 ) = ]I 2z
p prime prime prime p prime

Let 7: Z, — Z/pZ be natural projection, then ZX = 7~ '(Z/pZ)*. Since (Z/pZ)* C L/pZ is
closed, Z; C Zy is closed. Recall Example 3.3, Z,, is compact. Therefore QX\A(S’1 is compact
by Tychonoff Theorem. O

Now let K be a finite extension of Q, then O is a free Z-module of rank n = [K : Q].

lim OK/a:HOKp:HZp®ZOK:Z®ZOK'
a ideal p p
Define
A= (H@;) @ox K = (282 0x) ®o K =Len K = (292Q) @ K = Agy @ K.
P

It follows that

Ag p = (Zp)pelk|, € H K, |z, € 61(\,3 for all but finitely many p
pE|K|f

58



More precisely, since K = (O \ {0}) 'Ok, every z € Ak § = (Hp 6;;) ®oy K can be written
as x = ¢, where a = (ay), €[], 51(\,, and ¢ € Ok \ {0}. If ¢ ¢ p, then c is invertible in 5K\P’
then %" € 6K\p . That is, z, € 6;; for all but finitely many p. For the converse, assume that
z = (wp)p €[], Kp and z € 61(\;3 for all but finitely many p. For each p with z, ¢ 6;(\'3, there
exists my € Z such that z, € p_mpgx\p. Choose 0 # ¢ € preé@\,, p"r C O C (’7K\p, then
cxy € 5K\p for all p, one get x = <* € (Hp 61(\;3) ®o, K.
Let Ag 0o = Ag,oo @0 K =R ®g K.
Proposition 14.4. Let 7q,--- , 7 be all the real embeddings of K, 7,11, 7551, " , Tr+s, Tr+s D€

all the complex embeddings of K, then K ®g R = [[;_; R x [[;_, C.

Proof. Since K is finite extension of Q, then char(K) = 0, there exists a € K such that K =

Q(a). Let f(X) € Q[X] be the minimal polynomial of e, then f(X) = f1(X) - fr(X) frp1(X) -+ frys(X) €
RIX]. Here fi(X) = X — 73(a) for 1 < i < 7 and fo45(X) = (X = 75()) (X — 7r55(a)) for

1 <5 <s. It follows that

T S

KR = (QUX)/F(X)2aR = RIX)/S(X) = [[RIX)/ A0 [T RIX)/ fas;(0) = [[ R [ €.

i=1 j=1

O

Define Ax = Ak X Ak r, with topology generated by

[Mo.x I[ vox I O

ves Klre
v|oco 151< o0 ve|K|f—S

(Ak,+, x) is a topological ring. Let Ay be the group of invertible elements in Ag, i.e.,

A = ¢ (To)vek| € H K|z, € 5}(\1,,%‘;1 € 5;(\1, for all but finitely many v
vE|K]|

—X
= 4 (%0)ve|x| € H K, |z, € Ok, for all but finitely many v
ve|K]|
with topology generated by sets of the form

[Mv.x I v.x [ Oxs

v|oo veSC|K|f ve|K|f—S
IS] <+ o0

where U, 3 1. Then (Aj, x) forms a topological ring.

Consider K < Ak defined by © — (z,z,--).
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Proposition 14.5 (Weak approximation). K is dense in A ;.

Proof. Let a1, -+ ,a, be a basis of K as Q-vector space, then K = Qo + - - - + Qay,. It follows
that Ag ;= Agy ®g K = Ag ;. Then K < Ak y can be identified as Q" — Ag ;. Now use
Proposition 14.1. O

Proposition 14.6 (Strong approximation). K is discrete, cocompact in A.

Proof. K — A can be identified as Q" — Af. Moreover Q"\Ag = (Q\Ag)". Apply Proposi-
tion 14.2. O

Consider K* — Aj defined by z — (x,z,---). Recall the proof of Proposition 14.4. For
v € |K]|, define |- |,: KX — R, as

e v | 00, corresponds to 7: K < R, take |z|, = |7(x)|;

e v | 0o, corresponds to 7: K < C, take |z|, = |7(x)|?;

e v 100, correspond to prime ideal p C Ok, take |x|, = qu valp ()

x € 6K\UX iff valy(z) = 0 iff |z|, = 1.

, ¢v = |Ok /p|. In particular,

Define || - [l A = Ry by (20)uejx| = [Logix [7olo and let A" = {2 € A% | [l2]lx = 1}

Theorem 14.2 (Product formula). For arbitrary z € K*, ||z|/x = 1. So K* < A"

Proof. Enough to prove it for z € Ok \ {0}. We have the equality

[Tizlo="TI @I JI lo@)?=|Nmgsg(2)| =0k /z0k].

v|oo 7: K—=R o: K—C/~

On the other hand,

|0k /20K | = H Ok [p" 0] = qual"(w) = H(|$|v)_1-
P

valy (z)>0 vtoo

Define

A;(( — A;(,f — IK, ($U)U€‘K‘ — (xv)vE|K|f N H pvalp(mp)

p prime

a group homomorphism. For arbitrary a € K*, the image of a is Hp p~ Vel (@) = 4O, So the

image of K™ in I is precisely Px. Then

Cg: KX\A;(J — IK/PK =Clg
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is a group homomorphism. Furthermore it is surjective. Indeed, given Hp p™ + Px € Ix/Pgk,
there are only finitely many n, # 0. Choose z, € K, such that val,(x,) = n, for n, #
0, and choose z, = 1 for all n, = 0. Now one can choose (zy)yj0c such that [], . |zvloe =

(HvelKlf |xv|v> . More precisely, choose one v | oo and let x,, = 1 for all w # v. If v
-1
correspond to K — R, let z, = (HvelKlf |xv|v) ; if v corresponds to K — C, choose z, € C
-1
such that |z,|? = (HvelK|f \xv|v> . Consequently = = (z,)ye|x| € A" satisfies C (K*x) =
Hp p™ + Pg. Then get short exact sequence

Ck

1 —— Ker(Cgx) —— KX\AR' Clg 1

Let A0k, = {o € A% o | TLjw loolo = 1}

—X —X
Ker(Cx) = KX\K* | Aclox J] Oxo | =05\ [ Ak x [ Ox.
vE|K|f vE|K|y

Given K>z € Ker(Ck), then there exists a € K* such that ][, pvale (@) — gOp = 11, prale (@),
Therefore valy (x,) = valy(a) for all p C Ok, one get a 'z, € (’71(\px. From z € A" and ||a] x =

—X
1, one get ||[a~ x|k = 1, then ];[vloo la='z,|, = 1. Therefore a™'z € AIX(})O X loex, (’)Kz )
v € K% (Ajeh x Ty, Oxv ). On the other hand, if @ € K* (Ajch x Tk, Orv ),

—X
there exists a« € K* and y € AIX(; X HvelKlf Ok, with = ay. It follows that val,(x,) =
valp(a) for all p C Ok prime. Then [], pvale(@0) — O € Py implies that Cx(K*xz) = 1.
We conclude that Ker(Cg) = K*\K* (AIX;OO X HUE‘K“ @X) For the second, it suffices to
—X —X

show K* N (Aﬁloo * [Loeirel, O ) = 0f. Givena € K* N (Af(loo < [Loex), Oxo ), then
a € 51(\,3 for every prime p, so val,(a) =0, aOx = Ok. That is, a € OF. The converse is clear.

Consequently we get exact sequence

Ck

1 » O\ (Alx(loo X HU€|K|f 6K\ux) — KX\AIXX Clg 1

Theorem 14.3. K* is discrete and cocompact in AIX(’I.

Proof. Discrete: Since Afgl is a topological group, it is enough to find open neighborhood U of 1
in A" such that UN K> = {1}. For v | oo, let U, be a sufficient small open neighborhood of 1,
for v { oo, let U, = (’7;(\1, Forx e UNK™, if x # 1, then |x— 1| is sufficiently close to 0 for v | co
and forvfooz—1¢€ 6K\v for |z —1|, = g5 " < 1. Tt follows that |z =1k = [Toe x| [z —1lo

is sufficiently closed to 0, contradiction to the Product Formula.
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Cocompact: Need to show that K X\A;(’l is compact. Idea: find a compact subset C' in A?{’l
such that

C— AT — K\AR!
is surjective. Since the continuous image of compact is also compact, we get K * \Aix(’l is compact.

Lemma 14.1 (Minkowski). There exists a constant N = N(K) such that for any = € Ay such
that ||z|x > N, there exists y € K* such that |y|, < |z,], for all v € |K].

Proof of Lemma. Since Ak is a locally compact topological group and it is abelian, there exists
a Haar measure p on Ag. It descends to a Haar measure K\Ag, still denoted p. Since K\Ag

is compact, the volume pu (K\Ag) < +00. Let

1
Cz{xEAKforv|oo,|xv|v§; forvfoo,a:vvgl}CAK

S

compact, then p(C') < 4o00. Let N = pu(K\Ag)/u(C). For x € Aj such that ||z|x > N, then
w@C) = ||z||gku(C) > p(K\Ag). The natural projection 2C' — K\Ag cannot be injective.
Thus there exists ¢1,ce € C such that y := ¢y — cox € K*. Then |y|, = |c1 — ca| - |2],. For v
real, then |y[, < (Je1]y + [e2lo) - [2|o < 2|2|y < |@]y. For v complex, |yl, < (3 + %)2 |zl = |2|y.

For v { 0o, then |y|, < max{|c1]y, |c2lv} - [Tl < |Zoly- y satisfies the condition. O
Fix z € A} such that ||z||x > N(K), let
E ={a€ Ak ||avls < |xyle, Vv € |K|},

then F is compact in Ag. Indeed, for v | 0o, {ay | |ay|s < |2y|u} is closed and bounded subset

val, (4) 77 - .
Ty o “)OKU is also compact since

in R or C, so compact; for v { oo, {a, | |ayls < |2y]0v}
6}{7 is compact. For o € A", we have ||az||x = |||k - [|z]|x = N(K). By Lemma 14.1, there
exists y € K* such that |y|, < |ax|, for all v € |K|. This is equivalent to |a~1y| < |z|,, that
is, ¢c; == o~y € E. Since a™! € A;{’l, same argument implies existence of 3y’ € K* such that
co == y'a € E. By construction, a = yc;! = y' "'ea, s0 yy' = cics. Let E' be the image of
E x E under the multiplication map Ax x Ax — Ak, then E’ is compact in Ag and cicp € E.

On the other hand yy’ € K. So yy' = c1co € KN E'. Since K is discrete in Agx and E’ is

compact, the intersection K N E’ is finite. Let K* N E’ = {v, -+ ,yn}, then yy’' = c1ca = ;

-1 _ — _ — _ —
ol = () lya Tt =7 lya Tt €.

Consider the embedding ¢: A} < Ax x Ak defined by z — (z,27!), Aj is homeomorphism to
L(A%). Let C =71 (Ufil(E X 'yle)>, then C is compact in Aj. The equation y'a € E and
(y')~' € v, 'E says that y'a € C. We finish the proof. O

for some i. By construction, y'a € E, (y'a)™! =y
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Corollary 14.1 (Hermite-Minkowski). Clg is finite.

Proof. Recall that Aj¢% % e, Oxn = A" 0 (8% oo % Teii, Oy ) s open in A7
Let ¢: A" — K*\AX" be quotient mapping, if U ¢ A% open, then ¢~ '(¢(U)) = Uaerx aU
open, which implies that ¢(U) is open. Therefore Ker(Cx) = ¢ (A;(loo X Hveuqf @X) is open
subgroup of KX\A'. One get KX\A"' = U, 9 Ker(Ck). Thanks to Theorem 14.3, take finite
subcover, we obtain (KX\AIX(’l) / Ker(Cg) = Clg finite. O

Corollary 14.2 (Dirichlet unit theorem). Let g be the roots of unity in K, then px\Oj is

rank (r + s — 1) free abelian group. O = pug x Z"571,

Proof. Open subgroup Ker(C'x) must be closed, from KX\AIX(’1 is compact, Ker(Cg) is compact.

—X —X
The projection AIX(; XHvelKlf Ok, — AIX(})O induces continuous surjection O\ (AIX(IOO X HvelKlf Ok, ) —
Oﬁ\A;{”loo, it then follows that OIX(\AIX(})O is compact. Define H = {(tv)mOO ER™ Y ot = 0}.

Consider group homomorphism
A;(io — H,  (2y)y]o0 — (108 ]T0[0) )00 -

It is well-defined since x € Alx(io i [1jo0 |Z0lo = 1 i 32, log|zels = 0. Moreover it is
continuous surjective, given (tv)v|C>O € H, then for v corresponding to K < R let z, = elv €
R* and for v corresponding to K < C let z, = e**/?> € C*, we have |z,|, = e’ for all
v | oo, and its image is precisely (ty)y0o. Let L (O) = {(log|uly)ujeo |u € O} C H, so
above surjection induces continuous surjection (’)IX{\AIX{; — L ((’)IX() \H, which implies that
L (O%)\H is compact.

Now prove L (OF) is discrete. For arbitrary R > 0, if u € O} satisfy [log|ul,| < R,
then for arbitrary 7: K < C we have |7(u)| < e®. The Z-linear automorphism -u admits
character polynomial []_ xo.c(X — 7(u)) = X" + a1 X" ' + .- +a, € Z[X]. Hence a; =
(1" X mycir: Koy T(w) - Ti(u), 50 Jag| < () e, Note that #2Z0[—(7) e, +(}) '] <
+00, there are only finitely many such polynomial X™ + a; X" ! +--- +a,. Fix 7p: K — C,
since 1o(u) is root of some polynomial X" + a; X" ! + .-+ + a,, so there only exists finitely
many such 7y(u), combine 7 injective there are finitely many u € Oy such that |log |ul,| <
R. Consequently #L (O%) N {(ty)vjoo € H | [to] < 1forallv|oo} < +oo. If F:= L(0%) N
{(t)ojoo € H | |to] < 1forallv|oo} # {0}, then {max,c [to| | (tv)vjoo € F (to)ojoo # 0} ad-
mits minimal element, say § > 0. If (t,)yj00 € L (O) and [t,| < &, then [t,| < 1, and so
(tv)vjoo € F. Then get max,| |t,| > J, a contradiction. So (t,)yjec = 0. Thus L(OIX() N
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{(t)vjoo € H | |to] < é forall v| oo} = {0}. (If F = {0} we just need to choose § = 1.) 0 is
isolated point of L (O}). We obtain L (O}) C H is discrete subgroup.

Now H is R-vector space of dimension r +s — 1, L (OIX() C H is discrete and cocompact,
L (OF) is rank r 4+ s — 1 lattice in H.

Finally determine the kernel of O — H defined by u — (log|ulv), .- For u € Of,
(log |ulv),ee = 0 iff ul, = 1. For arbitrary m we have [u™[, = 1. Above proof shows that
#{u™ | m > 0} < 4+00. So there exists m’ > m > 0 such that u™ = U™ u € pg, get Ker C .
On the other hand for u € u, there exists N > 1 such that u”¥ = 1. From |ul) = [u"], =1
and |ul, > 0 we have |u|, = 1, so log|u|, = 0. That is, u € Ker, ux C Ker. We conclude
Ker (Of — H) = pk. O

We have short exact sequence

1 Lk o) L(0%) — 0,

where O — L (O}) is defined by u + (log |ul,)

v|oo*

15 Integration on Adeles and Ideles
For v € |K|,
e If K, =R, then dz, be the Lebesgue measure on R.
o If K, = C, we take the measure |dz A dz| = 2dzdy
e If v 1 o0, we take the Haar measure on K, such that dz, ((’7;,) =1.

Lemma 15.1. For a € K, then d(az,) is still a Haar measure on K, and d(az,) = |a|,dz,.
dz,

e

Consequently defines a Haar measure on K*, and

dz, _
/ _1_qv17 QU:|OK/pv‘
O

X |22 | B
—_—
where Ok, = O,,.

Proof. First consider v archimedean place. If K, = R, then dy = |a|dz = |a|,dz; if K, = C,
then d(az) = 2d(Re(az))d(Im(az)) = |a|2dzdy = |a|,dz.
Now let v t co. First consider a € Ok \ {0}. Since both d(az,) and dz, are Haar measure,

we get d(ax,) = ¢+ dx, for some ¢ € R. Compute d(az,)(0,) = dx,(aO,) = dz, (p”(a)). Note
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that O, /p*(?) is a finite group of cardinal q;’(“) since p/ /pi*l = O/p, and

O, = |_| a+pU@,
[a]€ O, /p@(®)
we get
1=dz,(0,) = Y da, (a+pv<a>) = ‘OU /p*@ | dz, (pvm)) = ¢"@ . dg, (pv<a>> ,

[a]€Oy /p¥ ()

which implies that
da, (p) = 47" = [al..

Thus
- d(amv)((')v) o |a‘v -
€= a1l

Remark 15.1. In the proof, we get dx, (pI) = ¢, .

Now from dz, = d (#l'w, "x,) = ¢"*d (7w, ", ) implies that d (7, "x,) = ¢}}dz,. For the unit
u € O we have d(uz,) = dz,. Thus for arbitrary a € K<, by writing a = un’* where u € O
and m € Z, we obtain d(ax,) = |a|,dx,.

By the equation d(ax,) = |a|,dz,, we get

d(az,) |af,da, dz,

|axv|v B |a‘v|xv|v N |xv|v.

So \iwf is a Haar measure.
o]

Now

d
o
or |$v|v or

since |2,|, = 1 holds for all x,, € O.¢. We have partition O, = O Up. So

1= / dx, = dmv(ov) = dx, (O:;() +dxv(p) = dx, (O:;() +(];1,
O

/ dz, =1—q, '
oy

For Ak, take the product measure dz of

which implies that

e K, =R, dxz;

o K, =C, 2dzdy;
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e v { 0o, Haar measure such that dz,(0,) = 1.
Proposition 15.1. Let C C Ag be compact subset, then dz(C) < +o0.

Proof. For every x = (z,,), € C, there exists a neighborhood U™ =[], U™ where U™ = O,
for all but finitely many v { co. Since C' is compact, one can take finitely many U with
C c UL, U®. Clearly for all but finitely many v { co we have Ui’ = 0, for every i, then
C, C O, for all but finitely many v { co. There exists compact open subset C,, C K, such that
Cy = O, for all that but finitely many v € |K| and C C [], ¢ x| Co.

de(C) < [ dou(Cy) [] d2u(0n) = ][] dzu(Cy) < +o0.

vES vgsS vES
|S|<+oc [S]<+oo

On A, we take the product measure d*

dz,
EN

o v |00

1 dz,
P 1—gy ' |zl

e v{oo

Then
1 dz,

() = [ =1

Proposition 15.2. For any compact open subset C of A%, d*z(C) < +o0.
Theorem 15.1.

/ dz = |Agsg|? -
K\Ag

Proof.

A =K + HKvao,,

v|oo vtoo

implies that

K\Ag = K\K + | [] K. x [] 0.

v|oo vtoo

=|Kn][ Ko x[]Ou |\ |]] Ko x [] O0
v|oo

v|oo vtoo vtoo

= Ok\ HKUXHOU

v|oo vfoo
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The projection

K\Ag = O\ | [[ Ko x [] Ou | — O\ ][] Ko
v|oo vfoo v|oo
has kernel O\ ((’)K X Lotoo (’)U> = [lspeo Ov (here Ok C ][, Ku as the image of diagonal

embedding). Thus we get short exact sequence

00— 11 O, — K\Ax —— Og\[] K, —— 0,

vtoo v|oo

which implies that

/ dx:/ / dxfdxm:/ dzs.
K\Ak O\ Il,j00 Kv Y itec Ov Or\[yjo0 Ko

vtoo

since
/ deg=vol | [TOs | =1.
oo Ov vfoo
Suppose that K has r real embeddings o1, - - - , 0, and s complex embeddings o,1,0,51, "+ , Orts, Orts-
Then J], o Kv =R"xC*. It is known that O is a free Z-module of rank [K : Q] = r+2s =: n.
Let a1, -+, o, be aset of basis of Ok over Z. Let v; = (01(c), -+« ,00(q), 0rg1(), -+ 0rps(ay)) €
Hv|oo K,, then vy, --- ,v, generates a lattice L in Hv‘oo K, =R" x C*, and

/ dzee = vol (L\R” x C*) = 2°dz (L'\R" x R
OK\HU\OO K,

where L/ is the image of Ox < R” x R? given by

zs (o1(@), -, on(2), ory1(z) + Jr+1(x), ory1(z) — Trii(2) e orys(z) + UT+8(33)7 orys(2) — Tris(2) ]
2 2 2 2
Then
o1(a1) o1(an) o(ar) o oi(an)
or(ai) or(om) or(on) - or(an)
s —""“("‘”QT“(“” UTH(Q")gm(Q") orp1(@r) o orpa(an) 1
Qoo =21 (an)-wrr(an) o i1 () —Trilom) | o |7 |2kl
@K\Hulm K, % r+1(Qn 5 r+1(Qn Ur+1(041) Ur+1(an)
ar+.g(a1);rm(a1) 0T+S(0‘71);T+S(0‘n) Oras(ar) - opps(am)
—"T+S(D‘1);m(a1) e Ur+s(an);m(an) m(al) e m(an)
O
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Theorem 15.2.

/ dx’l$= 2r(27T)ShKRK
KX\AR! k| 7

where hg is the class number, Ry is regulator, and px is roots of unity in K *.
Proof. We have split exact sequence

0 AL AL r”\”i R 0,

where for arbitrary r € RY, define (2,),¢|x|: fixing a place vy | 0o, if vy corresponds to a real
embedding, take x,, = r; if vy corresponds to a complex embedding, take x,, = +/r, and for all

v # vg take x, = 1. Thus we get A3 = A;{’l xRY, d*z = d* 1z x 4 We have exact sequence

T

1 —— 03\ (Ajeke % [y 0F) — KX\AR" — Clic — 1,

then

/ dx’lm:h;(-/ dX’lxth~/ dx’lx:h;{-/ 2.
Kx\ag! O\ (AR 2 ¥ Lo OFF) (O o) X pe OF O \AK e

Here every element a € O satisty vy(a) = 0 for every prime ideal p C Ok, so a € [, Oy,
which implies that the fundamental domain of O\ (A% x Ty OF ) is (OF\ARL) %
Hv’(oo OJ. By the unit theorem of Dirichlet, O = ux x Z"71. Let uy, -+ ,turps-1 € O

be a set of generators for Z"t*~1. Note that

At =19 (@)oo €R" X C | [] lwwlo =1

v|oo
Consider
pr AL, — H=1<(x,) € [[RID 2y=0p CR"xR*
v|oo v
defined by

(xv)vloo — (IOg |$v|v)v|oo .
Then it is well-defined, surjective, and
Ker(p) = J] {1} x [ v.
K,=R K,=C
If K, = R, we have 2= = d(log|z,l,); if K, = C, write z,, = pel?, it follows that 4% —

— X
|75v‘v “'L"ulv

292d6 = d (log |z, |,) df. Tt follows that

d* ey, =27 (2m)da,
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where dz is Lebesgue measure on H. However, ¢ ((’)[X() is the lattice A in H generated by

w; = (IOg |ui|’0)1)\oo

and ¢ kills px in OF. We have

2" (2m)*
/ dX,lxoo — ( 71') / dy
OX\ALL, x| Jam

Let § = (TZ’)U‘OO, ng = 1, nc = 2, then § is a normal vector of H with norm 1. Then
/ dy: ‘det (57w17"' awr-‘rs—l)‘:: RK
A\H
called the regulator of K. O

16 Functional equation of Riemann (-function

Recall the Riemann (-function

+oo
1 1
((s) = ;E —p}:i[meil o Re(s) > 1.

Let
Zo(s) =n" 2T (g) ¢(s).
Theorem 16.1 (Riemann). The function Zg(s) can be extended to a meromorphic function on

C, with simple poles at s =0 and s = 1, and it satisfies

Zg(s) = Zg(1 —s).

Proof. Recall Euler I'-function

Take change of variable t — wn?t,

+ +
F(S) _ / > e*”"%(ﬂnzt)sﬁ _ 7rans/ > efﬂ’thtsg'
0 t 0 t

Thus

1 oo dt
m°T(s) = /0 e*””%t‘q?.
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Thus

+o0 £00

i (5)w = [ e
n=1

1 [t 2, o dt
_ - -ttt 1) ¢z 2
(e

nez
1 1 +oo 2 g‘dt
2</0+/1 )(Ze 1>tt.
nez
Let
o(t) = > e ™,
nez
then
o0(t) = Ze‘”"Zt = O (it)
nez
From
© (1t> =0 <t> = \/7?@(1t)7
we have
1
4 (t> = V10(t).
Therefore
0(t) — 1)tz — (=) 1)+ 352
[T ew e [T (o(1) 1) el
+o0 +oo . +o0 . +o0 .
ot [ et [Tl [l
1 t 1 t 1 t ) p
oo LAt e oAt 2 2
= o(t) — 1)tz — o(t) — 1)t _
[ om0 [T et 2

Jacobi theta function:

O(r) =Y ", reb,

ne”Z
where h = {z + iy | y > 0}. It is holomorphic on b.

Theorem 16.2 (Jacobi).

O(z+2) =0O(r),

© (‘Tl) = Vire(r).
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This implies that ©(7) is a modular form of weight 1/2 for the subgroup I' of SLy(Z) generated
by
0 -1 1 2
and
1 0 0 1
Corollary 16.1.

0 C) N}

For f(z) € L*(R) N L*(R), define Fourier transform on R! by

(e — 27ri§md )
fie) = [ raemcear
It satisfies

1
= (o) 2 o p(c)

i f () Foer, d%f(f)

Let S(R) be the Schwartz functions on R, they satisfy

lim |:E|m‘f(")(:r)’:07 Vn,m € N.

|z|—o00

Then the Fourier transform restricts to
SR) — S(R), f+— f.

Theorem 16.3 (Poisson summation formula). For any f € S(R) we have

Yo fm) =" f(n).

neZ neEZ
Proof. Let
F(x) =) flz+n),

ne’
then F(z) is a smooth function on R/Z = S*. Consider the Fourier expansion of F(x), its Fourier

coefficient is

1 1
an :A F(x)ef%rinwdm :/0 Z f(il’ + n)ef2ﬂ'in(w+n)dx — /Rf(x)ef%rin:pdx _ f(n)

ne”Z
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Thus
F(J?) _ Z ane%rinm _ Z f/\('fl)QQﬂinz.

neL nez
Setting x = 0, get
d_fm) =3 fn).
neL nez

Lemma 16.1. Let f(z) = e*’””27 then f = f

Proof. f(z) satisfies the equation

af
dx

= rz-e ™ = 9. f.

So its Fourier transform satisfies

2rit - F§) = i F(6)
ie.,
d — ore T
dfgf(f) = =27 f(§)
Therefore
flz) =Cf(z)
Compare

~

So C'=1 and f(z) = f(x).
Proof of Corollary 16.1. Let f(x) = e and fiz)=f (x\/i) — o7t
TE(E) — t () e2mET g
Fo = [ s
— 27ri£:cd
/Rf (a:\/i) e T
_ 2ri¢ = dz
= [ swemen
7 ()
Vit \Vt)
Thus

0t = e = 30 ) = Y Frn) = 3 e = S e

nez nez nez nez
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2) Poisson summation formula on (R, +).

17 Hecke L-function

Let K/Q be finite extension, a Hecke character is a continuous morphism x: K*\Ax — U(1),

it is a generalization of Dirichlet character. Consider the restriction x|z x : K — U(1),
1) If Ky =R, x|g : R={£1} x RY = U(1), = — (sgn(x))* - [z|", a = 0,1, 6 € (0,2m).

2) I K, = C, x|e: C= 8" xRY = U(1), 2 (£

el

n .
) |z, n e Z.

3) If v finite, X = X|gxx : K = () x Ok, — U(1) continuous. Let 1 € U C U(1) small

v

enough, then there exists U, C O small enough (U, can be take as 1 + 7V 0O,), such
that x(U,) C U and x, (1 + ’/TNOU) is a subgroup in U. For U small enough, it contains
no subgroup of U(1). So x, (1 +7V0,) =1 for N > 0. Let f,,, € NU{0} be the smallest
number such that 1 + pfe.v C Ker(x,).

Recall that for v € | K|, we take the additive measure
e If K, =R, then dz, be the Lebesgue measure on R.
o If K, = C, we take the measure |dz A dz| = 2dzdy

_1
o If v { 0o, we take the Haar measure on K, such that dz, (O,) = |AKVU/Qp| ?. This implies
that vol (K\Ag) = 1.
On A}, we take the product measure d*

dz,

Tyl

e If v | 0o, we take i where dz, is the above additive measure.

e If v 1 0o, we take d*z, satisfying vol (O),d*z,) = 1.

Definition 17.1. f, == Hue‘K‘f pf=v called the conductor of .

Definition 17.2.
1
L(X7 5) = H X'u(ﬂ'v) ’

p prime ]- -

N s
phia (p)
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Example 17.1. Let x,: Q) — U(1) be an unramified character (f,, = 0). Calculate

/ 12, (2)xp (@)|[3d" 2p = / o (@) 2]5d% 2.
Qy Zp\{0}

The character is unramified iff x,(Z;) = 1. Z, \ {0} = |_|n S0P, so
+oo
L ool =32 [ @i,
Zp\{0}
“+o0
=Y [ ubrolredaa,
n=0 Zy
+o0
=y / Xp(p)"p Az,
n=0 Z;;
+oo
— (Z Xp(p)np—ns> dx.’L‘p
n=0 Z;f

1
1— XP(P) ’
pE
Definition 17.3. For v € |K|¢, let ¢, be a locally constant function on K, with compact

support. Let x,: K — U(1) be a continuous morphism, we define the local zeta integral

Zoon o) = [ oulapila)alid”a,

Let ¢ = ®UE‘K‘f ¢» such that ¢, = 1o, for all but finitely many v € | K|y, define

26y, 5) / o(2)x (@) |25 d" z.

By definition
¢a X5 S H/ d’v Xv |x‘vd><xv = HZ Dus Xvs S

If f, =10,, Xo is unramified, then similar to Example 17.1 we have

1

_ Xv(ﬂ'v) ’
1= X6

Zv(]-(?v s Xvs 5) =

From Proposition 10.1, if p N Z = pZ, then N(p) = pf > p, it follows that

Ty v (T 1
‘1 - >1<\1T}((p)5) =1 >1<\T((p)s) STol
which implies that
1 < 1
I ol B c)




Therefore

) L\
1T | < I1 (1_1> = ((Re(s))!"9
- )

vgS N(p)® p prime plte(s

converges as Re(s) > 1. Here
S={v|v|ootU{vtoo|dy, #1o,} U{vtoo] x, is ramified}.

is a finite set. On the other hand Proposition 17.1 implies that Z,(¢,, X, s) is absolutely con-
verges for Re(s) > 0. We conclude that Z(¢, x, s) absolutely converges for Re(s) > 1.
Proposition 17.1. For v € |K]|,

1) Zy (v, X, $) is absolutely converges for Re(s) > 0, and it extends to a rational function in

Q"

2) There exists L, (xv, s) € C[[g;*]], such that Z,(¢u, Xv, ) € Ly (Xw, s)ClgT*].

3) If x, is unramified (i.e., x,(OX) = 1), then
1
_ Xo ()

Lv(Xva 5) = 1
N(p)®

and Z,(1o,, XvsS) = Ly(Xo, 9)-
4) If x, is ramified with conductor p/», f, > 1, then L,(x,,s) = 1 and
Zy(Ligpros Xo8) = ¢ 7 (g — 1) 7"
Proof. Since ¢, is locally constant and of compact support, it is enough to take ¢, = 1,1~ (see
the proof of Proposition 17.3).
Zolasy %009) = [ Laspr @o(@)lalid™e,.
1) If val(a) < N, then |z|? = |a|?, the integral is equal to
Clt> [ x@laide, =lal; [ x(e)da,.
a+tpn atpn

2) If val(a) > N, then a + p~ = p¥, the integral equals

+oo
[ x@hhate =Y [ e,
PN\ {0} = Jemor

“+oo
= (Z Xv(?r)mqvms) /ox Xo(2)d* 3,

m=N

Xv (W)qu_NS
= e Xo(2)d* Ty
=== Joi

(0]



3) If x is unramified,

/ . Xo(z)d* ), = . d*z, =1.
Oy Oy

4) If x is ramified, Xy|nx is non-trivial,

/ Xo(z)d* 2,y = 0.
o
We have

Zv(11+pfv y Xvs 5) = / dxmv = Q11;_fv (QU - 1)_1'
1+pfv

Now we consider the Fourier transform on (Ag,+).

Example 17.2. We define the nontrivial additive character on the local field.
1) If K, = R, choose v, (z) = e~ 2™%; if K, = C, choose 1, (z) = e~ 2™ (z+2),

2) If K, = Q,, choose 9, (z) = ™=}, Here for # = a_np ™"+ +a_1p ' +ag+--- € Q,,
define {I} = a_np*” + -+ a_lpfl c Q

3) If K, /Q, is finite extension, consider
bo: Ky 25 Q, — Qp/Z, — Q/Z <15 U(1).
is a continuous character. That is, 1, (z) = 2 i{Trr/o, o},
Proposition 17.2. Consider the bilinear pairing
K, x K, —Q, —U(1), (z,y)+— ¢(zy).
It is non-degenerated. It induces an isomorphism

K, = Hom(K,,U(1)) = K,.

Definition 17.4. Function on K, is called Bruhat—Schwartz if it is locally constant and of

compact support. Let S(K,) be the space of Bruhat—Schwartz functions.

Proposition 17.3. For ¢, € S(K,), define its Fourier transform as
50O = [ ou@puat)ia,
then ¢, (¢) € S(K,).
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Proof. Let ¢, € S(K,), let € Supp(¢,), there exists open neighborhoood U, 3 x such that
¢v|u, is a constant. One can choose a, + w"* O, C U,, where w is the uniformizer of O,.
it follows that Supp(¢,) C Uwesupp(%) a; + w"O,. Since Supp(¢,) is compact, there exists
finite subcover Supp(¢,) C Uir; a; + @ Op. If (a+@"O0,) N (b+@™O,) # 0, choose z €
(a +@"O,)N(b+ w@™O,). We may assume n > m, then a—x € w" O, C @w™O,, x—b € w™O,,
and so a—b € w™0O,. Thus a+w" O, C a+w™ O, = b+w™O,. Thus we may assume a;+w" O,
are disjoint, get

m
(b'u = E cilaier"iOv'
=1

So it only suffices to prove the Proposition for

1a+w” O,

We have
lowoO= [ wedr =) [ vagr

wn O,

by replacing  — a + x. Since d (w"x) = |w|"dx, by replacing x — w"x we obtain

Lirero.6) = =1, (a) [ b, @)
Fix £,  + 1, (") is an additive character. The character is trivial on O, iff Tr /g, (z@"¢) €

Z, for all x € O, iff w"¢ € e = {y € K, | Trg, g, (vy) € Zy, for all z € (’)v}. If o™ €

Ky /Qp
1
) K, /O, then

/ by (257€) da = / do = A, q,| 2
O, O,

If w™¢ ¢ él;i/@p, there exists zg such that 1, (xow™f) # 1, so

/ Uy (2w da = / Uy ((z + 2o)w™E) dz = 9y (:Eownf)/ Uy (2w™€) da,
O, O, Oy

which forces
/ Yy (xw"€)dz =0
ov
We conclude

1o, (6) = [=]™0u(a€) | A, o, | 2 1 wgr (6.

Ky /Qp

Since & — 1, (a) is locally constant and w‘"&;&) /0, is compact open, we get the conclusion. [

Proposition 17.4. Consider the bilinear form

Ar x Ag _>U(1)7 (x,y) — H wv(m,y),
vE|K]|
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it is non-degenerated, hence

Ax =Hom(Ag,U(1)) = Ag.

Proposition 17.5. For ¢ € S(Ax) = [[' S(K,), define its Fourier transform as

o€ = | o(x)p(a€)dx,

Ak
then gg(é) eSs.

Theorem 17.1 (Poisson summation formula). For arbitrary ¢ € S(Ag), then

Yo o) =D 6().

reK (eEK
Proof. Consider
ey) =Y dy+1), ye Ak

zeK

The sum is convergent since ¢ is Bruhat-Schwartz. Then we have

p(x) = CE)P(—¢x),

{eEK

where

One compute

ce)= [ T st e

yeK

> dla+ vz +y)de

yeK

¢(z)y(Ex)de

K

(©)-

Il
— 5
>
S

I
<)

Here &y € K implies that ¥ (€y) = 1. Hence

db@+y) = ().

zeK EeEK

Setting y = 0 we finish the proof.

Theorem 17.2.
2(6,5) = Z (b1 1= s).
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Proof. By definition

26 x.5) /¢ ||x|KdXx—(/ /) )z,

where ARt = {z € A} | ||z]|x < 1}. Indeed, the measure of A" is zero. For arbitrary s € C,

there exists o9 > max {1, Re(s)}, so ||xHRe(S) < ||z||% on A%, Hence

/ o) (@)|Jelicd*a
/ o(2)x(@) 2] d"

converges for all s and

converges for Re(s) > 1.

Now compute

z<! / o(ax)x(az)||az|fd”z
g 2 i

ac KX
/ 3 dlax)x(@)olid e
KX\AI<<1 ac KX
_ / S dloa)x(@)]z]id"z — 6(0) / x(@)la]jcd”e.
KXA\AR! GeK KX\AZ!

Apply Theorem 17.1 to x — ¢(ax), note that

¢v(avxv)wv(‘rvyv)dmu = ¢v(%)¢ (Ogl%yv) dx,
K, ‘ ’U|’U K,
‘ | ¢v (O‘qjlyv) ,
we obtain
ol > dlox) =" ¢ (a'a).
zeK zeK
That is,
> dlax) =zl Y 6 (ax
acK acK

It follows that

B /KX\A« > 9 (o) x@laliF e —00) [ s@)lelied*a

K aeK KX\AI<(1
— [ Y e @l e 60) [ @l e - 60) [ @)l e
KX\AR [ CRx KX\AR! KX\AR!
_ / LY dlaa)x@) el e+ 50) [ x@lalitae 00 [ x@llelida
\ARY)” aer KX\Ag! KX\Ag!
- / o el e+ 50 [ @l a0 [ x@lelid e
KX\Ag! KX\Ag!
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Similarly

/ ¢ (2) x(2) || d e
AZ!
converges for all s.

We have split exact sequence

(RIES

0 A A% R 0,

It follows that A% = A" xRY, s0 At = A% x (0,1), and so KX\AR! = (KX\A,X(J) x (0,1).

Thus

amy/ xunumzw*x—¢my/ x(@) 5 d”
KX\Az! KX\Ax!

~ 1 dt Lot
:wm/ nmwx/t*tf—am/ mex/tt<
KX\AL! 0 t KX\AX! o t

If x|, x1 is nontrivial, then the above equation equals to zero. If not, x depends only on ||z|| for
K
z € A%, and there character R} — C* must be (-)* where A = iR. Hence ¥ is trivial on Alx(’l

iff there exists A = iR such that y(z) = ||=||*. It follows that
¢(0)/ X(@)llz]| 5 d¥ e — ¢(0)/ X (@) ]| 7ed e
KX\AR! KX\AS!

:&m/ el A< wm/ arer
KX\AR! AR

/ / . 1+,\dt / / s+/\dt
KX\AX! KX \AXT

which is absolutely converges for Re(s) sufficiently large, and equals to

$(0) vol (KX \A?(’l) $(0) vol (KX \AIX<71>

s—1+ A s+ A

Consequently, if x| A is nontrivial,

Z(6.x.5) / sap(@lelid e+ [ 6@ xta) el a7
if x(z) = ||z||*, A € iR, then
4(0) vol (KX\Af(’l) #(0) vol (KX\A;J)

% —1 1-s 3% —
26009 = [ 0@l et [ S el a2 T3

We conclude that Z(¢, x, s) admits meromorphic continuation, and satisfies the following func-

tional equation:

Z(¢,x,8) =Z (3,)(_1,1 —s).
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